This book was taken from the Library of 
Extension Services Department on the date 
last stamped. It is returnable within 


38.599. 


" days . 


———— 


PHYSICS 
PRINCIPLES AND APPLICATIONS 


C QF EDUCATION goo. 


Ww by. 
5 Deptt of Extension Z ; 
$ crv "n. = j 


X Gn * 


e^ 
PHYSICS 


PRINCIPLES AND APPLICATIONS 


HENRY MARGENAU 


Eugene Higgins Professor of Physics 
and Natural Philosophy, Yale University 


WILLIAM W. WATSON 


Professor of Physies and Chairman 
of the Department, Yale University 


C. G. MONTGOMERY 


Late Associate Professor of Physics 
Yale University 


INTERNATIONAL STUDENT EDITION 


è '2 
Services. ÁS 
cervi L^ 


*€ 
ST 
SECOND EDITION Ns ues ja 
D20. 
Mar 


NEW YORK TORONTO LONDON 
McGRAW-HILL BOOK COMPANY, INC. 
TOKYO 
KOGAKUSHA COMPANY, LTD. 


PHYSICS—PRINCIPLES AND APPLICATIONS 


INTERNATIONAL STUDENT EDITION 


Exclusive rights by Kogakusha Co., Ltd. for manufacture and export from Japan 
ae book cannot be re-exported from the country to which it is consi 


gned by 
Kégakusha Co., Ltd. or by McGraw-Hill Book Company, Inc. or any of its 
subsidiaries. 


Copyright, 1949, 1953, by the McGraw-Hill Book Company, Inc. All rights 
reserved. This book, or parts thereof, may not be reproduced in any form 
without permission of the publishers. 


Library of Congress Catalog Card Number: 53-5171 


TOSHO PRINTING CO., LTD., TOKYO, JAPAN 


PREFACE TO THE SECOND EDITION 


In preparing the second edition we have utilized our experience with the 
first edition and the comments, both critical and constructive, of numer- 
ous users of the book. Principal changes are the following. 

1. Since we felt that the book was, on the whole, a little too rigorous, 
we have omitted some of the most difficult portions, particularly in the 
subjects of electricity and magnetism. No attempt has been made to 
pare the material down to the precise contents of a year’s course. There 
is still a sufficient variety of subjects to provide continuity for an ele- 
mentary course; but the choice is left to the instructor. 

2. Stars have been removed from the text, but the device of using 
small print for the less important and the more difficult sections has been 
retained as a guide for possible omissions. Our own one-year course 
which meets four hours per week, exclusive of laboratory, takes up 
approximately 75 per cent of the subject matter in the book. Problems 
based on text material in fine print are still starred. 

3. Most old problems have been changed and many new ones are 
added. The additions contain a good measure of drill problems which 
can be used as alternates for others illustrating the same principle. 

4. Crucial sections of the book have been completely rewritten, 
mainly with an eye upon simplifications. While all systems of units are 
mentioned, greater emphasis is placed upon mks units in the subject of 
inechanics in order to prepare the student more fully for the use of prac- 
tical electromagnetic units later. The three constants, k, k', and k”, 
which designate different unit systems, have in our opinion proved 
satisfactory pedagogical tools and we have added to their explanation. 

5. The swift movement of physical discoveries permits us to add, 
after only four years, a number of novel subjects. Among them are the 
cosmotron, the Schmidt camera, the transistor, and the hydrogen bomb. 
Older topics absent from the first. but included in the second edition are 
the magnetic circuit, electric motors, special relativity. 

We record with utmost sorrow the death of our colleague and collabor- 
ator, Carol Gray Montgomery, whose help we have sorely missed in this 
revision. 

Henry MARGENAU 


Wittram W. Watson 
New Haven, Conn. 


March, 1953 


PREFACE TO THE FIRST EDITION 


This book has grown out of a collaboration of the authors in a sophomore 
course in physics at Yale University, a course which is aimed to equip 
engineering students and majors in the natural sciences with sufficient 
basic knowledge of physics to serve as a foundation for further work in the 
various exact sciences and technologies. We have been conscious of the 
need for a book that presents in a single volume an account of the subject 
which is at once rigorous, vital, and modern, and we have endeavored to 
fill that need. 

The problem of how to use the calculus in an introductory physics 
course on the college level has given us serious concern over the whole 
period in which this course was taught. The students’ knowledge of 
that discipline is still in the formative stage and amounts to a set of 
newly acquired skills rather than understanding. Yet physics requires 
the understanding as well as the skill. On the other hand, a use of the 
calculus is so clearly advantageous and so obviously desirable that its 
renunciation, in this day and age, is an unwarranted sacrifice. For the 
saying that calculus is the language of physics is true as well as trite, and 
continuity of training demands that a student should, even in his early 
work, be confronted with those methods of analysis which form the major 
tools of his later thinking. Altogether too many students have to con- 
fess, at the end of their senior year, that their introductory physics course 
was nearly useless because it did not acquaint them with the “elegant” 
methods of the calculus. And the fact that the physics course provides 
opportune applications for a student’s fresh mathematical acquisitions 
is not to be overlooked. 

The fact remains, however, that few students can “take it” when the 
calculus is employed as freely as these considerations suggest. Hence, 
in composing this book, we have adopted a device which is neither new 
nor ingenious: We have allowed the student to catch his breath by 
treating subjects not requiring the use of this form of mathematics in the 
first four chapters and then exposing him to it increasingly, but in easy 
stages and with full explanation. Toward the end of the book the stu- 
dent is expected to take elementary integrations in his stride. Our 
treatment is suited to the level of attainment of readers who have had an 
introduction to the calculus and are taking a more solid course 
concurrently. 

Students often complain that a course like the one for which this book 
may serve as a text is very difficult, and they invariably, though some- 
what confusedly, blame the ‘‘emphasis on mathematics” for their dis- 

vu 
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A i this diagnosis has often been in error: 
on E ‘difficulty is not the eine but the volume of 
bite Debe is being pushed out to the students. The wise teacher, 
c da sc ae book like the present, will select his topies with care and 
t his selection with pedagogical foresight. : al 

For that reason, we have put in the book rather a plenum o materia 
for selection. It is our guess that coverage of all items presented will 
require three full semesters’ work. In our own course, which meets four 
times a week (exclusive of laboratory exercises) for tw 
have succeeded in covering about three-fourths of the 
without incurring accusations of having idled. This 
omitting many of the starred sections. To make possibl 


O semesters, we 
Subject matter 
was done by 
e this selective 


TS per week, form a basic and 


ilar way some of the problems at 
the end of each chapter are distinguished by stars, Unstarred problems 
go with the unstarred material. 


ployed very freely everywhere in the text. 
They represent a simple pedagogic device for concrete understanding, a 


in their teaching. 


We have shunned th 
endeavored to broade 


the etymology of important technical terms, and by an occasional com- 
ment in a Philosophie vein, 
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of the units except for these constant factors. Although this device may 
not lessen the difficulties, it is hoped that it will help the student to 
understand more clearly the distinctions between arbitrary conventions 
and physical principles. 
Henry MARGENAU 
Wituiam W. WATSON 
C. G. MONTGOMERY 
New Haven, Conn. 
January, 1949 


CONTENTS 


PREFACE TO THE SECOND EDITION . 
PREFACE To THE First EDITION 


. The Methods of Physics. 

. Introduction to Mechanics; Foris 

. Statics. 

. Elasticity . ; 

. Description of Motions; ‘Kinematics n 

. Force and Acceleration; Dynamies 

. Special Motions in a Plane. 5 
. Work, Momentum, Conservation Psiiulos . 
. Dynamics of a Rigid Body . 3 

. Dynamics of a Rigid Body-— Continued 

. Motions under Inverse-square Laws of Force 
. Oscillations — 

. Hydrostaties . 

. Hydrodynamies . 

. Intermolecular Forces 

. Temperature and Thermal Tapane 

. Calorimetry . . + « " 

. Change of State . 

. Properties of Gases and V — 

. Kinetic Theory 

. The Laws of Tharmodynamiss. 

. Transfer of Heat. 

. Meteorology . 

. Electric Charges and Coulomb's Yer 

. The Electric Field and Potential . 

. Dielectries and Capacitance 

. Electric Currents. $ 

. Chemical and Thermal ilenesoditive Porcos . 
. Magnetic Forces on Currents. Electrical Instruments. 
. The Magnetic Field Produced by Currents 

. Magnetic Fields and Poles . 

. Induced Electromotive Force . 

. The Magnetic Properties of Matter 

. Alternating Currents š 

. Electronics 

i Electronics — Continued . 


xi 


xii CONTENTS 


37. Wave Motion. : 
38. Production and Retention of Sound 


8 3 w e x DA 
39. The Nature of Light. 229 


40. Reflection and Refraction at Plane Surfaces Ses 
41. Reflection and Refraction at Spherical Surfaces 002 
42. Lenses. . AD FK S A * w a w « Big 
43. Optical Insizumens. i x ee xd t.c ey 930 
44. Photometry . . . . a . an , 5^ 2 Es few x x PM 
45. Spectra and Color . . , , |, fO 9. 9 5e 4 xw x 80 
46. Interference. > . . . , , , V wbo (4$ & m a BBR 
47. Diffraction . . . . m , "WU EIU dw xq BS 
48. Radiant Energy. . >. . | 50 7 7 7 0o c s e 698 
49. Atomic Structure... | 00 00 07 07 07 00 c s e TB 
50. Nuclear Physics. . , . . | 5 07 07 07 0 c + e 728 
Dh ae tie San E. 750 
APPENDIXES 
1. Units . T ila 
2. Values of Important General P * 5» v & TU 
3. Conversion Table of Electrica] sical Constants e .. TH 
4. Greek Alphabet . . * X Sek S xo. EZB 
5. Useful Mathematics, | . 0 °° 07 07 00 oc + + « 779 
6. Natural Trigonometrie TE ac. m OGPU IS E us" spera 
7. Logarithms . DOR i VO» Ds x £020. Ya 
TOS eas 782 
INDEX , 
; 785 
INDEX or TABLES. 
805 


ANSWERS TO PROBLEMS t 


n 


CHAPTER 1 
THE METHODS OF PHYSICS 


Physies is an exact science. As such it uses methods of procedure that 
set it apart from many other fields of interest, notably the “humanistic” 
subjects, and it is well to note these differences of method at the very 
beginning of our study. A clear view of what the physicist aims to do 
and how he does it is important for an understanding of physics. Most 
of this book is devoted to the question of “what”; this chapter is briefly 
concerned with a few aspects of the “how.” 


1.1. Definitions. In physics, symbols are used with the utmost care. The 
symbols may be words, or algebraic letters and signs that usually represent words, 
or numbers or diagrams. The artifacts of letters and mathematical signs are 
chosen to promote clarity of thought; diagrams and pictures are used to ensure 
complete visualization. Even words are employed in a manner typical of an 
n a specificity of meaning that poets would regard as 


exact science: they are give 
monotonous. Thus words frequently take on a narrow significance not neces- 


sarily found in ordinary discourse. When the physicist speaks of force, work, 
energy, he refers to matters far more definite than are implied by a historian’s 
use of the same words. He is forced to such narrowness by the difficulty of his 
task, and he accepts the limitations upon his discourse gladly because of the 

ught. To ensure the careful use of words the scientist 


successes they have bro ul 
must define his words and symbols with great, precision. In physics, therefore, 
proper understanding and proper use of definitions are an important preliminary 
to progress. This explains why much emphasis is laid upon definitions in this 


book, Definitions are usually given in the form of explanatory sentences; but 


they may also appear in the form of mathematical equations provided that the 
symbols are defined in words. Sometimes the last-named method is simpler. 
h to define density, it is not too much trouble to say: 


For instance, if we wis S d 
“Density is mass per unit volume." But to define kinetic energy as "one-half the 
product of the mass of an object by the square of its velocity” tends to be a 


mouthful, It is preferable to say it is }¢mv? after we have defined the symbols 
m and v. ; 

1.2. Use of Mathematics. While most subjects taught at the college level 
involve the use of some form of logic, physics relies heavily on the most nearly 
perfect form of reasoning, on mathematics. Far from being ashamed of diluting 
his science with a seemingly foreign formalism, the physicist takes pride in the 
circumstance that his subject permits him the use of so lofty a discipline, for it 
betokens a degree of refinement in the growth of his science that workers in other 
sciences covet. But mathematics is never used for its own sake. It is always a 


tool employed either to shorten the labor of experimentation or to predict new 


facts on the basis of already established knowledge. This book will contain 
1 


4 — 
‘Toy 
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A : 


i t to make the treatment of the 
. These were introduced, no 3 th 
po. pm ” but to show what is actually going on in it. It is hoped that 
bs IE toe ve, in every instance of the use of mathematics, 
s eta aen of thought for which it was designed. The de 
i d ai not always the best available; they are nearl 
ven » 

En simplicity and rigor. 


the purpose 
monstrations 
y always compromises 


ents and Units. Physics is a science of 

ae T Baa MEI oe a great deal of reasoning, but this reasoning never 
rts very far from the solid ground of measured magnitudes. Accu- 
depa measuring is an art to which this book is only an imperfect guide. 
ie concrete appreciation of it is taught in the laboratory accompanying 
this course. An understanding of what is involved in the measuring 
process, aside from technique, however, can be prepared here, 
It is important to realize that almost every measured result contains 
alled a numeric) and a unit, The 


ess the unit is also stated. A ch. 
hange in the numeric. 


measurement. 


ange 
Such changes 


In 
y also say 3 yards or 108 inches. But 

i ons, for in less 
Ork. 'The rule is this: 
and express the symbols by other 
ring in this process are then combined 


n may not w 
gebraic symbols, 
equivalents. The numbers appea: 


to give the new numeric. Thus 
9 ft = 9(12 in.) = 108 in. = 9(14 yd) = 3 yd 
or, to choose a slightly more difficult example, 


-made and employed 
ith great care and pre- 
, When he is introduced 
nce of events: first, the 
er, etc.) which are important 
ion of units in terms of which 
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these quantities are measured; finally a discussion of laws and regularities 
which prevail among the quantities and through which they can often 
be measured or calculated. 

1.4. Knowledge Taken for Granted. It seems well to state what 
knowledge on the part of the student will be taken for granted in this 
book. First of all, familiarity with the ideas of distance and time is 
assumed. These are in fact taken as primitive concepts, and no attempt 
to derive them will be made. Such attempts would fall into the domain 
of philosophy. Distance covered per unit of time is a speed. While 
mass and force are quantities to be defined more precisely later on, a 
general acquaintance with them will be presupposed. Finally the reader 
will be expected to know the simpler units in which these quantities are 


customarily measured. There are 

certain everyday measuring devices, d 
such as the yardstick, the clock, and c 

the balance, the use and action of b 
which are assumed to be understood. ^ A 


These three are in a sense the - 
basic and universal instruments of amai discat ndn ete 


physics; all others can be analyzed 
into modifications and combinations of them. The quantities they 


measure, length, time, and mass, are sometimes called basic or primitive, 
for out of them, too, all other quantities can be constructed in a manner 
discussed in Section 6.7. . ; 
Finally a certain amount of mathematical skill should have been 
acquired by the student. Aside from arithmetic, geometry, and the 
elements of algebra, he will know the notation and the use of trigo- 
nometry. He is reminded of the definitions! 
sin a = cos B = a/c 
sin B = cosa = b/c 
tan a = cot B = a/b 
which hold for any right triangle (cf. Fig. 1.1); and of the following 
relations, which hold for any angles ê, ôn and 6s: 
tan 0 = sin 0/cos 8 cot 0 = 1/tan 0 
sec 0 = l/cos 0 csc 0 = l/sin 8 
sin? 0 + cos? 0 = 1 (theorem of Pythagoras) 
sec? 0 = 1 + tan? 0 
sin (61 + 06) = sin 6; cos 6; + cos [A sin [^ (1.1) 
cos (01 + 92) = cos 6; cos 62 — sin 6; sin 62 (1.2) 


1 Greek letters will sometimes be employe 


1 


d because they are customary or because 
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From the last two we get 


sin 20 = 2 sin 0 cos 0 (1.3) 
a cos 26 = cos? 0 — sin? 0 (1.4) 
an Š 
by putting 8i = 6; 


We also recall the following relations, valid for any triangle such as the 
one in Fig. 1.2: 


a b Um (1.5) 
c* = a* + b? — 2ab cos y (1.6) 
c? = a? + b? + 2ab cos y’ (1.6’) 


Angles, while usually measured in degrees, 
in radian measure. The definition of the ra 
tion that the ratio of any arc to its correspo. 


are more naturally expressed 
dian is based on the observa- 
nding radius, such as s;/r, or 


73 


Fie. 1.2, 


Illustration of trigonometry. Fic. 13. Radian measure, 


82/T2 Or s3/r3 in Fig. 1.3, is a constan: 
convenient measure of 9. This rati 
90° = 7/2 radians, 360° 
In the expression of an a: 
a ratio!) is often omitted. 

A bundle of rays going out from a 
tend a solid angle, 9, at O. To obt 
that, at a distance r f 


t as long as @ is constant, and hence a 
o is the size of 0 in radians. Clearly, 
= 2r radians, and 1 radian = 360/27 degrees, 
ngle in radians the unit (which is after all only 


m this spherical surface 
be the projection of A u 


this projection A’, 


A’ . 
Q= 72 Steradians 


the Roman alphabet is exhausted, Their symbols, together with their names and 
their modern equivalents, are given in the Appendix, 
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its origin is 1 em*. Since the full sphere has an area of 4z7?, the solid 
angle which it subtends at the center is 4777/7? = 4r steradians. 

Suppose now that @ is very small, of magnitude dQ. The area A in 
Fig. 1.4 will then also be small and will be dA. In that case the projec- 
tion of dA upon the sphere, dA’, will be dA cos 6, if 0 is the angle between 
the normal to dA (cf. the figure) and the radius vector drawn from O. 
Hence 

ie dA £08 6 
This formula will be used in Sec. 25.4 and elsewhere. 

Calculus will be used with increasing frequency as the development in 
the book proceeds. At the beginning, however, its use will be restricted 
to very elementary operations of 
differentiation and integration. As 
far as possible, mathematical de- 
vices will be explained before they 
are used; but it is supposed that - 
the student has a nodding ac- 
quaintance with the calculus and is 


Sone 
QA 
: & F 
pursuing it with greater attention 0 


as the work in this book goes Fic. 1.4. A solid angle. 
forward. i : ; 

1.5. Special Systems of Elementary Units. : The variety of units used 
in science and engineering is great, and it is important to introduce 
some order into their complexity at once. There are two large systems 
of units in common use, one called the British system, the other the metric 
system. The basic units in each are three, as already noted: the unit of 
length, that of time, and that of mass. The basic units in the British 
system are the foot, the pound (mass), and the second. Hence a common 


abbreviation for this system, and one that we shall use henceforth, is the 


fps system. The metric system js used in two different forms, the 
eee d(cgs) and the meter-kilogram-second (mks) varieties. 


Table 1.1. Basic Units in fps, cgs, and mks Systems 


Quantity 
Length Mass (or force) Time 
Pound (Ib) Second (sec) 
t (ft. 
Íps a na i (cm) Gram (gm) Second (sec) 
€ Meter (m) Kilogram (kg) Second (sec) 
s 


- fe ee 
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i i le 1.1. In another interpretation, 
hree systems are given in Tab : i 
pony engineers, the pound, the gram, and the kilogram represent 
forces, not masses. This matter will be carefully discussed in Secs, 2.3, 
, 


6.2, and 6.3. For the present the student may regard these terms as 
TePe ene either masses or forces. 


Observe that the unit of time is the second in all systems. The con- 


venience of the cgs and mks systems arises chiefly from the ease with 
which smaller or larger units can be formed from the basic ones. The 


prefixes, which are listed in Table 1:2, 


Table 1.2. Derived M etric Units 


1/1,000,000 | 1/1,000 | oo | xo 
micro- milli- | centi- | deci- 


small lengths) is usu 
One further advantage of the metri 


1,000,000 


mega- 


second, 
liter, ete, 


From 


One pound equals 453.59 gm. urope a slightly 
larger pound, called the “m 8 500 gm, that is 
. » d 
n the present text. Finally we 


hosen to be 1/10,000,000 of the 
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1.6. Numerical Computations, Accuracy. In physics, great emphasis is laid 
upon numerical computations. In fact all algebraic formulas are derived only 
for the purpose of using them in computation; they serve no mathematical 
purpose in themselves. A few elementary points have to be borne in mind when 
formulas are put to numerical use. To illustrate them, we consider a geometrical 
example, the formula for the area of an ellipse, 


A = rab 


where a and b are the semimajor and semiminor axes, respectively. 

The subsequent remarks may at first seem trivial, but they are important in 
respect to the more complex formulas of physics that occur throughout this book. 
First we observe that some of the symbols, such as a and b, have units as well 
as magnitudes, while 7 is merely a number. At the beginning, then, it is neces- 
sary to distinguish the purely numerical symbols from those which, in addition 
to a numeric, require units. The latter are said to possess “ physical dimensions," 
a matter to be discussed in Sec. 6.7. 

Next, definite units have to be chosen for a and b, and here it is important to 
use the same units. Let us choose feet. Both number and unit must be intro- 


duced into the formula, so that it reads, for example, 


A-m-X21t X38 ft 


thus A = 6r ft? = 18.8496 « - > ft^. The units of A are given automatically 
by this procedure. Had we introduced a in feet and b in inches, a mixed unit 
for area that is of obscure significance would have appeared. The lesson we have 
learned is this: In using & formula, all symbols denoting quantities of the same 
kind ("having the same physical dimensions") should be expressed in the same 
unit. We could, of course, have chosen inches in the present example. The 


answer would then be 


A=r X24in. X 36in. = 2,714.34 + + + in? 


à ises as to how many decimal places should be used in 
oo Sp Lo onse n since m is à never-ending decimal fraction, the 
result could be stated to any number of figures. Brief reflection tells us that 
this would be absurd unless we knew a and b with unlimited accuracy. In 
general, a and b will not be the round numbers we have chosen. Suppose they 
were measured with an ordinary foot rule, which can be read accurately to within 
ig, in: oF 0,03 in approximately. That is to say, the true value of a may lie 
anywhere between 23.97 in. and 24.03 in., that of b between 35.97 in. and 36.03 in. 
To put it another way, We are not sure of t ho fourth Agite iz the ee oa 
and b (notice that this would also be true if we had ee a and b in feet!) ; 
hence we cannot be sure of the fourth figure in 4. A little t ought will convince 
the student that there is no sense, under these circumstances, in using more than 


four figures in v. 
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sey of which one can be sure in view of the 
The number "S rap dpi Aie b) is the number of Significant. figures. 
accuracy of the # : s a result to a great number of Significant figures, he claims 
When a gerens This should always be remembered in giving numerical answers. 
EFOBWRODITACY- f a greater number of digits in any numerical constant such as 
Türihen, thp Ys dne expansion, than corresponds to the number of significant 
T, or 3 pie dis is pointless and hence unscientific, For the same reason, one 
figures of t á employ six-place logarithms when computing data that have only 
Rn ee figures. If the data are not all known to the same accuracy, 
re 


atum dominates the entire 


All data obtained through measur 
that errors are unavoidably presen 
he tries to eliminate all blunders 


The scientist knows 
three ways, First, 
hecking his work at 
Precision to satisfy 
rtain mathematical 


Worked Examples... a, The dista; 
strikes is determined by 
thunderclap with a stoj 
The interval is found to be 11.6 sec. 


The speed of sound is 1,127.5 ft/sec (at a 
temperature of 2034°C, which we shall 


1,127.5 ft/sec x 11.6 sec = 13,079.00 ft 


However, since t 


he number of Significant, figures in the 
one least accurately known, 

ormal atmospheric pressure is 14,7 lb/in?, 
Solution: 


lb (454 gm) 
1AT a= 147 Chem) — 147 x ag, Er -" 
doo = ~ G54)? ome = 1,035 f 
1 The student should do the worked examples himself r 
step with that of the book, * mself and check his work step by 
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PROBLEMS ; 


1. Sound travels through the atmosphere with a velocity of 340 m/sec, light with a 
velocity of 3 X 109 m/sec. Convert both these into ft/sec and into miles/hr. 

2. The density of water is 1 gm/cm*. What is it in lb/ft? 

3. If a band were tightly stretched around the earth’s equator (regarded here as a 
perfect circle), its length would be 40,000 km. Suppose the band were lengthened by 
10 ft, still forming a circle with its center at the earth’s center. What would be the 
distance from the earth’s surface to the band? 

4. The height of a tower is to be found by triangulation (cf. Fig. 1.5). The base 
ais 400 ft, 0; = 25°, @ = 35°. What is h? 


Fic. 1.5. Problem 4. 


5. Express sin 30 and cos 30 in terms of 9. 
6. Convert the following angles into radian measure: 10°, 45°, 90°, 180°, 360°. 


T. Make graphs of sin 0 and cos @ vs. 9. Show that 


sin (0 + 27) = sin 8 cos (9 + 27) = cos 0 
sin (0 +7) = sin (@ — 7) = — sin 0 
cos (0 +7) = cos (8 — x) = — cos 6 


5 r\ _ 
| sin (r5) = =n (71) mt 
T " 
cos (0 +5) -cos (0-3) = —sine 
ie milli i bie meter; in a cubic inch? 
8. Ho any cubic millimeters are there in a cu x ; ? 
*9. A vest oe box was measured with a meter stick and found to have a height 
0f 35.4 em, a width of 27.8 cm, and a length of 17.9 cm. State its volume, rounding off 
, x x 


the answer to the proper number of significant figures. 


1 


E471 
Dk lo ec 
“tension A 
‘= 


wes 


CHAPTER 9 
INTRODUCTION TO MECHANICS, FORCES 


motion. To them it seemed that, for a thing to exist. i 
permanent. But moving bodies have no perma: 
dilemma some of them, notably Parmenides, drew the 
bodies do not exist. Motion was explained as 

Others in ancient Greece, among them the philosopher Anazagoras (500 n.c.?), 
regarded motion as real but felt called upon istingui 


being—rest and motion, They speculated exte 


; the inventor of the idea of atoms, 
ms, thus denying in effect the 


Out of this Speculative welter there crystallized 


the great Philosopher and Scientist Aristotle (384 n.c.), 
ing of the Middle Ages. 


i : t e it, too, seeks ita natural place, Thus the 
motion of bodies "going home," or Seeking their natural Places, seemed to be 
‘ural motion, 


dupward! To be sure, this re, 


agency like an arm or a slingshot; hence it 


Aristotle called it violent motion, 
postulate, which wag upheld until 
The postulate was this: Vio i 
motion proceeds without force, Itis not diffic 
of this assumption, 


nee of this particular 
Hence to the medie- 


error in this respect, 


However, the Aris- 
10 
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totelian postulate and the definition of force that it implies are not very fortunate 
and fruitful and have therefore been abandoned. 


It was discovered by Galileo (1564-1642) and proved convincingly by 
Newton (1642-1727) that the whole science of motion becomes at once 
simple and universally valid if force is taken to mean any agency which 
produces, or may produce, an acceleration in physical objects. "The sub- 
ject of acceleration will be studied in considerable detail later. In a 
preliminary way we define it here as rate of change in velocity. An 
object at rest or moving at constant velocity has no acceleration. Thus, 
according to this new conception à falling body must experience a force 
because it is accelerated. 

2.2. Newton's Laws of Motion. Among the truly great discoveries of 
mankind are Newton's three laws of motion. Though simple in wording 
and in conception, they contain almost the whole of the science of motion, 
the entire intricate formalism of modern mechanics. We state them here 
in their historical form and recommend that the student commit them 
to memory and endeavor to understand them fully. Much more will 
be said about them in due course. Their full meaning will not be made 
clear in the present chapter, which is devoted to a study of a very limited 
aspect of them. In Newton’s famous work “Principia mathematica" 
the laws are stated in the following form (translated from the Latin): 

1. Every body continues in its state of rest or of uniform motion in a 
straight line, except in so far as it is compelled by forces to change that 
state. 

i acceleration) is proportional to the force and 

2. Change of molis i f the straight line in which the force acts. 


takes place in the direction o! h a 
3. To every action there is always an equal and opposite reaction; or 
the mutual actions of any two bodies are always equal, and oppositely 


i e straight line. 

Hti ds EM ds is clear; itis only to be noted that uniform 
motion is motion with constant velocity. The second law is qualitatively 
understandable; however, to give it quantitative and precise meaning, 
we must carefully state how (1) forces and (2) acceleration are to be 
measured. These two items will be postponed, the first to the next 
Section, the second to a later chapter. The third law is more difficult to 
comprehend and will be the subject of much further comment. We 
elucidate here merely by pointing out that action and reaction are names 

for forces acting on two different bodies which tend to accelerate each other. 
For the present, our interest will be in only one consequence of the first 
and second laws: When the force acting on à body is zero, it is not acceler- 
1 ibrium. The engineer often wants to know 


" : ine uil . : 
(gem eee e which bodies, such as parts of machinery, bridges, 
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i in in equilibrium. The part of 

Rio Ede enar cedes called “states.” But before we turn 
physics ee ipo we must learn more about forces, 
Lector There are several ways of defining the meaning of force, 

ie pee i ns be shown to be equivalent. 'The simplest and most 
eles te he engineer is this: A force is a push ora pull. 
intuitive appreciation of force through his experie 
exertion. 


Everyone has an 
nce of muscular 


The present definition may become inade 
circumstances. For instance, it is true th ne: e t 
a force that is transmitted through a vacuum, and it is a little hard to visualize 
how the sun can exert a pull across empty space. But these complications will 
not concern us now, Later we shall see how it is possible also to define force in 


terms of acceleration with the use of Newton’s second law. 
If a force is a push or a pull, how is it to be measured? Clearly, our 
muscular sense is too crude. We note, however, that a given force has a 
proper conditions an invariable effect on an elastic 
body, such as a spring. It is Possible, therefore, to use a spring balance 
as an instrument for measuring forces, Imagine, then, a standard 


quate and require revision under some 
at the sun exerts a force on the earth, 


» but their consideration will be 
postponed. 

Unfortunately there 
is also a unit of mass. 
mass and force are ide 
verbal coincidence, 
pulled toward the cen 
called its “weight.” 
from mass. In the st 


for the pound 
meaning that 
a regrettable 


It alone will be used in 
next. Two thousand pounds (2,000 1b) is called a 
ton. 


2.4. Reckoning With Forces, Forces do not satisfy the laws of ordinary 
arithmetic. One object plus ano 


in every Situation involving forces, to 
distinguish between the forces ex 


erted on an Object and those exerted 
by an object. In Fig. 2.1, for example, two bodies are connected by a 
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spring. Aside from gravity, which is ignored, there are altogether four 
forces. Fis a force exerted by the spring on body A; P» is exerted by A on 
the spring; F's is exerted by the spring on body B; Fs is exerted by B on the 
spring. Thus A and B are subject to one force each, while the spring is 
acted on by two forces. 

We now consider all the forces on a body, such as the one in Fig. 2.2. 
To specify them it is clearly necessary to state the magnitude (in pounds) 
and the direction of each. Because 


forces have both magnitude and di- 5s. a. 
rection, they require different treat- 
ment from quantities that have only (5) 
magnitude, like length, time, and “r — 

2 Fy 


mass. With regard to the latter it 
iseasy to see what is meant by add- Fic. 24. Forces exerted on and by 
ingthem. Thesumof2Iband3Ib Poties 

is simply 5 lb; it is the result of putting together 2 lb and 3 lb. The sum 
of two forces is also the result of putting them together, but in this process 
we must respect directions as well as magnitudes. Thus to add forces 
requires a new procedure, which will now be described. But it should 
always be borne in mind that we add forces acting on the same body, 
never forces acting on different bodies. 

2.5. Addition of Two Forces. Suppose that a body is subject to two 
forces, one of magnitude 2 lb acting 
from left to right, and another of 

n 5 magnitude 3 lb acting from right to 
left. Their effect is the same as one 
force of magnitude 1 lb acting from 

F right to left, as a little consideration 
or a simple experiment with spring 
balances would show. These two 
forces, when acting simultaneously, 
produce a resultant force, which 
happens to be equal in magnitude to 
their difference. If both forces act in the same direction, the magnitude 
of the resultant would be their sum. 

The situation is more complicated when the two forces do not act in 
the same direction. In Fig. 2.3a the heavy lines represent two forces 
on a body (not shown in the diagram). If a spring balance were inserted, 
it would show that this body is urged in the direction of the dotted arrow 
by a force of 51b. The latter force is called the resultant, or sum, of the 
other two. It isnot the arithmetical sum but can be found by the follow- 
ing rule (cf. Fig. 2.3b): 


Fic. 2.2. Forces have both magnitude 
and direction. 
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arrow the direction of which is that of the 

ba c uid cop n be proportional to the magnitude of the 

Fas n r : iven length, perhaps an inch or a centimeter, represents 

aa T for each force. In Fig. 2.3b the two representative 

Eg BEL Ws byF:andF,; To find the resultant of F, and F 2, place 
arro 


the end of Fs in coincidence with the head of Fi Then draw an arrow 


4 lbs 


5 
N 
X (c) 
@m \ (b) 
Fro. 2.3. Addition of forces, 

from the end of Fito the head of Fo. 
R in the diagram. Thi 
F: and F, In the lab 


This arrow is the resultant, labeled 
s rule is general iin Fig. 2.3c, S is the resultant of 
oratory this rule can be verified with spring bal- 


It can also be proved theoretically, but this will 
(see Sec. 2.12 s 


Fra. 2.4. Equal forces, It is well to beco; 


2.6. Addition of Many Forces. The rule for adding forces can be 
generalized to apply to cases where more than two forces act on a body. 
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Four are shown in Fig. 2.5a, corresponding perhaps to different pulls by 
guide ropes on a tree to be felled. To find the one force that is equivalent 
to these four, that is, to find their resultant, or sum, we might first add 
F, and Fs, then add F; to the resultant of these, then add F; to this second 
resultant. If the student will carry out this procedure, he will find it to 
be equivalent to the simpler process illustrated in Fig. 2.5b, where the 
forces are added, tail to head, without drawing each resultant. The sum 
of all four is then simply the arrow drawn from the tail of the first to the 
head of the last force. For obvious reasons this procedure for obtaining 
the sum of a number of forces is called the polygon method: the resultant 


Fa 


F; 


(a) (b) 5n 
Fig. 2.5. Adding fcur forces. 
(sum) is the closing side of the polygon made up of all the forces, with the 
arrow properly drawn. 
In ordinary algebra we write 
a+b=c (2.1) 


in order to denote that c is the sum of the ordinary quantities a and b. 
Thus we might also designate the addition of the forces F; and F; in 
accordance with Fig. 2.3b by 


Fi+F.=R (2.2) 
or that according to Fig. 2.5 by 
FiF HF +F =R (2.3) 


The plus signs in Eqs. (2.2) and (2.3) have the meaning given to them 
by the polygon rule, a meaning different from that of the plus sign in 
Eq. (2.1). But confusion can be avoided if, while retaining the symbol 
+, we use boldface type for forces as in Eqs. (2.2) and (2.3), or in general 
for all quantities that are added by the polygon method. This convention 
will be followed throughout this text. 
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In ordinary algebra the order of the summands is immaterial in the 
computation of asum. That is, 


a+b=b+aq 


= i ted 

i true that F, + F, = F: +F,? The latter sum is construc e 
A An in Fig. 2.6. Comparison With Fig. 2.35 will 
Show that it is equal to F, + F. The Student 


; Will always 
yield the same sum R. Hence the order in 


which forces are added is immaterial, 


The rule here given is not the only one by which 
addition of forces may be performed, In Fig. 2.7a 
we are employing our Tule; in Fig. 2.76 we lay off 


the Parallelogram rule: To add two forces, put their 
i » complete the parallelogram, and 
al from the coincident tails out- 

Ward. This diagonal jg the r 


parallelogram tule is sometimes the 
more convenient to apply, i i 
can the other. 


Suppose a mass m (Fig. 
Fs, exerted by ropes tied 


and must act upward (R in the dia- R 
gram). We wish to find F,, The 
solution ig easy. Since 


Fi+F,=R 
FE-R. Fi 
F: is the difference of R and Fi. me 
But the difference of two quantities ` 


is always the sum with t 
reversed. Now obviously — 


(a) (b) 


Parallelogram rule for adding 


in this case F,, 
h the arrow reversed. Hence to 


This is done in 
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it is necessary to find two or more forces which, when added together, will 
have the given force as resultant. The rules for solving such problems 
are now at hand, though not the terminology. Two forces that add up 
to a given force are said to be its components, and the process of finding 
two components of a force is called resolution. Thus, in Fig. 2.3b, F; and 
F, are components of R; in 2.3c, Fs and F; are components of S. 


+F 


(a) ^ (b) 
Fic. 2.8. Difference of two forces. 

À force can be resolved into components in an infinite variety of ways. 
Most important, however, is its resolution into components in two given 
directions, usually along the X and Y axes. Theparallelogram rule serves 
to bring about such resolution easily. Figure 2.9 shows that F = F, + F,. 
The forces F, and F, are called rectangular components of F. They are 
found by drawing F from the origin of the coordinate system and then 
dropping perpendiculars from the 
head of F upon the X and Y axes. 
The notation just used will be con- 
tinued; that is, F; will always denote 
the component of force along the X 
axis, and so forth. 

Practical applications requiring 

resolution of forces are very numer- 
ous and will be discussed in the Fie. 2.9. Rectangular components of a 
next chapter. To mention a few: force: 
If we want to know whether or not a body will slide down an incline, we 
must determine whether the force of friction is smaller or greater than the 
component of gravity along the incline; the force of the wind upon a sail 
“resolves” itself into one component along and one component perpen- 
dicular to the surface of the sail; drag and lift of an airplane are rec- 
tangular components of the force of the air upon the plane. 


X 
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2.8. Addition, Subtraction, and Resolution of Forces by Trigonometry. 

diti n of forces as explained so far, is essentially a graphical procedure. 

paar heweee the use of trigonometry recommends itself for simplicity 
, 


F, 
V A fs 
F, 
y (a) b) E 


c) 


Fic. 2.10. Addition of forces by trigonometry. 


and accuracy. If an accurate value of the magnitude of the resultant of 


the positive directions of Fi and F;, as shown 
and because of Eq. (1.6), 


RaPpe+ F? — 2FjF, cos 6’ 

= FP + FS + OFF, cos 0 

This is a most useful relation for obtaining the magnitude of R 
however, that it gives no i 


tion as to its direction. 


Inspection of Fig. 2.11 will show 
that the difference 


(2.4) 


; note, 
nforma- 


-F 


F, D=F,— F, 
A is given as to magnitude by the 
6 Square root of 
D =F? 4p 2F P, cos 6 
Fia. 2.11. Subtraction of forces by (2.5) 
trigonometry, 


Resolution of af 


and Y may also be performed trigono: 


orce along X 


metrically. From Fig. 2.9 it is 
clear that 
F. = F cosa (2.6) 
» =F gin (2.7) 
—— 
provided a is taken to be the angle between F and X, 
1 Note that the symbol R stands for the magnitude of the force R, F, for the magni- 
tude of F;, ete. 
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=M 
Rz 
Fie, 2.12. 
Figure 2.12 shows that, if 
R=F, +F: (2.8) 
then Rz = Fis + Foz (2.9) 
Ry = Fu + Fu (2.10) 


An equation in boldface type, like Eq. (2.8), is therefore really equiv- 
alent to the two equations (2.9) and (2.10). 

If a force F does not lie in the XY plane, it has not two but three 
components, Fz, Fy, F. These are 
indicated in Fig. 2.13. Here P is 
the point where the perpendicular 
from the head of F meets the XZ 
plane; the arrow F’ is called the 
projection of F upon the XZ plane, 
Fz and F, being its rectangular com- 
ponents. In this more general case 
the resultant of two forces not in 
the XY plane is also given by 


Z 
R=Fi+F, (2.11) Fra. 213. Force components in three 


" -- E dimensions. 
but now this equation is equivalent ES 


to, or an abbreviation of, the following three: 


Rz = Fy, + Foz 
Ry = Fy + Foy (2.12) 
R. = Fis + Fos 
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i in which we have to add two 

]l finally consider a problem in w! 1 À : 
f Sis eae are den not in magnitude and direction but in their three 
Vin. onents. In other words, we know Fiz, Fy, Fy individually, as 
erp Foz, Foy, F2z; we wish to find R, the resultant, both with regard to 


magnitude and direction. First we Observe, using Fig. 2.13 and the 
Pythagorean theorem, that 


Ft = Fè + Fa 

while E EI 

Hence P= FORES 
e E EN 


This relation holds, of course, for an 
appearing in Eq. (2.11). Thus 


R? = R? + R} + RS 
But the components of R are given by Eqs. (2.12), 


y force and may be applied to R 


Therefore 
R? = (Fis + Fa)? + (Pay + Fa)? + (Piz + Fu)? (2.13) 
If F; and F; lie in the XY plane, we may simply put F}; and F^. equal to 
zero in this formula. 


To find the direction of 
sions) but very easy when 
this time from Fig. 2.12, th. 


R is difficult in the general case (three dimen- 


Z components are absent. For then we see, 


at tana = R,/Rz; or if we use Eqs. (2.9) and 
(2.10), 
_——— NN 
= Fy + Foy 
tan a = ECES (2.14) 


The angle o determines the direction of R; its value may be found in 


tables when the quantities on the right are known. 
2.9. Worked Example. An airplane momentari] 
zontal flight is Subject to two f. 


We have Fiz = —5 tons Fy = 8 tons 
F.-0 Fx = —10 tons 

Hence, by Eq. (2.13), R = V5 tons)? + (—2 tons)? = 4/29 tons, 
This is the magnitude. The direction ig obtained from Eq. (2.14), 


9 = 22° = 0.38 radian 


or 
202° = 3.52 radians 
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Both answers are possible, and from this work we cannot tell whether a 
lies in the first or the third quadrant. 

The example can also be worked graphically, as is shown in Fig. 2.14. 
We first add Fi. and Fy,, then the 
downward force Fə, obtaining R. 
It now turns out that only the latter 
of the two answers for o is correct. 

If the forces here considered are 
the only forces acting on the air- 
plane, then it follows from Newton’s 
second law that the airplane, though 
at present moving horizontally, is 
starting downward with an accelera- 
tion in the direction of R. Fra: 2:14, 

2.10. Composition of Many Forces; Summation Convention. Assume 
now that many forces are to be compounded. Thus we write, instead of 
Eq. (2.11), 


R=Fi+F.4+Fs+-+: HHF, (2.15) 


implying that there are n forces, n being some integer. If now a diagram 
like Fig. 2.12 is drawn for n forces (the student should do this for n = 4), 
it will be seen that 


Re = Fis + Foe + Foe t+ + + + + Foe (2.16) 
Ry = Py + Py + Fy +++ + Foy (2.17) 


provided that all forces lie in the XY plane. The case where they extend 
in all three dimensions will not be treated. 
As before, it follows from the Pythagorean theorem that 


R? = R? + R,? 
whence, in view of Eqs. (2.16) and (2.17), 
= Piz + Foe ++ Fas)? + (Puy + Fu + +++ ++ Fry)? (248) 
To find the direction of the resultant R the equation 


Fy +Fy+ +++ +F 
t = y 2y ny 
MAE Tta sus oy 


(2.19) 


must be used. 


For computation it is more convenient to find a first, using Eq. (2.19). 


We can then, without extracting a square root, obtain the value of R from 


R, 
R=— or Roo Re 
sin « COS a 


In problems like this the notation we have used is cumbersome, and 
we wish to introduce to the student a shorthand way of writing these 
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lts. Mathematicians and physicists use the symbol X (pronounced 

ius " d eek letter for capital S) to represent a sum. They write, for 

M Als pose of a; + a2 + as + -+ > + av simply Da and read it 

Pow Ach alla." But this convention is not very accurate, for it does 

not tell us how many summands a there are. To remedy this defect 

one puts a subscript i on a and writes, for example, 
10 


Za=ata+-:-- + aio 
i=1 


The left side of this identity is read, “Sum over a; as i Eoes from 1 to 10." 


In general, then, 2 is to be understood as an order to write down many 
i=1 


times the expression which follows it, 
in that expression successively all inte 
adding all these expressions. 
danger of misunderstanding, 


giving the index ; which appears 
ger values from 1 to n, and then 
Ordinarily, however, when there is no 
or when one does not wish to Specify what 
n 


nis, the limits 1 and n are omitted and one simply writes Z instead of Z 


Using this convention, th 


i i21 
e formulas of the present section may be written 
as follows: 
R= ZF: (2.15) 
R, = 2 Piz (2.16) 
Ry = 2 Fy (2.17) 
R? = (Z Fi)? + (Z Fi)? (2.18) 
2 Py 
tana = Z5 (2.19) 
We wish to stress here that Z is not a new and strange mathematical 
operation but merely a compact w; 


convenience, apparent alread 
seen in the example 


10 
m d PEE USER Ass pego ue 
This notation will occasionally be employed in this book. 

2.11. Scalar and Vector Quantities. We have learned the rules for 
adding (or “compounding”), subtracting, and resolvin 
a body. These rules are different from those for ordi 
subtraction, for forces have magnitude 
methods discussed are part of a very gener. 
as the vector calculus, for they are applica’ 


g forces acting on 
nary addition and 
and direction, Actually the 
al kind of mathematies known 
ble not only to forces but to all 
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physical quantities having magnitude and direction. These are quite 
numerous. 

To make the matter more definite, physical quantities that are com- 
pletely specified by their magnitude are called scalars (from the Latin 
scala, meaning ladder, a symbol for increasing or decreasing magnitudes 
reminiscent of a musical scale). Examples of scalar quantities are time, 
mass, volume, energy. Quantities having magnitude and direction are 
called vectors (from the Latin vehi, to ride or to be displaced). A dis- 
placement is in fact the simplest kind of a vector; others are velocity, 
force, acceleration, momentum. All these will be studied in due time. 
We now see that what has been said about forces is actually true for 
all vectors. Force was chosen here for illustration because it is perhaps 
the most familiar vector. 

All vectors are symbolized by arrows. In this book, vectors will be 
printed in boldface type when attention is to be drawn to their vector 
character. An equation like 


A=B 
is really equivalent to three equations 
A, = B, A, = B, A, = B, 
and may be regarded as a shorthand way of writing them. 


Vector addition may be performed either by the polygon rule or by the parallel- 
ogram rule, which we here repeat: 

Polygon Rule: The sum (or resultant) of vectors A, B, C, . . . is found by 
placing the tail of B upon the head of A, then the tail of C upon the head of B, etc. 
Finally the polygon is closed by drawing a line from the tail of A to the head 
of the last vector. This line, with the arrowhead at the head of the last vector, 
is the sum (or resultant). 

Parallelogram Rule (good only for adding two vectors): The sum of A and B is 
found by placing the tail of B upon the tail of A, completing the parallelogram, 
and drawing the diagonal passing through the tails of A and B. This diagonal, 
with its arrow pointing away from the tails of A and B, represents the sum. 

2.12. Theoretical Proof of Rule for Vector Addition. Now, with the larger 
view that the foregoing section has given, we pause and wonder why so strange 
a device as the polygon rule should work. "The reason can be seen best from an 
examination of the vector called displacement, which is exactly what the word 
implies. If a body is subjected to a displacement of magnitude 3 miles and 
direction north, it is carried from its present position to one 3 miles north of it. 
If it is subject to two displacements, first the one just mentioned, then another 
one of magnitude 4 miles and direction east, it will be found a distance 


A/(3 miles)? + (4 miles)? = 5 miles northeast 


T" 
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of its original position, and this position is clearl 
case, triangle) rule. Several displacements, cai 
laud the body precisely at the place predicted by the polygon rule, and the ro 
total of all the displacements is equivalent to a single displacement that takes the 
body directly from its original to its final place. This is the sense of the state- 
ment that the vector sum of the individual displacements equals the displacement 
iven by the polygon rule. 
^ little idiom will show that it makes 
placements 3 miles north and 4 miles east 


ly found by the polygon (in this 
tried out one after another, will 


no difference whether the two dis- 


the same rules as displacement, Next, 
acceleration, being change in velocity pe: must obey the 
cceleration by 


PROBLEMS 
1. Find the resultant of the two for 


ces in Fig. 2.15 both graphically (polygon rule) 
- Compare the results, 


de 12 tons, 
of magni- 
tude 3 tons. What are the ci QN 


is suggested 
th graphically 


8 Ibs 


Fig. 2.15. Problem 1, 


Fia. 2.16, Problem 3, 
8. The knot in Fig. 2.16 is subjected to the three forces shown, Jn what direction 
will it start to move? 
4. The pulley in Fig. 2,17 is 
(downward force) of 1 ton. 
horizontal. What force, or “tension,” along thi 
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Fic. 2.17. Problem 4. Fig. 2.18. Problem 5. 


b. Three weights are arranged over fixed pulleys as shown in Fig. 2.18. Find the 
angles between the strings at the knot such that the resultant of the forces on the 
knot be zero. 

6. Find the resultant force on the hexagon of Fig. 2.19, all individual forces being 
of equal magnitude. 


Fie. 2.19. Problem 6. 


7. Prove that, if a triangle has three forces acting on it, each perpendicular to a 
side and of magnitude proportional to the length of that side, the sum of these forces 
is zero. 

8. Prove that, if a polygon is subjected to as many forces as it has sides and each 
force acts perpendicularly to a side and has the magnitude of that side, the sum of 
these forces is zero. (This is the situation with respect to pressure forces produced by 
water upon submerged objects whose horizontal cross section is the polygon.) 

9. A rocket in level flight experiences two forces, one directed downward and of 
Magnitude 3 tons (its weight), the other in opposition to its motion and of magnitude 
8 tons (air resistance). Find the resultant force on the rocket. 
` 10. A body weighing 10 lb rests on an inclined plane as shown in Fig. 2.20, Find the 
components of its weight along the plane and perpendicular to the plane. (Hint: 
Resolve the weight, which acts vertically downward, along these two directions.) 


Fie. 2.20. Problem 10. 


11. Using Eqs. (2.18) and (2.19), find the magnitude of the resultant, as well as the 
angle it makes with the X axis, of the following forces: 
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Magnitude | Direction with X 


i i i i boat in 
. The wind exerts a force of 140 Ib perpendicularly against the sail of the b 
ud Only its component along the line of the keel is effective in propelling the 
boat. What is this component? 


Fic. 2.21. Problem 12, 


18. What is the vector sum of all the displacements made by the tip of a second 
hand as it moves from 12 to 6 on a dial? 

14. An airplane is subject to two velocities, 
magnitude 300 miles/hr and directed north, an 
southwest. Find the velocity of the airplane 

15. A raindrop weighs 0.02 Em. Asitr 
Speed (no acceleration!) Air resistance on the drop is Proportional to its speed; 
it is in fact (10-6) gm, if v is expressed in em /sec. Using the information of Chap. 2 
find the terminal speed of the drop. 

16. The boat drawn in Fig. 2.22 is to move to the right. The wind blows as indi- 
cated. How must the sail be set so that the component of t 


he wind force perpendi- 


its own velocity relative to the air of 


d the wind velocity, which is 50 ft/sec 
relative to the ground. 


$ 


DY 


Motio 


Fic. 2.22. Problem 16. 


cular to the sail will drive the boat in the forward d 


between wind and keel to be 40^, find the best setting 


irection? Taking the angle 
to be a plane, which is far from true). 


of the sail (assuming the sail 


CHAPTER 3 
STATICS 


3.1. Equilibrium of a Particle; Concurrent Forces. The subject of 
statics treats of bodies in equilibrium; the word (Greek stenaz, to stand 
still) implies that the bodies in question are not moving. This, how- 
ever, is not meant to be literally true; for the earth itself is moving, and 
bodies at rest relative to it are certainly in equilibrium in the simple 
sense of the word. A more adequate definition of equilibrium is absence 
of acceleration. Strictly speaking, therefore, a body moving with a 
uniform velocity, even relative to the earth’s surface, is in equilibrium; 
our interest, however, will be con- 
fined chiefly to cases of rest upon p 
the earth’s surface. 

If equilibrium means absence of 
acceleration, then Newton’s second 
law at once informs us that a body F 
in equilibrium must be subject to 
no force or, more precisely, to no 
resultant force. It may well have 
forces acting on it, but their vector sum must be zero. This is often 
called the condition for equilibrium of forces. 

There is, however, an important fact that needs to be considered. 
Will a body always be in equilibrium when the sum of all forces on it is 
zero? The answer is no, as reference to Fig. 3.1 clearly shows. The rod 
will rotate even though the sum of the two equal and opposite forces is 
zero. We see that the condition for equilibrium of forces, which we now 
write in the form 


Fic. 3.1. Equal and opposite forces do 
not necessarily produce equilibrium. 


ZrF-0 3.1) 


does not ensure equilibrium with respect to rotation. 

Let us, then, exclude the possibility of rotation for the present. This 
limits our attention to objects which do not rotate or of which the rotation 
does not concern us. For convenience we shall here think of a point 
or a very small particle. If this particle is to be in equilibrium, Eq. (3.1) 
must be satisfied and we understand by the quantities F all forces acting 
on the particle. These forces will necessarily be concurrent, i.e., they all 
are applied at the point. 

From what has been learned in the previous chapter it is apparent that 
Eq. (3.1) ean also be written in terms of components, 

27 
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2 B= 
ZF,=0 (3.2) 
ZF.=0 


Equations (3.1) and (3.2) are equivalent statements of what we shall call 
the force condition for equilibrium, or the condition for equilibrium of a 


particle (as distinguished from an extended body). In applications it is 
sometimes more convenient to use Eq. (3.1); sometimes Eqs. (3.2) are 
preferable. 


3.2. Examples of Concurrent Forces. A weight is suspended as shown in 
Fig. 3.2(a), and it is desired to know the tensi i 
is in equilibrium, the force c. 
point as the “particle.” 
3.2(b. We draw the kno 


ondition must 


equal, at the angles 


length of these arrows. It may be seen from Fig. 
whence T = 50 Ib/sin 8, 


One may also go! 


procedure that determines the 
3.2(b) that Tsing = 34 X 1001b, 
lve this problem b 
B components (we 


y using Eqs. (3.2), 
take X for the hori: 


The three forces involved 
zontal, Y for the vertical 


There are no Z componen 


ts in this example. Q; 
obtain zero; hence the first of 


information. The second yi 

Notice that the smaller th 
would be infinite if the rope 
telephone wires must not be 


n adding the 
Eqs. (3.2) is automati 


a X components we 
ically true a; 
elds 27 sin 9 = 1001 


nd gives us no new 
b, which is the previous result. 
e angle @ the greater will be the force T, In fact T 
S were actually horizontal, Here is the reason why 
too taut, since otherwise the collection of any weight 
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on them (e.g., ice) would cause an extremely large tension and consequent 
breaking. 

As another example, consider the situation depicted in Fig. 3.3(a). Here both 
T and F can be determined when the weight W and the angle 0 are known. The 
use of Eq. (3.1) is illustrated in Fig. 3.3(b). We lay down the vector W, which is 
known both as to magnitude and direction. Then the triangle is completed by 
drawing F and T in their proper directions; closure of the triangle determines the 
lengths of both F and T. 


N 


F 
(a) (b) 


Fic. 3.8. Equilibrium of concurrent forces. 


The trigonometric method, based on Eqs. (3.2), leads to the following tabula- 
tion of force components: 


X component | Y component 


T —T cos 0 T sin 0 
F F 0 
Ww 0 -W 
and to the equations 
—Tcos0 +F —- 0 


Tsn0—Wz-0 


When solved they give T = W/sin 0, F = W cot 0. These results can also be 
obtained from Fig. 3.3(b) directly. 

As a third example we consider the forces acting on a particle that is at rest on a 
rough inclined plane. Since the particle is in equilibrium and we know it to be 
subject to the gravitational force W, the plane must be pushing upward on it with 
a force —W (cf. Fig. 3.4). (Note that —W is a force along the positive Y axis; 
this is because we have followed convention in calling the weight force, which is 
always directed downward, +W.) The force —W is called the reaction of the 
plane against the particle. Later we shall find it convenient to resolve this 
reaction in two perpendicular directions, along the plane and at right angles to 
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the same methods. Note that, wh 
tions (3.2) become significant. B 


sufficient, 


3.3. Torques, or Moments of 
Force, Figure 3.1 showed how two 
equal and opposite forces may pro- 
um, but a tendency 


duce, not equilibri 
toward rotation. 


These simple facts 


perience may be summed up in this 
way: Using the 


lorquere, to twis! 


ure of the effectiveness of a force in 
producing rotation, we define: 4 torque 
is the product of a force times the perpen- 

dicular distance between, its line of ap- "SB. "Totes Sonate ded 
plication and the axis of rotation. Thus, in Fig. 3.5 


the force F about an axis through the Point A (and 
plane of the paper) is 
L — pq 


We shall always use the symbol 7, 
axis of rotation; there is no sense in 


» the torque due to 
Perpendicular to the 


(3.3) 


A torque refers to an 
torque due to a force 


for torques, 
Speaking of the 
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without reference to an axis. The distance d is sometimes called the 
lever arm of F. Notice that the point of application is immaterial so long 
as it lies on the dotted line of Fig. 3.5. If F were applied at C instead of 
B, it would produce the same torque about A. 

It is sometimes useful to express the definition of L in other, equivalent 
ways. If we denote by r the distance (not perpendicular) between the 
axis and the point B at which F is 
applied (cf. Fig. 3.6), then 


L=Fd=Frsin@ (3.4) 


since d = r sin @, 0 being the angle 
swept out clockwise from r to F. 
There is, however, one important 
difference between the torque repre- 
sented in Fig. 3.5 and that in Fig. 
3.6; the former produces a counter- 
clockwise, the latter a clockwise i 
rotation. To indicate this differ- pA ES Uh, Fo 5 
ence we shall speak of counter- 
clockwise torques as positive and of clockwise torques as negative torques. 
With this convention, we should therefore affix a negative sign to the 
right-hand side of Eq. (3.4). 
Let us return to Fig. 3.6. The force F is equivalent to its two rec- 
tangular components P and Fy. The torque due to F must therefore be 
the same as that due to the two 
forces F, and F, acting about A. 


INF A But if we take the origin of a 
i coordinate system at A, then the 
-x rectangular components of r be- 


come x and y, these two torques 
are, respectively, xF, and —yF., 
and we find 


Fic. 3.7. General definition of torque: 


L-zF,—yF. (85) 
Loc Fd. ——— 


This result will be useful later. 


Thus far we have not treated the most general case, for we have assumed that 
the force acts in a plane at right angles to the axis of rotation. Other cases will 
not interest us in this book. Nonetheless we shall give here the most general 
definition (cf. Fig. 3.7). If F does not lie in a plane perpendicular to the axis A, 
construct the perpendicular plane. Then draw the component of F in this plane, 
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lling it F’, and drop a perpendicular d upon its line of action. The torque is 
ca , 
given by F'd. 
From the definition of a torque it follows that its units are the pound 
foot, or the pound inch, or the ton foot, or the gram centimeter. 
, 


3.4. Equilibrium of an Extended Body; Noncurrent Forces. The con- 


ditions for equilibrium of an extended body are now easily stated. If 
the resultant of all forces were not zero, the body would have an acceler- 


ation; if the sum of all torques about any axis were not Zero, there would 
be rotation about that axis. 


Hence the full conditions for equilibrium 
are 
DF = 
BF = 0 | cw 


The second equation has been written as if L were a vector, which is in 

fact true, as we Shallseelater. But 

A what matters here is that th 
3 


is second 
equation must be satisfied for any 
6, ^N xX axis we care to choose. If it is true 
p for one, it ma: be shown to be true 
Z , y own 
for any other parallel axis. Hence 
2 


in applying the seco 


which we call the to 
Fig. 3.8, Torques on a bar. fo 


nd equation, 


Z=F.=0 
ZF, =0 


Wi cd (3.7) 
provided that w 


Z axis, which is 


e plane of the forees. An 


—Fix sin 6 
rie Fs sin b2 
TAO —Fiz, sin 8, 
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Equations (3.7) read 


F, cos 6; + F: cos 0; — Fs cos 05 = 0 
—F sin 06, + F» sin 0» — Fs sin 05 = 0 
— Fr; sin 6; + Fors sin 62 — Fsrs sin 03 = 0 


Unless these are satisfied, the bar cannot be in equilibrium. The 
reader should note a purely mathematical fact not without practical 
importance. In the case of coplanar forces (regardless of how many 
forces) equilibrium implies three equations, no more. Since three 
equations can determine at most three unknowns, we can never determine 
the values of more than three quantities in an equilibrium problem. We 
shall observe an interesting consequence of this fact in our applications. 


3.5. Resultant and Equilibrant of Nonconcurrent Forces. The resultant of a 
number of forces was seen to be a single force that is in all respects equivalent to 


4 Ibs 
2 Ibs 


3 Ibs 


Fic. 3.9. Resultant of nonconcurrent forces. 


them. It is the vector sum of the individual forces. This is true whether the 
individual forces act upon a small particle or upon an extended object. But in 
the case of an extended object it matters where the resultant force is applied! 
In other words, the resultant of a number of nonconcurrent forces is still the 
vector sum of these forces, but further consideration is needed in order to deter- 
mine where the resultant is to be applied. 

Clearly, if the resultant shall be equivalent to the individual forces, it must 
produce the same torque as do these forces. The distance from the axis of rota- 
tion is to be chosen so that this will be true. How this is done will be shown 
through an example. But first we emphasize this definition: The resultant of a 
number of nonconcurrent forces is a single force equal in magnitude and direction 
to their vector sum and producing the same torque as these forces. Thus the 
resultant of a set of nonconcurrent forces has a definite location in space as well 
as a definite magnitude and direction. 

The negative of the resultant is a force that, when applied in the presence of the 
individual forces, would hold them in equilibrium. It is therefore called their 
equilibrant. 

The three forces applied to a meter stick at distances 10 cm, 30 cm, and 80 cm, 
respectively, which are drawr in Fig. 3.9, have a resultant of magnitude 3 lb, 
directed downward. To be a true resultant it must be applied at a point, say « 
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cm from the left end, so that it 
Their total torque, however, is 


—2 Ib X 10 em + 3 Ib X 30 cm — 41b x 80 em = —250 lb em 
Hence 3 lb X z = 250 lb cm and = = 83.33 cm 


produces the same torque as the three forces. 


The equilibrant is therefore a force of 3 Ib applied in an upward direction 83.33 cm 
XN the left end. If it were added to the forces drawn, the bar would be in 
equilibrium. 


(5) 
Fic. 3.10, Resultant of nonconcurrent forces, 
Next we treat a slightly more complicated example, 

applied at the corners of a square of side length 20 in, asi 
polygon rule the student will find that their resultant i; 
west and of magnitude 4/8 lb (cf. Fig. 3.10b). But 
To find out we calculate torques about Some axis, let us 


corner. The forces produce the following torques: 0 


20 X 4 1b in., a total of 140 lbin. If the resultant is to Produce the same torque 
about this axis, it must be applied a Perpendicular distance z from the southwest 


corner, such that 


Suppose four forces are 
n Fig. 3.10a. From the 
8 a force directed north- 
where must it be applied? 
say through the southwest 
X 1, 0 X 2, 20 x 3, and 


V8lbxaz- 140 Ib in. 
Hence x = 49.6 in. This resultant, 
marked R, is roughly indicated in Fig. 
Fig. 3.11. The couple, 


hould show that, 
lated about any 


other axis, the resultant 
3.6. The Couple. 


» Where two equal and 
and 3 ft from the left 
i yet the torque, when 
f à resultant of zero Magnitude were 
Dplied an infinite distance from the 


end, respectively. 
computed about the left end, is 4-2 Ib ft. 
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axis—which is, of course, absurd. Hence we must conclude that two equal and 
opposite forces which are not in the same line possess neither resultant nor equili- 
brant. They are called a couple. To produce equilibrium in a case like that of 
Fig. 3.11 it is necessary to introduce two other forces, 7.e., another couple. 

A couple has another queer property; it has the same torque about all axes 
perpendicular to its plane. The student will convince himself of this fact by 
computing torques about other axes—for instance, the one through the right end 
of the bar in Fig. 3.11. This torque, which is independent of the axis, is some- 
times called the strength of the couple. It equals the magnitude of one of the 
forces, multiplied by the perpendicular distance between them. 

Every arrangement of nonconcurrent forces whose vector sum is zero is equiva- 
lent to a couple. For instance, four equal forces F, applied in the manner of Fig. 
3.10 to the corners of a square of side length Z, produce a torque of 2 about any 
perpendicular axis and are equivalent to a single couple of that strength. 

When parallel forces act upon a body, all of them in the same direction and 
sense, they can never constitute a couple. Such forces will therefore always have 
a resultant and an equilibrant. 


3.7. Center of Gravity. The force of gravity on every small part of 
a rigid body is directed vertically downward. The resultant of all these 


ul w 
p gi z 95 
Fic. 3.12. 


vertical forces is called the "weight" of the body. In accordance with 
what has been said, the weight must act through a definite point of the 
body, and this point is called its center of gravity. For the purpose of 
discussion we assume a weightless bar (cf. Fig. 3.12) to be carrying two 
small masses, one of weight wi, the other of weight we. Let their 
distances from a fixed point O on the bar be xı and x». Their resultant, 
or the weight of the system of two masses, is W = wı + w: To yield 
the same torque, W must be applied at Z, such that 


We = wx, + wore 


= _ W121 + Were 
Hence z= Sah (3.8) 


The point between the two masses that lies a distance Z from the fixed 
point is the center of gravity of the two masses. 

If the fixed point, i.e., the origin from which distances are measured, is 
itself taken at the center of gravity, then = 0 and Eq. (3.8) indicates 
that 


A PHYSICS Sec. 3.7 
Wit, = WT 
Z% wi 

or zi Us. 


ore than two distin 
by the same method, used repeatedly, 


center of gravity between mass 1 and 2 
single one of weight w, + wo, N 
this fictitious mass and of mass 
at this new center of gravity a 
it and mass 4, This is the ce: 


ct masses may be found 
If there are four masses, find the 


and replace these two masses by a 
ext find the center of 


3. Place a mass of weight w, -+ We + Ws 


Ts. Their resultant will p, 


+ Wn 
Equality of torques requires 
WE = wits + wer, + Bs 27-9 

and the Coordinate of the center of gravity becomes 

E wii 

£i l| (3.9) 
Zw, 
i 
———— 

if we use the sum: 


mation conve 
tion is a generali 


ntion explained in 
as the weighted mean of the 


i T with the calculation 
of anything but linear-weight distributi 
of completeness that three-dimensio 


nal arrangements 
coordinates (xi,yi,2;) yield 


of weights with 
a center of gravity whose Coordinates are 
7, jj, 2, and these are Biven by formulas like Eq. (3.9), viz.: 
I Witi Z wy, 2 wiz; 
i= pex _ Perd... 
Zu, Te di 
i i i 
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center. This result is found to be generally true for uniform bodies; 
the center of gravity of a uniform body is at its geometric center. 

For bodies of irregular shape this center is hard to calculate. But 
here experiment sometimes helps. If it is desired, for example, to 
determine the center of gravity of 
an irregular plane lamina, one pro- 
ceeds as follows: Suspend it from 
some arbitrary point A (cf. Fig. 
3.13), and draw a plumb line 
through A. Next suspend it from 
some other point B, and draw a 
plumb line through B. The center 
of gravity lies at the intersection 
of these lines. 


3.8. Equilibrium of Extended Bodies. Examples. Before continuing the 
student is asked to read again Sec. 3.4, the contents of which will now be used. 
Let us study the forces on a horizontal bar, pivoted at one end and supported 
by a string, as in Fig. 3.14. As a first step it is a good thing to isolate the body 
on which the forces are presumed to be acting. In the figure this is done by 
drawing an envelope around the bar. A 
moment’s reflection will show that there 
are altogether three forces acting on the 
bar, its weight w, at the center of gravity, 
which is the center of the bar; the tension T; 
and the “reaction” R of the hinge against 
the bar. 

If we know w, R and T may be computed 
from the conditions of equilibrium [Eqs. 
(3.7)]. The vector R really represents the 
two unknowns R+ and R,, for we do not 
know its direction. Computing force com- 
ponents and taking moments about the left 
end of the bar, we obtain 


Fic. 3.18. Finding the center of gravity 
of an irregular lamina. 


R. — Tcos0— 0 
Fie. 3.14. Forces on a horizontal à R,—w--Tsn6-0 
bas. —w(/2) + Tl sin 8 = 0 
iflis the length of the bar. From the last of these, 


T — w/(2 sin 6) 
Hence, from the first two, 
R. = (w/2) cot @ R = w/2 R = VR: +R, = w/(2 sin 0) = T 


Note that, if à were as small as 6°, the tension would be nearly five times the 
weight of the bar. 
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e these results could have been obtained more simply. 
ae sm ees but nonparallel forces hold an extended body in equi- 
eee ds must intersect in a point. For if they intersected in three points, and 
Roper uted moments about any one of the points of intersection, one foree would 
on E & torque about an axis through that point and equilibrium could 
A t at For more than three forces a similar theorem does not hold. 
Een applying this fact to the previous example, it is clear that R and T must 
intersect vertically above the middle of the bar. Hence R = T, the three forces 
form an isosceles triangle, and all the results just obtained are seen to follow. 
If the bar carried an additional weight W at its end, Eqs. (3.7) would read 


R.— T cos 6 = 0 
Ry-w-W+T sing =0 
—w(1/2) — Wl + Tl sin@ —0 
"Their solution is 
er MON PPM R, = w/2 


In the absence of W the angle œ between the bar 
that case, tan œ = 
longer true, for now 


and R was equal to 0, since, in 


R,/R. = tan 0. This is no 


tana = Ps 


z 


w 
~ BW Fw tan 8 


and o is smaller than 9. 

As another exa; 
ladder leaning ag, 
wall will be considered as 


We start again by 
Ope), and then consider 
forces on it. In addition to R there is the weight, 
which, if the ladder is uniform, will act at its 


center. At B there will be a force F, which we at 
once resolve into components F, and Py. The equations of equilibrium are 


Fia. 3.15. Ladder problem, 


R-F.=0 Fy—w=0 
— RI cos 0 + w(l/2) sin 8 = 0 
and their solution is 

F, = F- = R = (w/2) tan 0 
These results can also be obtained 
intersect in a common point. Observe that F is not necessarily directed along 
the ladder. 
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If the wall is not smooth, the force R may extend in any direction. Instead 
of the previous three unknowns Rz, F=, F,, we then have four unknowns, namely, 
R., R,, F.,F,. But we have only three equations at our disposal! At this point 
one is tempted to say that the problem cannot be done. Nevertheless, even in 
this peculiar situation the mathematics is trying to tell us something. Three 
equations can be satisfied by four variables in a great variety of ways; the problem 
is indeterminate. This means that, when the wall is rough, the ladder can be in 
equilibrium for any one of many choices of F, and R,, even for a given 6. 

3.9. The Beam Balance. A beam balance consists of a rigid beam with 
pointer, pivoted at O (cf. Fig. 3.16), and two pans hinged at A and B. When 
equal weights are placed on the pans and the pans are of equal weight themselves, 
the beam is horizontal and the pointer is at some zero mark on the scale. Now 


jm l 


10 5 o 5 10 
Fic. 3.16. The beam balance. 


let a small weight w be placed on the right pan, so that a final deflection 6 results. 
Assume the center of gravity of the rigid beam-pointer system to lie at C, and 
denote the distance OC by b, the weight of the rigid system by W. The weight 
of each pan is P. If we take moments about an axis through O when the deflec- 
tion is 0 as indicated in the diagram, the following torque equation is found: 


Pl cos 0 + Wb sin 0 — (P + w)l cos 8 = 0 
since the system is in equilibrium. From this we see that 


awl 
tan 0 = Wb 


Now tan 0 is a measure of the number of divisions on the scale corresponding to 
the deflection 0. (Indeed the distance along the scale equals tan 0 times the 
distance between O and the scale.) The quotient tan 0/w is proportional to 
the deflection per unit weight w. This expression is called the sensitivity of the 
balance; it is 


tan 0 l 
ga -7 (3.10) 


Equation (3.10) tells us how a very sensitive balance may be obtained. The 
balance arm Z must be made as large as is feasible, the weight of the balance 
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i t be very small. To minimize W and yet have 
Lei € kc ce e aer Aeg design. The distance b is adjustable 
aen ur pcd by means of a movable weight on the axis of the pointer, a 
ms sare allows S to be varied in accordance with the task to be performed. 
puce of the possibility of deformation of the beam structure, which may 
m the quantity b appreciably, the sensitivity is not always independent of 
the load. "- 
If b were zero, the sensitivity would be infinite but the balan 
lightest weight w would tip it completely. h i . 
x * balance with two exactly equal arms is an ideal that is not attainable. For 
sensitive weighing, the difference in the lengths of the arms must be taken into 
account. This is done by the method of double weighing. The unknown weight 
W is placed first on the left pan, where it appears to be balanced by a weight W, 
on the right. It is then put on the right pan, where it is balanced by W: on the 
left. W; and W will be nearly equal. How are they related to the true weight 


W? If the lengths of the arms are assumed to bel: and J», respectively, the torque 
equation in the first act of weighing is 


ce useless, for the 


LW = LW, 
LW = LW, 


Multiply the two equations together to obtain 


and in the second 


W? = lWW, 
W -A/WiW; 
In words, the true weight is the geometrical m 


But if two quantities, like W, and Ws, differ by a very small amount, the geomet- 
rical mean is very nearly the same as the arithmetical mean. (The student 
Should convince himself of this fact by numerical examples. See also Prob, 24.) 
Hence for practical purposes one may usually replace the last formula by 


W = 4QVi + W3) 


or 


ean of the two apparent weights. 


(3.11) 


gineer is everywhere 
e into another. The 


3.10. Machines, 
confronted with the 
force of the steam on 
on the wheels of a 


direction. The force of thi 


convenient. 

It is clear that the general subj is an important and 
difficult one; it does not belong primari rovince of physics 
although it involves nothing but physi 
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Our aim is therefore merely to arouse the student’s interest in this field 
and to present a basic though elementary survey of it. 

The function of a machine is always one of the following three simple 
tasks or a combination of them: to increase the magnitude of a force 
(lever), to decrease the magnitude of a force (lever), or to change its 
direction (single pulley). As to composition, every machine consists of 
combinations of the following elementary types of machine: (1) the lever; 
(2) the pulley; (3) the wheel and axle; (4) the inclined plane. These 
fundamental forms may appear in different guises but can always be 
recognized on close inspection. 

Because machines transform forces, it is useful to have a measure of 
their ability to do so. This is called the mechanical advantage. To define 
it we recognize that, however a machine may be constructed in detail, it 
has one force applied to it, and it applies another. 
The latter is called the output force Fo, the former 
the input force F; (see Fig. 3.17). The mechanical 
advantage is defined as their ratio 

Fy 

M= F. (3.12) 
If it is smaller than 1, the machine reduces the 
applied force; if larger than 1 it increases the 
applied force. Many machines are reversible; maan Mehana 
that is to say, one can use either side as the input advantages equals Fo/F;. 
or output side. In that case, if one mode of use 
produces a mechanical advantage M, the other will yield 1/M (provided 
that we disregard friction; see below). 

It is possible to calculate the mechanical advantage of every machine 
by the principles of equilibrium; but before we proceed to this task a 
little must be said about a very peculiar, though very common, kind of 
force that influences the performance of all machines, viz., friction. 

3.11. The Strange Force of Friction. When a weight rests on a table 
and the hand pushes against it slightly, the weight does not move; it is 
still in equilibrium. The force of the hand is being counteracted by an 
equal and opposite force on the weight. This can only be exerted by the 
table and must be directed horizontally. It is this force of friction that 
prevents the object from being accelerated by the force of the hand. 

Now let the hand push a little harder: still the weight remains at rest. 
The force of friction has the remarkable quality of adjusting its magnitude 
exactly to that of the force tending to produce motion. But this is not 
true indefinitely. If the hand pushes with sufficient strength, the weight 
will move, but with an acceleration corresponding to a force smaller than 
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: i is occurrence by saying that up to a certain 
Te x een E E of friction," friction is exactly equal 
ee rdi rd moving force. Only when the latter exceeds that 
Le Y capiam iion take place, and even then the net force acting is the 
pe ker ie alee the force applied and the maximum frictional force. 
cs possesses adaptability not only with respect to magnitude 
but also with respect to direction. For if the hand pushes the other way, 


friction, too, turns around and Opposes it. In all instances, however, it 
, 
acts parallel to the surface. 


A moving body is also retarded by friction. Experiment shows that 
the retarding force on slidin j is i al slightly smaller than 
n on a stationary one. Hence it is necessary 
» Which is called static friction, and 

inein, to move). 
; arises from a variety 
h are easy to understand. Surfaces, when 
viewed under a Microscope, are far 
from flat, and the motion of one sur- 
face over another requires the over- 
coming of inter! 
- lifting of the 
ing friction, haps abrasio 


Fig. 3.18. Ro 


eled vehicle 
Needless to say, 


also impeded by a fi 


pletely Tigid, and a wheel 
Wheel moy. i 


» It has to Overcome 
n front of it (see Fig. 
lling uphill, When a 
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Later, in Sec. 6.6, we shall see how the force of friction can be measured 
quantitatively. 


3.12. Simple Machines and Their Mechanical Advantages. a. The Lever. 
Everybody knows the lever from his youthful experiences with the seesaw. Ifa 
lever is used as a machine to lift a load, as in Fig. 3.19, it has a mechanical advan- 
tage that is easily calculated from the laws of equilibrium. When F; just balances 
the load F, and moments are taken about the fulcrum, we find 


Fl: cos 0 — Fil; cos 8 = 0 


or M = Bi es lz (3.13) 


There are many ways of using levers, and levers are sometimes divided into 
classes. In every instance, however, M can be computed by the method here 
explained. 

A word of caution must now be inserted. In deriving Eq. (3.13) we have 
neglected friction altogether. This force, which opposes motion and therefore 
effectively decreases Fo makes the 
actual M smaller, as can be seen from 
Eq. (3.13). In mechanics it is often 
necessary to distinguish the actual 
mechanical advantage Ma from the 
ideal one, which is given by Eq. (3.13). 
There is no simple way of calculating 
M,; it must be determined by measur- Fie. 3.19. The lever. 
ing the actual F, and the actual F; and 
then forming their ratio. But we should remember that M, is always smaller 
than M. This is true also when the lever is used the other way around so that 
its M is smaller than 1. For the present we shall be concerned with the 
ideal M. 

b. The Pulley. A single pulley, as depicted in Fig. 3.20a, has a mechanical 
advantage 1 and serves merely to change the direction of a force. Because of 
friction in the pulley axle the tension in the rope on the left of the pulley will not 
in general be equal to that on the right; since, however, we are ignoring friction 
in our present study, we assume, and shall assume in what follows, that tension ts 
transmitted undiminished from one side of a pulley to the other. This will be true 
only when there is no friction in the pulley bearing and when the rope is perfectly 
flexible; it is usually a good approximation to reality. 

A block and tackle is a pulley system arranged as shown in Fig. 3.20b and used 
to lift a weight. The input force F; is transmitted to all parts of the rope, and by 
counting the rope strands supporting the weight we find that F, = 4F;; hence 
M — 4, For a machine of this type, M is equal to the number of parallel 
ropes supporting the load. 4 

Nature, in building the animal organism, makes use of levers very profusely 
but abstains entirely from employing free wheels and pulleys, which are so 
prevalent in man-made machinery. 
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c. Wheel and Azle. The wheel and axle are shown in Fig. 3.21; the student 
will have no difficulty in proving, by taking torques about the axis of the system, 


(a) 
Fra. 3.20, 


F,= weight 


(b) 
(a) Single pulley. (b) Block and tackle. 


that M = rr, 


mechanical advan- 
brium and consider 
P Pulleys of radii 71 (smaller) and 
es about an axis through O ist 


T; 
and axle. a 


1 We assume here for simplicity that the two ropes Supportin; 
3.22 are vertical. i 
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so by applying a force F; along the incline (Fig. 3.23). Now F; is the component 
of W along the plane, and we have previously (see Fig. 3.4) seen this to be W sin 6. 
Hence 


l 
M= 07h 


the length of the incline divided by the 
height to which the weight is to be 
carried. In splitting wood the incline is 
used in the form of a wedge. 

A screw is an inclined plane in dis- 
guise, for it may be regarded as an 
incline wrapped around a cylinder, the 
thread being the slanting side. To com- 
pute its mechanical advantage one needs 
to know how the screw is used, for it is 
rarely turned directly by hand. In the 
case of the screw jack (Fig. 3.24) the 
vertical force P, causes a force Fe sin 0 
parallel to the thread, and sin 0 = p/2zr 
if! we denote the pitch of the screw (dis- 
tance between successive threads) by p 
and its radius by r. The screw is thus 
subject to a torque F, sin 0 r = F.p/2m, 


Fro. 3.22. Differential pulley. Fic. 3.23. Inclined plane. 


and this must be equal and opposite to the torque F;l supplied by the hand. On 
equating the two we find for the ratio F./F; the 
value 


M = 2nl/p 


We wish to remind the reader that, in all ex- 
amples treated here, M represents the ideal mechan- 
ical advantage. The ratio M must not be con- 
fused with the efficiency of the machine, a term 
that will be explained in Sec. 8.10. Suffice it to 
say here that the efficiency which is defined in 
Sec. 8.10 may be shown to be the ratio of the actual 


Fig. 3.24. Screw jack. 
mechanical advantage to the ideal mechanical advantage, 
M. 


Ef = 77 


This is never greater than 1. ; 
V The symbol & is used throughout this book to denote approximate equality. 
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PROBLEMS 


1. A hammock extends between two trees, 8 ft apart. 
and ropes (cf. Fig. 3.25) is 10 ft. 
hammock. What tension will he 


The length of hammock 
A person weighing 150 lb sits at the center of the 
produce in the ropes? 


Fic. 3.25. Problem 1. 


Fic. 3.26. Problem 2. 
2. A weight is suspended as sho 


wn in Fig. 3.26, Show that the tensions in the two 
strings are w 
COS 0; W cos 8, 
sin (M, pg; and 


sin (0, + 92) 


; compute the two tensions. 


sidewise until the rope supporting 
f 18° with the vertical. Find the tension in the rope and the 


4. A bracket supports »000 Ib (ef, Fig. 3.27). 


2 weight of 1 
force C along the diagonaj 


Find the compressional 
l strut. 


Fig. 3.27. Problem 4, 


5. A truss (cf. Fig. 3.28) sup; 


ports a 
(Note similarity to hammock pi 


weight W, Find the thrust F along each beam. 
roblem !) 


Fig, 3.28. Problem 5, 
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6. To pull a car out of a diteh requires a horizontal force of 1 ton (cf. Fig. 3.29). 
To supply this a rope is tied to a tree, and a force F is exerted as shown. How much 
force F is needed to move the car? 


Fra. 3.20. Problem 6. Fia. 3.80. Problem 7. 


T. Figure 3.30 shows a set of forces that have a zero total torque about the point O. 
Select any other axis perpendicular to the plane of the paper, and show that the sum 
of all torques about this axis, too, is zero. 

*8. Calculate the resultant and the equilibrant of the following vertical forces, all 
acting on & horizontal bar at the given distances from its left end: 


+1 Ib —2 1b +4 Ib —6 Ib +8 Ib 
10 in. 25 in. 30 in. 32 in. 45 in. 


9. Parallel forces of magnitude 2, 10, —12, and 5 lb are applied to a rod at dis- 
tances of 0, 3, 5, and 10 in., respectively, from one end. Find the equilibrant of these 
forces. 

10. Forces of 1, 2, 3, 4, 5, 6 Ib act at the corners of a regular hexagon, each parallel 
to an edge in the manner of Fig. 3.10. The side of the hexagon is 1 ft. Calculate the 
resultant of these forces. Where does it act? 

*11. Show that six equal forces F, acting at the corners of a regular hexagon in the 
manner of Prob. 10, are equivalent to a couple of strength 3 4/3 IF, l being the length 
of one side. 

19. Find the center of gravity of three equal masses placed at the corners of an 
equilateral triangle. Does the answer depend on the position of the triangle? 

18. The corners of a weightless square carry successively weights of magnitude 
1, 3, 5, 7 lb. Find the center of gravity. Does it matter whether the square is 
vertical or horizontal? 

14. Find the center of gravity of the three masses arranged as in Fig. 3.31. 


20 Ibs 


8 Ibs 5 ft 10 Ibs 30 Ibs 40 Ibs 
Fic. 3.81. Problem 14. Fia. 3.82. Problem 15. 
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15. The eight corners of a cube of side length 4 ft carry the masses shown in Fig. 
3.32. Find their center of gravity. 


16. Find the center of gravity of a flat piece of metal having the Shape given in 
Fig. 3.33. 


50 cm 


20 cm 
Fig. 3.33. Problem 16. 
17. Find the forces in the ladder problem of Sec. 3.8 b. 
three forces must pass through a common point. 
18. A ladder weighing 80 Ib Tests against a sm 
with the ground. A man of weight 150 Ib stands two-thirds of the way up the ladder, 


which has a length of 18 ft. Find the forces exerted by the wall and the ground upon 
the ladder. Does the length of the ladder matter? 


19. Calculate the tension in the cable and the 
hinge of the derrick in Fig. 3.34, 


y utilizing the fact that the 


ooth wall, making an angle of 75° 


horizontal and vertical forces on the 
(Nore: Consider forces on the boom.) 


22. A telephone pole of height 40 ft at line supports ej i 
2 ! 8 eigh ch 
having a tension of 25 ]b. At the pole these wires are incli: ed la 


isters a Weight of 1,800 1b under the 
N T Wheels. Find t i its 
center of gravity from the front axle. ind the distance of i 


30 cm, 5 kg at 60 cm, 2 kg at 90 cm. Where must it be su 
*25. A balance hasa sensitivity of 0.03 per mg. Through what angle will it deflect 
under a load of 10 mg? 
*26. An object weighs 0.346 gm on th 
tive balance. What is its true weigh: 
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*27. Using the (binomial) theorem that 
(1 z)'ó = (1 + 2/2) for z«& 1 


prove that the geometric mean of two nearly equal quantities equals their arithmetic 
mean. 

*28. A balance has a beam of length 30 cm and of weight 40 gm. It is desired to 
attach to it a uniform pointer of length 30 em. The balance is to produce a deflection 
of 5? per mg or better. How much may the pointer weigh? 

29. A man and a boy are carrying a 200-lb weight on a uniform 10-ft rod weighing 
20 Ib, each holding one end of the rod. Where must the load be placed if the man is 
to carry twice the load of the boy? 

*30. Select three simple machines from the human anatomy, and consider their 
mechanical advantages. 

31. A smooth circular cylinder rests, its axis bontal, between two smooth planes 
that make angles of 60° and 30°, respectively, with the horizontal. Calculate the 
force exerted by each plane. 

32. A smooth rectangular board of width 1 ft rests between two smooth walls as 
indicated in Fig. 3.35, the walls being perpendicular to the plane of the paper. Find 
the inclination of the board in equilibrium. If the board weighs 100 lb, find the 
forces exerted on the board by the walls. 


rt 

30° 50 
Fia. 3.35. Problem 32. 

33. Pulleys are arranged as in Fig. 3.36. (a) Assuming the pulleys to be weightless, 


find the unknown weight w and the tension in all ropes. (b) Obtain the answers when 
each of the small pulleys weighs 20 Ib, the large one 40 Ib. 


WA 


Fie. 3.86. Problem 33. 


50 PHYSICS 


*84. A jackscrew with 5 threads to the inch is turned b 
force of 90 lb is applied at right angles. 
friction.) 

*35. How much force must be exerted on a 20? 
held together by a force of 500 1b? 

*36. A nut that requires a breaking force of 30 Ik 
a 9-in. nutcracker. What force must be applied to its ends to crack the nut? 


37. Two children weighing 110 Ib and 90 Ib wish to seesaw w 
160 Ib. The seesaw has its fulerum at th 


y a lever 1 ft long, to which a 
What weight can it raise? (Neglect 


wedge if it is to separate two surfaces 


b is placed 1 in. from the fulerum of 


i simultaneously begin walking toward each 
other, the man at twice the speed of the boy. How far apart are they when the beam 
begins to topple over? 


100 Ibs 


Fic. 3.37. Problem 38. 


Fra. 3.38, Problem 39, 


CHAPTER 4 
ELASTICITY 


4.1. Hooke’s Law. In the preceding discussion we often encoun- 
tered forces that were called tensions and compressions. Our interest, 
however, has been confined to the effect of these forces on other bodies, 
not on the body that is itself carrying the tension or compression. The 
present chapter deals with the changes caused by these forces in a body 
sustaining them. First, however, we must form a clear idea of their 
nature. 

The wire in Fig. 4.1 is said to be under tension T, 
equal to the weight W. This means, first of all, that 
an external force, viz., W, acts on the wire at B. It 
also means that the wire pulls with a force W on the 
ceiling at A. But as far as the wire itself is concerned, 
there is a force W across every cross section of it; if a 
cut be imagined at the point C or at any other point, 
the lower part of the wire would pull on the upper, and 
the upper part on the lower, with a force equal to W. 

If a weight W rests on a vertical bar, the bar is said 
to be under compression, of magnitude W. Analysis 
Fia.4.1. Tension. Of this situation yields the same results as the tension 

above, except that all pulls have become pushes. 

The effect of a tension or a compression on a body is of course a change 
in its physical dimensions, and it is our aim to see what correlation there 
is between the force and the change in dimensions. Bodies which 
undergo a fairly regular deformation under the application of a tension 
or compression and which in addition return to their undeformed state 
when the force is removed are said to be elastic. But the term elastic is 
not one of high scientific precision and is not much used in quantitative 
work. It tends to be replaced by terms like "resilience," “tensile 
strength,” and “stiffness,” which convey much clearer physical ideas. 

The connection between a tension and the longitudinal deformation 
that accompanies it was first formulated by Robert Hooke (1635-1703), a 
contemporary and antagonist of Newton. For fear of having his dis- 
covery “stolen” by unscrupulous scientists, he published it at the end of 
one of his lectures in the form of an anagram, 


ce iii nosss tt uv 
51 
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Later he divulged the proper order of the letters to be 
“ut tensio sic vis" 


(as the extension, so is the force). In more modern terms we state 


Hooke's law as follows: Elongation is Proportional to tension. In this form 
the law refers to longitudinal deformati 


hat can easily be verified by experiment. ok a 

plete d and indeed to other less familiar kinds of forces to be 
discussed presently. It is valid for all so-called “elastic” bodies if the 
deformation is small, but the range of validity differs for different sub- 
stances (cf. Sec. 4.5). 


A steel spring is an object that obeys Hooke's law Particularly well, and 
even for large elongations, Since 


it is often used as a sort of model of S p 
an elastic body, a Special terminol- 
ogy is employed in connection with 


Hooke's law is also applicable 


Ir ul 
Be - 5 ‘ Fic. 4.2. Hooke’s law. 
Thespring S (Fig. 4.2) is assumed 
to lie on a smooth horizontal Surface and to be fastened to a rigid body 
at the left. 


a distance x to the right. 
this may be written 


The constant k in 
it represents fore 

When the deformation js not 
more carefully, which we now 


4.2. Strain and Stress. 
often used int 


e per unit extension, 


t has to be considered 


; & ball can be 
But even in the most 


uübmerged in a liquid, it will undergo a volume 
change only, as indicated in Fig. 4.3. If the ori, 


Sec. 4.9] ELASTICITY 53 


the final volume is V — AV, the change in volume AY is, of course, a 
measure of the deformation. But it is advantageous to use the ratio 
AV/V for this purpose. We therefore define as the strain for this type of 
deformation, called the “volume strain," the dimensionless quantity 


7 
Volume strain = ay 


2. Next let the cube be deformed in such a way that its volume will 
remain unaltered but its shape will change. 
Clearly, this cannot be done by applying 
equal forces perpendicularly to two of its 
faces; it requires the action of a couple. The 
simplest case is depicted in Fig. 4.4, where 
two opposite sides are subjected to equal 
and opposite tangential forces. The cube is 
there drawn in section. A deformation of 
1 this type is called a shear, and it is measured 

Fre. 43. Volume strain. by tan @, @ being the angle of the shear. If 
0 is small, as will always be supposed, tan 0 is very nearly equal to 6, 
and the shear, or shearing strain, is simply 6, measured in radians. 

3. Shears and volume strains may be combined in many ways to give 
a more complicated form of strain. Among these there is one that, 
because of its frequent occurrence, may be singled out for special con- 
sideration. It is called a stretch, or longitudinal strain, and occurs as the 
result of a simple tension. When a weight is hung from a wire, the wire 
changes its shape (though it still remains a F 
cylinder) as well as its volume (cf. Sec. 4.8). 
Figure 4.5 shows what happens. We define 
longitudinal strain as Al/l, presupposing 
always, and in contrast with the figure, that 
L2» Al, that is, the stretch is small. 

Having carefully explained the meaning of 
three types of strain, we now turn our atten- 
tion to the corresponding stresses. Stress is 
always defined as force per unit area; it is therefore not simply a force. 
The following definitions are used by physicists and engineers. 

In case (1), Fig. 4.3, the volume stress is taken to be F,/A, where A is 
the area of one face of the cube and we have added the symbol | as a 
subscript to F in order to remind the reader that F is perpendicular to the 
face A. In case (2), Fig. 4.4, the shearing stress is taken to be F/A; A is 
again the area of one face, and , is to indicate that F is parallel to the 
face whose area is A. Finally, in case (3), Fig. 4.5, the longitudinal stress 


Fic. 44. Shear. 
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v F is the total weight W applied to the wire 
E ep E "D dice ced wire. In these definitions it is assumed 
2s or. F are distributed uniformly over the corresponding surfaces 
us uitiis that is usually met in practice. : ee 
"A volume stress F , /A is also called a pressure, ; It is this kind of stress 
that is exerted by fluids upon surfaces immersed in them. 


As to units, we note that all strains are ratios, or pure numbers; all 


, Ib tons gm 
stresses are clearly measured in in.? Of Gua? or ei 


Ordinarily we think of a stress as a condition inside 2 body that has 


been deformed. Our definitions seem to depart from this idea, since 
they involve external forces producing deformations. The fact is, how- 


ever, that the deformed body opposes the external forces with equal 
internal forces, so that the definition of 


given may equally well be said to deser; 
stress condition of the body. 

4.3. Elastic Moduli. 
and more refined form, 
all types of small deformations, 


stress here 
ibe the internal 


stress is proportional 
to strain is therefore 


mes, 
Fig. 4.5. Longi- 
= = FA VE tudinal strain or 
(1) Bulk modulus — M AV7y = AAT (4.2) 


stretch equals ALL. 
It indicates the force needed to compress the substance i 
reciprocal, 1/M ; is called the 


D question. Its 
compressibility, 
(2) Shear modulus = N = “vA = i (4.3) 
" -y.F/A Fl 
(3) Young’s modulus = Y= AUD" ia (4.4) 


Every modulus has the uni 
Table 4.1 gives some re 
ber of substances. 

with composition in 
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For fluids, i.e., liquids and gases, it is more customary to list the 
compressibility (that is, 1/34), expressed as “relative volume contraction 
per atmosphere," the atmosphere being a unit of stress, or pressure, equal 
to about 14.7 Ib/in.* (cf. Chap. 13). But we have listed M for compar- 
ison. Note, first of all, that the shear modulus as well as Young's 
modulus is zero for all liquids and gases. This is fairly obvious, for a 
fluid cannot sustain a shear; it takes no force whatever to deform a cube 
of fluid as in Fig. 4.4. 

Furthermore, liquids are seen to have smaller bulk moduli, hence 
greater compressibilities, than solids, and the bulk modulus of gases is 
about a million times smaller than that of solids. 

The question is sometimes asked whether a stress is the cause of a 
strain, or vice versa. A moment's reflection will convince the reader 
that, when a stress is produced in an elastic body, the strain will invari- 
ably follow. But it is also true that when a strain is produced, a stress 
will be set up at once. It is useless to look upon one as the cause and the 
other as the effect; stress and strain always accompany each other; they 
form an inseparable pair and should be recognized as such. 


Table 4.1. Elastic Moduli 
In Ib/in.? 


Bulk Shear Young's 

modulus M. | modulus N modulus Y 
10 x 10* 3.6 X 10° 10 X 10° 
9 X 10° 5.4 X 10° 13 x 10° 
18 X 10* 6 x 10° 14 X 10* 
23 X 10* 4.4 X 105 12 X 10* 
22 X 10* 12 X 10* 29 x 108 
13 X 10° 7.5 X 108 17 X 10° 
28 X 10° 11 X 10° 30 X 10* 
7 X 10° 3 X 10° 7 X 10° 
1 X 10° 2.5 X 10* 


44. Worked Examples. The theory of the preceding paragraph permits 
numerous applications. 
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i 3) in a vacuum 
igger is a brass ball of volume 1 liter (1,000 cm?) ina 
ie ate "ace che æ stress (or pressure) of about 15 Ib/in.? 
co pem s volume AV. Equation (4.2) then tells us that 
the c dbi 
AF Pya 15 lb/in.? = 1.67 X104 
V M ~ 9X 10° tb/in2 i 


Let us call 


à in volume AV 
lue of M is taken from Table 4.1. The actual change in vol 
ir dino te em’, or 1.67 mm}, a small though not insignificant amount. " 
T In a similar way, the student may show that a liter of benzene would expan 
60 times as much. : 
b. A force of 1 ton is ap 


plied parallel to the upper Surface, 
steel block 14 ft high. W) 


hat lateral displacement will ensue? 


FwA _ 2,000 1b/288 in. d . 
O=O N 7 UDXIO Ib/m? 7 631 X 107 radian 


If the lower surface of the block is Stationary, the upper moves through 
6.81 X 10-7 X 6 in, = 0.0000038 in, 
c. How much weight 


is needed to elongate a 50-mil copper wire of length 6 ft 
by M in.? From Eq. (4.4), 


of area 2 ft?, of a 


From Eq. (4.3), 


PeYTA=1x 108 lb/in.? X 14 in./72 in. X 7(0.025)*in.? = 191 Ib 


mil — 0.001 in, (di 


ess constant of a helical spring that, under a 

Clearly, from Eq. (4.1), k = 4% lb/in, Note 
m those for the moduli, 
4.5. Elastic Limit, Tensile Strength. Tt has been emphasized through- 
out this chapter that Hook 


s e’s law holds for small strains only. If the 
Stress is increased indefinitely, an ordi- 


S, " Sp 
Beyond that point Strain 


reversible. On the o 
specimen will break 


Set. 


if the Stress i| 
at some strain B. Strain 


oint” of the mat 
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inelastic range S4Ss is seen to be very much larger on the strain axis 
than the elastic range OS4. By tensile strength is usually meant the 


stress at the point B. 
It is interesting to consider the physical mechanism that is responsible 


for the behavior exhibited in Fig. 4.6. Every solid consists of molecules, 
and these are regularly spaced, each occupying a point in definite relation 
to the others. For small strains the distances between all molecules are 
slightly altered, but forces between them draw them back into their 
original positions. Beyond the point A, large displacements occur among 
the molecules, and some of them, indeed, exchange places. Release of 
tension is then no longer able to restore the original condition, certain 
regions of the substance having been permanently deformed. At the 


1000 "Yin? 
40,000 
Ib 
Wnt 30,000 
509 20,000 
10,000 
0 0 
0 200 400 600 0 0.1 0.2 
Fra. 4.7. Stress-strain diagram for Fic. 4.8. Stress-strain diagram 
natural rubber. for iron wire. 


point B, enough molecules have been severed from their neighbors so 
that the bonds between the remaining ones do not suffice to hold the 
substance together. 


4.6. Rubberlike Elasticity. Substances called rubbers exhibit properties 
that differ markedly from those so far described. Figures 4.7 and 4.8 show stress- 
strain diagrams for natural rubber and for an iron wire under tensile stress. First 
the reader should observe the vast differences in scale, indicating, of course, that 
rubber stretches very easily. But it is also clear that Hooke’s law does not 
describe the strain of rubber in a significant way. Different rubbers such as 
neoprene and butyl have widely different stress-strain diagrams. 

Another phenomenon, called hysteresis (Greek hysterein, to remain behind), is 
observed as a rule for rubberlike substances. The extension curve and the 
retraction curve do not always coincide. A typical example is shown in Fig. 4.9. 
It is due to the generation of heat in extension, which causes retraction to take 
place at a different temperature. 

The physical processes which account for rubberlike behavior are quite differ- 
ent from those to which attention has been drawn in connection with ordinary 
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solids. The molecules of rubber are long, flexible str 
and twisted into any shape. They are tied to; 
form a loose deformable texture. 

average length of the threads corres 


ands, which can be bent 
gether at many nodal points and 
In the normal state of a rubber sample the 
ponds to their most probable degree of coiling. 
On stretching the threads uncoil into 
longer and less probable shapes, only to 


return to their most probable condition 
When the stress is released. 


Stress 
m 
B 
L1 
o 
B 
eo 
Fi 

a] 
5 
e 
T 
* 
E 
c 
z 
Ic] 
S 
g 
oO 
B 
zZ 
& 
e 


Strai When a beam bends under the application 
a f a load, a complicated system of-longi- 
Fic. 49. Hysteresis, 9 , piicated syst. 


considered as consisting of a large number of horizontal Strips, some of these are 
lengthened while others are shortened. 


beams is controlled b 
this book, but a ty ngineering, will be given without proof. 
If a beam of rect E i 


y Young's modulus. 


Wis 
ip. (5) 
"This assumes the beam its 


elf to be weightless, Under its 
own weight W it sags an a 


mount ; 
— 5WE 
= 32Ybdi (4.6) 


rod or wire of circular 


cross section are 
» as is the case, 


for example, with the 
a deformation called a 
A strain of this type is completel 
e y E 
s Fig. 4.10 will illustrate. The rod Pre. 410. Tor 
sion, 


ESSSSSSSSSSSSNSSSSSSSSSSSSSSSSSSSSSSSSSSA 


reducible to a shear, a: 
may be regarded as c 


€ shear is the same for all 
ay be derived for t 


| he torque L that, when 
other being held firmly), will Produce a twist e: 
wNr4 
»pe 


(4.7) 
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Here r is the radius of the rod and / its length; the angle o must, of course, be 
measured in radians. : 

To give an example, a 100-mil copper wire of length 2 ft has a torque of 1 lb in. 
applied at one end, the other end being clamped fast. According to Eq. (4.7), 


ine iy 2 (005 in)! 
llb in. = 3.14 X 6 X 10° Ib/in. 2x3. 


Notice that the units cancel on the two sides of the equation, and the shear or 
twist y becomes 0.406 radien = 23.3°. 

4.8. Poisson's Ratio. We return briefly to the longitudinal strain, or stretch, 
depicted in Fig. 4.5, which is controlled by Young's modulus. The longitudinal 
strain was seen to be Al/l. There exists, however, in addition to the longitudinal 
strain a lateral strain responsible for the decrease in cross section of the rod or 
wire, and of magnitude Ar/r. The ratio of lateral to longitudinal strain, viz., 

p= an (4.8) 
is called Poisson's ratio, in honor of the physicist and mathematician S. D. Poisson 
(1781-1840), who introduced it. This is not an idle definition, for it happens that 
p is nearly independent of the magnitude of the strain and interestingly related 
to other elastic constants. 

The ratio p is, in fact, related to Y and M. It may be shown that 

3M —Y 


P= CM (£0) 


We are now in a position to answer the question as to whether the volume of a 
wire changes as a result of a stretch. Referring again to Fig. 4.5, the unstretched 
volume is rl; the stretched volume z(r — Ar)?(l + Al). Calling the former V, 
the latter V + AV, we find 

var [1-254 (F)']0+4) 

y- epe? e. I+ 

which may be approximated by 1 + (Al/l) — 2 Ar/r if Ar/r and Al/l are both 
much smaller than 1 (ef. Sec. 1.7), which is assumed. Hence AV is positive when 
Al/l > 2 Ar/r, negative when Al/l < 2 Ar/r. In other words, 


V increases if p < }% 
V decreases if p > 14 
But according to Eq. (4.9) p must always be smaller than 14 since Y is a positive 
quantity. We may conclude, therefore, that stretch always increases the volume 
of an object. 
PROBLEMS 


1. An iron wire 6 ft long and 30 mils in diameter carried a load of 51b. A micro- 
scope with a scale was then focused upon the lower end of the wire, and its positions 
were read under additional loads, as follows: 
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Additional Load Position 

0 0 

llb 76.0 X 107? in 

2 lb 12.1 X 107? in. 

4b 23.9 X 107? in 

6 Ib 36.1 X 107? in 

9 Ib 75.8 X 107? in. | 
12 lb 137.8 X 107? in. | 
13 lb 172.7 X 10-3 in, 


Plot a stress-strain diagram. Calculate Young's modulus. 

2. A stecl cable cf diameter 1 in. supports a loud of 8 tons. 
strain in'the cable. If its length is 90 ft, what is its elongation? 

3. A 6-ft steel column of 4 in. diameter carries a weight of 20 tons. 
stress, strain, and shortening. 

4. A copper wire of 0.1 in cross section and 6 ft long, hanging vertically, is loaded 
with a 130-b weight. Caleulate the stress, strain, and elongation. (Young’s 
modulus = 13 x 105 lb/in.?) 

5. The stress at the ela 
length is 10 ít, what maxi Y 
set? What weight will 

6. Calculate the elo 
wires in Fig. 4.11, 


T. A copper wire and a steel wire, both 
having a cross section of 0.2 in.?, and of 
lengths 3 ft and 5 ft, Tespectively, are fas- 


Calculate stress and 


Compute 


ngations of the two 


a ug 


4 in. 


AX 


AN 


W 


Fic. 4.11. Probiem 6. 


tened end to end, and th 
of each wire. 
8. The ratio of the diameters of two wires of the s; Hal i h 
more will the smaller one be stretched under a given Baar a sind. Tae ai 
9. Compute the stiffness of a spring that stretches 9 į iow | 
much will it stretch under 50 gm? M- under a load of 11b. Ho 
10. A block of steel, rigidly fastened toa 
its outer face, as shown. How much weight must be sus ended f, i ull 
down the outer face of the block by 1 mm? j tom the strip to-pi 
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11. A force of 2 oz will displace the upper surface of a cube of jelly (side length 4 in.) 
by 14 in. Calculate the shear modulus for jelly. 

12. A solid cube of steel of edge 10 in. is subjected to a uniform hydrostatic pres- 
sure of 10,000 lb/in.* What is the decrease in volume of the cube? (Bulk modu- 
lus = 28 X 10° Ib/in.?) 

*13. Shear moduli are usually determined by an arrangement like that shown in 
Fig. 4.13, W and e being measured, and N then computed from Eq. (4.7). The rod 
has a twistable length l and a radius r. In an experiment the following values were 
found: | = 3 in., r = 14 in, R = 10 in, W = 10,300 lb, ¢ = 10°. Compute N. 
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*14. How much weight is needed to twist the rod in Fig. 4.13 through 30°, if its 
N =6 X 10* Ib/in.*? 

*16. The steel drive shaft of an automobile is 5 ft long and has a diameter of 2 in. 
It is subject to a torque of 300 Ib in. What is the angular displacement of one end 
with respect to the other? . . 

16. The pressure at the bottom of a lake is 180 Ib/in.* Calculate the change in 
volume of a lead object normally occupying 2 gal when taken to the bottom of the 
lake. (One gallon = 231 in?) 

*17. Calculate the depression at the center of a steel beam of cross section 2 by 5 in., 
10 ft long, and supported at its ends, when carrying a load of 1,000 Ib at its center. 
(Neglect the weight of the beam.) (a) Take the depth of the beam to be 2 in. (b) 
Take the depth of the beam to be 5 in. 

*18. Calculate the sag of the beam in Prob. 17 under its own weight, taking its den- 
sity to be 0.28 Ib /in.* 

*19. Two beams of the same cross section, one having b = 2 in., d = 4 in. and the 
other with 6 = d, are loaded at the center. Compute the ratio of two loads that will 


produce the same deflection. 
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20. How may the values of the moduli listed in Table 4.1 be converted to kg/em?? 
21. Calculate the compressibility of aluminum, steel, water, 
volume change per atmosphere.” 
*22. Using Eq. (4.9), calculate Poisson's ratio for brass 
that the result for water means no volume change. 


2nd air in "relative 


; gold, steel, and water. Show 


Fic. 4.14. Problem 23, 

23. In Fig. 4.14, the steel cab 
in length of the cable if the weight is rem i i 

cepas y wii a gl oved, assuming the cable to have no weight. 


le has a cross section of 0.1 in? Compute the change 


£'s modulus for Steel — 30 x 105 Ib/in.2) 


CHAPTER 5 


5.1. Introduction. To describe the motion of a body is to specify its 
successive positions in time. For an extended body this is not an easy 
thing to do, since attention must be paid to its orientation with respect 
to other objects as well as to momentary position of, let us say, its center 
of gravity. The matter becomes simpler when we consider small bodies, 
so-called “mass points,” for which rotatory motion can be left out of 
account. In the present chapter consideration will therefore be limited 
to mass points. 

The study of motions without reference to the forces that are respon- 
sible for these motions is called kinematics (Greek kinein, to move, as in 
“cinema”). Its purpose may be illustrated simply by means of an 
example. A stone is observed to fall freely. We know all about its 
motion if we can say where it is at any instant. This information, 
obtained by observation, may be collected in the form of Table 5.1, in 
which the first line lists successive instants after the motion has begun, 
the second the corresponding distances of the stone above ground. 


Table 5.1 
t 0 1 sec 2 sec 3 sec 4 sec 5 sec 
y 400 ft 384 ft 336 ft 256 ft 144 ft 0 ft 


Table 5.1 may be said to represent the kinematics of a falling stone. 
But it is inconvenient to make a table of this sort for each kind of 
motion. The physicist therefore avails himself of more elegant methods 
provided by the mathematician. Two such methods can be used. The 
first is to make a graph, on which the distance from the ground y is plotted 
as ordinate against the time ¢ as abscissa. The result is shown in Fig. 
5.1. The other method is to find a mathematical function of ¢ that will 
represent the distances in Table 5.1. How this can be done will be 
explained; for the present we shall merely state that the formula 


y = 400 — 162? (5.1) 


reproduces all the numbers in Table 5.1, as the student will verify. 
Table 5.1, Fig. 5.1, and Eq. (5.1) are three equivalent ways of express- 
ing the kinematical behavior of the stone. Of these, Eq. (5.1) is by far 
the most convenient. Usually, therefore, our desire will be to find the 
displacement as à mathematical xs of (for any given kind of motion. 
6 
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i ion i t always so simple as that here discussed. . If 
i e Eus iie were thrown and hence traveled in a 
pru n th, the entries in Table 5.1 would not suffice; for it then becomes 
EUM t i: ecity the horizontal position (x coordinate) and the vertical 
position f di mer de for every instant & The table then contains 
Li un lur for t, one for z, and one for y. The graphical representa- 
tion will contain two curves, one in which z is plotted against t and oe 
which y is plotted against ¢. Finally we shall need two formulas "i 
Eq. (5.1), one for x and one for y. For the present, however, we return 


, 


to the simple case of rectilinear 

i motion. 
5.2. Velocity and Acceleration : 
20 Differentiation, Ordinarily, veloc- 
200 ity is distance traveled per unit of 
100 time. It is measured in ft/sec, pr 
) miles/hr, or cm/sec, or km/min. 

0 i 2 3 4 5t 


d TThis rather unsophisticated defini- 
he -positions of 4 tion is quite Satisfactory as long as 
the velocity does not; change in time, 
i.e., if the motion is uniform. For 


Fig. 5.1. Plot of t 
falling stone, 


time of travel, 
velocity, we thus obtain 


9 = 400 ft/5 sec = 80 ft/sec 


S clear that the ave 
not the same as 
for it is easily seen that the avera; 


Tage velocity, 


when computed for 
that for any of tj 


he partial intervals, 


Dar = (y — ¥1)/(te — t) 


(5.2) 
This formula can also be written the other Way around: 
Y2 = yi = dalle — 4) 
or, if we write s for the distance traveled, t for the time interval, and omit 
the subscripts on v, 
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To talk about average velocities is clearly not good enough in most 
problems of motion. It is necessary to make matters more precise by 
introducing the concept of instantaneous velocity. This is the average 
velocity for a very small interval of time. Let us see what happens to Eq. 
(5.2) when the difference te — tı is made very small. It might at first 
seem as though ds: would then become very large; but this is erroneous, for 
y: — yı will also become very small, and the quotient remains, in fact, 
finite. Using the mathematical notation of a limit, we define the instan- 
taneous speed v by the formula 


y= lim 2 —9 (5.4) 


trots be — th 
to be read: v is the limit, as £s approaches żı, of the quotient 


(ys — ys)/(t2 — tı) 


Another way of stating this definition is to write Ay for ys — yı and At for 
to — th, so that 


The student will remember from his calculus course that the right-hand 
side of this equation is the derivative of y with respect to ¢, 


v = dy/dt 


This result shows the peculiar advantage gained by representing y as a 
function of t, as in Eq. (5.1). To obtain the instantaneous velocity, one 


simply differentiates y with respect to t. Hence, from Eq. (5.1), 
y = —16 X 2t = —82t (5.5) 


It will also be recalled that a derivative is a rate of change; hence 
velocity can be defined equally well as the time rate of change of distance, 
or the time rate of displacement. The negative signs in the last equation 
mean that y diminishes as time goes on. 

The derivative of a function is known to be the slope of its graph. 
Hence the instantaneous velocity is the slope of the curve in Fig. 5.1. 
Uniform motion is represented by a function of constant slope: 
y = const X t, and the constant, being the derivative, is the velocity. 

The unit of instantaneous velocity is, of course, no different from that 
y that the speed of a bullet is 50 miles/min 


of average velocity. To s& 
implies that, if the bullet were to travel for 1 min at this velocity, it 


would go 50 miles. 
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The result of Eq. (5.5) shows that the velocity, too, is a function st in 

i ver this is true the motion.is said to be accelerated ox no! 
bes c term "'aeceleration" will here be used to denote increase 
een decrease of velocity, although the latter is often called “decel- 
Eua ^ Instantaneous acceleration is the time rate of change of velocity, 


(5.6) 


Hence it is the second derivative of the 
respect to time. In the case of Eq. (5. 
sign indicates that the speed increases i 

Since acceleration is chan 


position (or displacement) with 
5), a = —32 units; the negative 
n the negative direction of y. 
ge in velocity per unit of time, its 
y a time unit, such a. 
second (abbreviated ft/sec?) or the (centimet; 
(cm/sec?). Physically, we think of motion h 
ft/sec? as motion in which the velocity increa 
second. ` 

In the motion of our example the acceleration turned out to be con- 
stant in time. This will 


not be the case in general. When it is true, as 
in free fall, the motion is 


said to be uniformly accelerated, or simply to 
have constant acceleration, 


5.3. Integration, 


er per second) per second 
aving an acceleration of @ 
ses by a ft/sec during each 


In the Preceding section we hav. 


e shown how velocity 
befound when the displ 


given. This is because w 


V, discussed in Chap. 2, the 


erefore, how we 
The simplest case is that in which 
displacement is pt. i 


If v is not const, 
An automobile Starts from rest. 
readings at equal intervals— let us s 
to know the distance traveled after a certain period of time. First a 
table listing all the velocit; us instants ¢ is prepared. 
From the table a graph, like Fig. 5. On this graph the ordi- 
nates drawn at 20 sec and at 30 sec, for example, are the velocities at these 
instants. The area of t E 


= const and the 
re must be used. 


e travers 


ed during the 10 se : ic 
lion. If similar rectangles are dr: 


awn for all j 
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areas is approximately the total distance covered. An uncertainty arises 
only because the mean ordinate is not well defined. 

This uncertainty is eliminated if we subdivide the abscissas more and 
more finely, using a very large number of intervals and hence very narrow 
rectangles. But in that case the sum of the areas of all the rectangles 
becomes identical with the area under the curve. Hence we conclude: 
The area under the velocity curve between the instants ty and tz is the distance 
traveled between t, and tz. The student will recall from the calculus that 
this area is the integral mi 


tr 
I; v dt p 
ti 
25 
This, then, is the answer to our 59 


problem: To obtain the distance vis 
when v is given, we integrate with 
respect to the time. Thus 10 


z= fvdt (5.7) 0 
— 0 10 20 30 40 50 60sec 
To make this integral definite we 3 
must insert the limits 44 and tz, and z 
will be the distance traveled between 4 and ts. More properly it is the 
difference between the displacement «2 at the time t: and 2 at tı. 

As x is related to v, so is v related toa. For a was defined as dv/dt; 


hence by inversion 


Fic. 5.2. Speed curve. 


v = fa dt (5.8) 


This result, however, is not quite so simple as it looks, and care must be 
taken in its interpretation. If the limits of the integral are again /; and 
tz, v is the increase in velocity between these instants, just as x in Eq. (5.7) 
was the increase in displacement that took place between 4, and ts. 
Hence it is better to replace Eqs. (9.7) and (5.8) by the following more 


explicit formulas: 


t 
€. — X1 = [" oat 
(5.9) 
ta 
Ve — 094 = yi a di 
Se 
Returning briefly to Fig. 5.2, we note that the slope of the curve at 
every instant is the acceleration. If ais plotted against t, the area under 
the curve will be the velocity. 
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5.4. Worked Examples. a. The velocity of a train at various times is given 
in the following table: 


2:07 
38 


2:08 


Velocity, ft/se = 


It is desired to find the acceleration of the train and the distance it has traveled 
at any time. 

On looking at the entries, several facts are at once apparent. 
3 min the train gains equal increments of velocity and therefor 
acceleration, its value being 8 ft sec-! min-! 
ft/sec?. After 3 min the acceleration beco 
has become zero, During the eighth minu 


During the first 
re has constant 
; Which equals 480 ft/min? or 80 
mes smaller, and after 7 minutes it 
te the motion is uniform, 


2 3 4 5 6 7 8 min. 
Fic. 5.3. Speed curve. 

To get the distance c 

during the first minute 

4 ft/sec X 1 min = 240 


covered we could proceed as follows: The mean velocity 
is 4 ft/sec; hence the distance traveled in that minute is 


city in the second minute is 12 ft/sec, 
By adding up all these partial distances we 


The distance is the area under the curve, Up to the end of the third minute 
we may compute it by using the formula for the area ofa triangle; it is 


% X 24 ft/sec X 3 min = 36 ft min/sec = 36 X 60 ft. 


To find the distance at a later time—where the i i 
curve is rer str one 
would have to measure the area, Sao lger —— 


b. The work is simpler when the velocity is given 


of t. Suppose that v = co + ct + cat? where all the œ is: 
We then have at once a — dv/dt = e, + 2cst. are known constan 


c On the other h d the distance 
covered between the instants ż and l5, which we may call x, — ma E aa 


25 à mathematical function 
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ts t: 
T: — di = [à vdt = í (co + eit + cst?)dt. 


= [ou + sect? + nen | 
= cds + Merle? + Heat: — coli — Meili? — csi? 


If we are interested in the distance covered from the beginning, 7.e., since £ = 0, 
we must put (, = 0 in the last result. 


5.5. Integration (Continued). Students who are not conversant with 
definite integrals but who know that integration is the inverse of differ- 
entiation may obtain the same results in the following way: If v = dz/dt, 
then 

a = fvdt (5.7) 
Similarly, since a = dv/dt, 
v = fadt (5.8) 


In order to evaluate these integrals the integrands [v in Eq. (5.7), a in 
Eq. (5.8)] must be given as functions of ¿ As an example, suppose 
a = ct", where n is some integer and c a given constant. Equation (5.8) 


then gives 
cit 


sei 


C being the constant of integration. If in this equation we put ¢ = 0, it 
reads’ v,.o = C and this allows us to identify C with vo, the speed at 


t= 0. Hence 
got 


lh aa 6.7") 


On substituting this into (5.7) we find 


pt imu. c dad d 
w= [ea te uriar 


present C = zo. Hence we find 


and by putting ¢ = 0 we see that the 
int? TR 

-—ATL-9 , 

27G3DaRT2' ^ ^ 6:8) 

5.6. Free Fall. Prior to the time of Galileo Galilei it was believed 
that heavy bodies fall faster than light bodies. Galileo demonstrated 
—according to some accounts by dropping objects from the leaning 
tower of Pisa—that this belief is not substantiated by the facts. Itis 
true, of course, and agrees with common observation that a feather falls 
more slowly than a steel ball, but this is not the case in a vacuum. Air 
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resistance causes the difference: in a vacuum, all bodies fall “equally 
” 
nd does not mean, however, that bodies fall with constant jenem 
Galileo's great discovery showed that they fall with. constant qs been 
By painstaking observations made on inclines, which, as we shall si E. 
Sec. 6.6, have the effect of reducing the acceleration to measurable a m 
yet leaving it constant, Galileo determined the acceleration in free ily 
to be approximately 32.2 ft/sec?, or 980 em/sec?. This value is usua a 
denoted by g. It varies slightly from one location to another for reaso 4 
to be explained later. For present purposes we shall use the approxima 
values above. 


The laws of free fall are now easily developed. Starting with 


a = dv/dt = g, a constant (5.10) 
we find at once by integration 


Uy; — 91 m is gdt = g(t, — tx) (5.11) 
If the body starts from Test, vı = 0 at the time 4; = 0, and we have 


92 = gts 
which can be written 


v= gt (5.12) 
since vs is the velocity at tz and there is no longer any need for retaining 
the subscript. 

We can also inte 


grate the equation dv/dt = g by writing the indefinite 
integral 


v = gt + const (5.13) 


which it appears, 
t= 0. This gives i 


aee 
Y= v9 + gt (5.14) 
The distance covered ig found by one further integration as seen from 
Eq. (5.7) Hence 


V = f(vo + gt)dt = vot + Mg? + const 
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or 


y = yo + vot + Lagi? (5.15) 


Observe also that Eqs. (5.14) and (5.15) could have been obtained 
from Eqs. (5.7’) and (5.8’) provided that we put x = y,c = g, and n = 0. 

Equations (5.14) and (5.15) permit the calculation of velocity and 
distance in free fall at any instant. They will not answer the question: 
What velocity will a body acquire while it falls through a given distance? 
A formula providing the answer is obtained by eliminating the variable ¢ 
between Eqs. (5.14) and (5.15). From Eq. (5.14), 


Uo 
g 


i 


When this is put into Eq. (5.15), there results 


UN = vo(v — vo) 1 (v — vo)? _ 1 (v? — v) 
y — yo 7 ste 59 g =5 7 
A simple way of writing this result is to put y — yo, the distance of fall, 
equal to s and to multiply through by 2g. Then 


y? — uo? = 2gs (5.16) 


This formula holds for any motion with constant acceleration, not only 
for free fall, provided that we replace g by the proper value a. 

Equations (5.14), (5.15), and 
(5.16) contain the entire theory of 
uniformly accelerated motion, of 
which free fall is a special case. 
The student would do well to com- 
mit them to memory- Equation 
(5.14) means that the velocity ig 
creases by constant amounts in equa : 
intervals; Eq. (5.15) expresses the m s ek rd po - 
fact that the area within à triangle : 
equals half the product of its base by its height (see Fig. 5.4); Eq. (5.16) 
has no such simple interpretation. 

5.7. Worked Example. A stone is thrown upward with an initial velocity of 
64 ft/sec. 

a. What is its velocity after 3 sec? 

b. How high will it be after 3 sec? 

c. How high will it rise? 
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ng will it stay in the air? . 
E. Nut vedi will it acquire after 10 ft of rise? J — 
: wer any of these questions one must first specify what direc ion 
e e the positive one. Let us reckon y positive upward, as is customary 
xor se g will then be negative, that is, g = —32 ft/sec?, 
mate value will here be used for convenience.) 
Question a may be answered with the use of Eq. (5.14). 


(This approxi- 


v = 64 ft/sec — 32 ft/sec? X 3 sec = —32 ft/sec 


Hence the velocity is downward and hasa 


magnitude of 32 ft/sec, 
The answer to b is based on Eq. (5.15). 


Here yo = 0, and 
y = 64 ft/sec X 3 sec — 16 ft/sec? X 9 sec? = 48 ft 
When the stone is at its highest point, 


its velocity is zero. The corresponding, 
time is observed from Eq. (5.14), 


Which says 
0 = 64 ft/sec — 32 ft/sec? x ¢ 
and hence t = 2 sec 
To find the position of the stone at this ti 


which then givés y — 
Question d can be 
the ground. Thus, 


me we substitute 2 sec for t in Eq. (5.15), 
128 ft — 64 ft = 64 ft as the answer to c. 


answered by noting that y = 0 when the stone returns to 
using Eq. (5.15), we have 


0 = v ign = 0 


t = — _128 ft/sec 


v? — (64 ft/sec)? = 


— 64 ft/sec? X 10 ft 


departs slightly from this plan 


mantly in a vertical plane but 
ever, is too difficult to be tre. 


"ede ion. This case, how- 
ated in this book, Since the departure from the 

original plane of flight is small and since most other 1 

fined to two dimensions, we sh 


notions of 


interest are con- 
n to motio 


all restrict our attentio; n in one plane. 
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To this end it is necessary that we recognize at once the vector nature of 
velocity and acceleration. In Fig. 5.5 the curve represents the path of a moving 
particle. The points marked 1 and 2 are its positions at times 4; and tz» At 
every instant, the displacement of the particle from the origin is represented by a 
vector drawn from the origin, such às ri or T2. The two rectangular components 
of the vector r are z and y, and these are functions of the time. 


Y 2 


X 
(a) (5) 


Fro. 5.5. Velocity as a vector. 


Average velocity is defined exactly as in Eq. (5.2), except that the vector dis- 
placement r must be substituted for the one-dimensional distance y. Thus the 
average velocity of the moving particle between positions 1 and 2 is 


Is — 1 
iD EE (5.17) 


i4 


The difference in the numerator is now a vector difference; hence Ẹa is a vector. 
This vector difference, as shown in Fig. 5.58, is the line drawn from the point 1 
to the point 2. When its length is divided by t: — t it represents the average 
velocity we are seeking. To find the average velocity on a curved path this 
graphical procedure must be used; there is in general no formula to take its place. 
Next we define the instantaneous velocity, again in conformity with our previous 
development. Equation (5.4) is applicable, except for the substitution of r for y. 
DEN Reet | 

“y jin tz — tı 


(5.18) 


This tells us to form the vector difference r; —T1 as the point 2 in Fig. 5.5 
approaches more and more closely the point 1. But it is seen that, in the limit, 
the direction of this vector will be along the tangent to the curve at 1, and its 
length is infinitesimally small. If we divide its length by the other small quantity, 
1; — ty, a finite quotient results whose magnitude equals the rate of progression 
of the particle, in ft/sec or cm/sec or a similar unit, along the curve. Hence the 
important theorem: " N 

The instantaneous velocity of a particle moving on a curve ts a vector, tangent to the 
curve at the point considered, and of magnitude equal to the rate of progression along 


the curve. 
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SECRET d 
Rate of progression along the curve without regard to direction is called spee 
it is the magnitude of the vector velocity. 


Equation (5.18) may also be written in derivative form, 


v = dr/dt (5.18) 


but the limit process by which the vector differential dr, explained in connection 
with Fig. 5.5, was derived must never be forgotten. 


Acceleration, also, is a vector, Formally its definition is the same as before, 


a = dv/di (5.19) 
but to see its meaning it must be written in more explicit form, 


a = lim '?—Y€i (5.19) 
ton te — ty 
Figure 5.6a shows what is involved here, 


The velocities, constructed in accord 
with the theorem just Proved, are drawn at 


the points 1 and 2, Equation (5.19) 


V2 


-V 


(b) 


k aa) 


(a) 
Fic. 5.6. Acceleration as a vector. 
asks us to form their difference, 


when divided by tz — t, is the ion during the interval from 
ti tot. The instantaneous accelerati 

approach 1. While this 
(as it becomes smaller), 


nd body B a velocity v», both veloci- 
me referente System, e.g., the earth’s 

surface. The relative velocity of B wit ; 

example, if an airplane h iles/hr north (relative to the 

ground) while a 50 mile/hr west wind is ing, the velocity of the airplane 

relative to the air is seen to be 4/2002 $ 50? m; hr in a direction making an 

angle 0 = tan-! 59455 with north, 
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Strictly speaking, all velocities are relative. The theory of relativity says, in 
fact, that it is impossible to find out whether or not a body is absolutely at rest. 


5.9. Uniform Circular Motion; Acceleration. Perhaps the simplest 
kind of motion in a plane is the revolution of a particle at constant speed, 
like a stone in a sling or a dust particle on the rim of a flywheel. Its path 
is a circle, and it travels equal distances along the circle in equal times. 
This motion is called uniform circular motion. 

Despite this misleading name, it is not uniform motion, for the particle 
—believe it or not!—has an acceleration. Its speed, to be sure, is con- 
stant; but since the velocity continually changes its direction, the acceler- 
ation vector is not zero. To see this, consider Fig. 5.7a. 


Y 


(a) (b) 


Fia. 5.7. Acceleration in uniform circular motion. 


In position 1 the velocity of the particle is vı, tangential to the circle. 
At 2 it is v2, and the vectors V1 and vs have the same length, v. To find 
the acceleration [cf. Eq. (5.19)] we first form V2 — Vie This is done in 
Fig. 5.7b. Note that the angle ¢ in Fig. 5.7b is equal to e in Fig. 5.7a, 
since the velocity vectors are perpendicular to the radii r. Considering 


similar triangles we can therefore say that 
Length of v2 — vi/length of v; = c/r 
if c is the dotted chord in Fig. 5.7a. Now the length of v; is v, and for the 
length of v; — vi we shall write Av. Therefore 
Av = cv/r (5.20) 
In accordance with the definition of acceleration [see also Eq. (5.19)] the 


magnitude of a is 


lim nr 
= li 
~ e a ch 


(5.21) 
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5. Clearly the angle e 
then, what happens to Av as te ty 1 

me " sadler and smaller, and c in Fig. 5.7a, while becoming amale 
isi m coincidence with the arc s between the points 1 and 2. 
cone words, in the limit, c— s = v(t, — t). Hence, by Eq. (5.20), 


(to — t 
lim Av = P 1) 1) 


trti 


‘ x Uto — ty) 
and in view of Eq. (5.21), which tells us that a — jim a= 
eek (5.22) 
T 


This gives the magnitude of a. 


Its direction may be found as follows: When t; approaches tı, the angle 


€ in Fig. 5.7b tends to zero. Thus 


á the direction of v, — v1, which is also 

the direction of a, tends toward per- 

A pendicularity to v. Looking now at 

Fig. 5.7a we perceive that a, if it is 

AN perpendicular to v;, must point toward 
X 


O. What has been proved is this: 

A particle in uniform circular mo- 
tion has an acceleration of magnitude 
v'/r, which is always directed toward 
the center of the circle. 

This acceleration, though of con- 
Stant magnitude, changes its direction 
Continually and is therefore not à con- 
It is called centripetal acceleration (Latin centrum, center; 


Fig. 5.8, 


z and y in uniform circular 
motion. 


stant vector, 


the particle, if it had ion, would Move on a tangent in the 
direction of v. To keep it on the Periph 
toward the center mu 

5.10. Uniform Cir 
this important type 
which the position o 
introduce an angle 6, 
between the radius vi 


ontinued), 


Further insight into 
ned if we co 


nsider several ways in 
ed. The simplest is to 
s the angular separation 
tantaneous p 
and the horizontal or 


osition of the particle A 
Assume 9 to be expressed in radians. The 
rate of change of 6, 


o = d6/qt (5.23) 
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is called the angular velocity of A. Though it may be shown to be a 
vector, its vector nature need not concern us here. Ifthe motion is to be 


uniform circular, w must be a constant. 
The time interval during which A describes one revolution is called the 


period; it is 


P = 2z/o (5.24) 


since a full revolution corresponds to an angle 2y. The reciprocal of the 
period is the number of revolutions, or cycles, per second; it is called the 
frequency of revolution. It is denoted by f. 


f = MP = o/2r 1 (5.25) 


In words, the angular velocity is 2m times the frequency. 
Furthermore, if the radius of the circle is r and the arc from the X axis 
to A is s, we find from Fig. 5.8 that 


s — r6 (5.26) 


Since the speed of A along the circle is ds/dt = v, Eq. (5.23) when com- 
bined with Eq. (5.26) states that 


v = rd6/dt = ro (5.27) 
Equations (5.23) to (5.27), although very simple and easily derived, are 
used so frequently in physies that the student might well ponder their 
meaning until thorough familiarity with them has been attained. 
Instead of using the angle 0, one may also describe the motion by means 


of rectangular coordinates 2 and y, as drawn in Fig. 5.8. There we see 


that 
z = r cos 0 
and y =7sin 0 (5.28) 
If we remember the calculus formulas 
. 5; ad(sin é 
deos P 6) _ — sind ano ) = cos 0 
d(cos 0) _ d(cos 0) dé 
rl ox a” x 
we find 
di pine AOD s es dt 
30m —r sin on ro sin 0 
(5.29) 


2? = rw cos 6 
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These a M ran v ity v. el 
re, respectively, the z and y components of the elocity v, namely, 

vz and v, l From these two equations we may derive 

z ue 


v= Vv? du = rw 
which is the same as Eq. (5.27). 


s of 
By differentiating Eqs. (5.29) once more we obtain the components 
the acceleration, 
D ad e init momen 
a. = TE = mvo COBO = —re* cos 0 (5.30) 
dy x t 
ay, = de rw” sin @ = 7 sin 6 
H " e- 
Notice how precisely this agrees with the conclusions of the former se 
tion. Indeed, 
a= Va? + ap =% 


wr = daft = Avtp/pi = yy (5.31) 


PROBLEMS : 
1. An end of a Piston rod requires J4 sec to move from the center to the end of i 
path, a distance of 3 ft. What is it 


S average velocity (a) during the first 4 sec? 
(b) during the first second; (c) during the first, 


174 sec; (d) during the first 2 sec? 
2. By observation a certain motion is found to be represented by the formula 
c= 4 ft + 2 ft/sec Xt+3 ft/se 


exe] ft/sec3 x t3 


Cceleration at any instant, by differen- 
» Plotting z, y 


; and a against ¢ from o 
8. By counting the number of Squares under th 


at4sec. Note that, when a goes negative, 
must also be taken as negative, 


4. By counting the numb 


b. A body moves along the X axis with an Acceleration, 


a = +6 cm/secs xt 
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t being in seconds. At twelve (12:00) o’clock it is 50 em to the right of the origin and 
has a velocity of 10 em /sec directed to the left. Find velocity and position of the body 
at 12:00:02 and at 12:00:04. 

6. Compute the average velocity of the body in Prob. 5 for the following three 
intervals: (a) from 12:00:00 to 12:00:02; (b) from 12:00:02 to 12:00:04; (c) from 
12:00:00 to 12:00:04. 

7. A body moving in a straight line with a speed of 50 ft/sec begins to lose speed 
at a constant rate. At the end of 3.0 sec its speed is 20 ft/sec. (a) How long a time 
will elapse before the body will come to rest? (b) How far will the body move before 
coming to rest? 

8. A certain motion is represented by z = A sin ot, and A = 20 cm, 


w = 3 radians/sec 


(a) Plot x against t. (b) Compute v, and plot vagainst¢. (c) Compute a, and plot a 
against t. 

9. Repeat the work in Prob. 8, but let x = A sin (wt — a). Use the same values 
for A and w, and take a = r/4. 

10. Make a graph of (a) a against t; (b) v against ¢; (c) x against ¢ for uniformly 
accelerated motion. 

11. A projectile is fired vertically upward with an initial velocity of 1,200 ft/sec. 
(a) Where will it be after 5.sec? (b) How long will it rise? (c) How high will it 
rise? (d) With what velocity will it strike the ground? (Neglect air resistance.) 

12. A rock is thrown vertically downward from a cliff with an initial velocity of 
30 ft/sec. When and with what velocity will it reach the ground 500 ft below? 


(Neglect air resistance.) 
13. A small body slides w: 
Find (a) its velocity after 4 sec, 


ithout friction down a track inclined 30° to the horizontal. 
(b) the distance traveled in the fourth second. 

14. To find the depth of a well a stone is dropped into it. It is heard to strike the 
bottom 4 sec after release. (a) Compute the depth of the well, assuming sound to 
travel infinitely fast. (b) Compute the depth, assuming the velocity of sound to be 
1,000 ft/sec. (This leads to a quadratic equation.) d i 

15. A freight train, starting from rest, acquires a velocity of 10 miles/hr while 
moving 2 miles under constant acceleration. (a) Find its acceleration. (b) Express 
iti " 

: i. rq 9M rising vertically with a velocity of 16 ft/sec at a height of 64 ft 
releases a 10-lb sandbag. (a) Compute the position and velocity of the sandbag at 
the following times after its release: 14 sec, 14 sec, 1 sec, 2 sec. (b) How many 
seconds after its release will the bag strike the ground? (c) With what velocity will 


it strike? 1 
17. What velocity does a body acquire w 
120m? (Neglect air resistance.) A 
18. By what amount will the velocity © 


m/sec, increase while it is falling through 120 m? i 
19. The velocity of a body increases with distance according to the law v = bz, 


where b isa constant. Calculate the acceleracion at any point z. (Hint: Note that 
dv/dt = dv/dz - dz/dt = v dv/dz.) : 

20. Galileo’s law of free fall may be writ 
formulation, Galileo proposed the law v 
Show that this does not correspond to & € 
z = Ae, where A and b are constants. 


hen falling from rest through a distance of 


f a body, initially moving at a rate of 5 


tenv = const X t. ln an earlier, erroneous 
= const X z, z being the distance of fall. 
onstant acceleration; show that it leads to 


80 PHYSICS 


i ircle 
i i i i iod 2 sec on a vertical circ 
cr ibes uniform circular motion of period à an 
a "e m e O it is at the highest point on the circle and moving to the ds 
Re nr average velocity (a) during the first half second; (b) during the first se 
j "n 
ing one revolution? , » 

pa bre velocity of an airplane relative to the air is 2: 
has A velocity of 40 miles/hr from northwest. 

ive to the ground. i ' | i P" 
p^ jx is crossing a river of width 1 mile, heading upstream so that it vi in 
toward a point exactly opposite its Starting point on the other Shore. , The curren th 
a velocity of 5 miles/hr, and the trip across takes 15 min. What direction does 


80 miles/hr north. The e 
Find the velocity of the airplane rela. 


Uboat 


Uwater 
Fie, 5.9, Problem 23, 
keel of the boat take relative 


bank? What i 
relative to the water? What di 
*24, 


cceleration of the particle in Prob. 21. d 
26. A body describing uniform circular motion has a Period of 6 sec and a Er 
of 12 ft/sec Calculate its frequency, its angular Velocity, and its centripeta! 
acceleration, 
27. Find th 


e acceleration of a Particle that 
a given instant its 


moves on the 
the rate of 10 in. /see? 


Periphery of a circle 
Speed is 15 in. /sec, and the Speed is increasing & 
(Nore: The total 


e fall. Prove this. 


CHAPTER 6 
FORCE AND ACCELERATION; DYNAMICS? 


6.1. Introduction. Newton’s First and Second Laws. Newton’s first 
law states that, without application of an external force, a body moves 
with constant velocity. Velocity is here to be regarded as a vector; hence 
motion, in this simple case, takes place along a straight line. Perfectly 
force-free motion is rare indeed; the actual proper motion of the ‘‘fixed” 
stars, which are far away from other attracting matter, is perhaps the 
closest approximation to it. All ordinary motions are subject to some 
amount of frictional force and therefore illustrate Newton’s first law only 
approximately. 

According to Newton’s second law the resultant force on a body (to be 
exact, on a particle) causes it to be accelerated, and the acceleration is 
proportional to the force. Both force and acceleration are vectors, and 
the word “proportional” here implies equality of direction and pro- 
portionality of magnitudes; for vectors are said to be proportional only if 
they have the same direction. By force is meant the sum, or resultant, 
of all forces acting on the body. The first law is seen to be a special case 
of the second, and we shall not consider it further. 

In Chap. 3 on Statics a study was made of the conditions under which 
a body can be without acceleration. In Chap. 5 acceleration and 
velocity were analyzed from the point of view of kinematics, t.e., without 
reference to forces. We have learned how velocities and positions of a 
particle can be derived when the acceleration is given. It is through 
this procedure that contact is made with Newton’s second law. For the 
law tells us the acceleration when the forces are given, and on combin- 
ing this knowledge with what was learned in the preceding chapter we 
are able to obtain all aspects of the motion from the given forces. The 
purpose of the present chapter is to study methods for doing this. 

Newton’s second law, which is perhaps the greatest generalization 
and the most useful theorem of all natural science, may be stated in the 
form 

F « ma 
where F is the resultant force, m the mass of the particle, and a its accel- 
eration. But to say that one quantity is proportional to another is to say 
that it is equal to the other times & constant. Hence 


F = kma (6.1) 


1 The student should review Sec. 2.2. - 
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undetermined. Its value will depend 
HoE E o2 pice m. The meaning of Eq. (6.1) will be 
upon i ae the following experiment (Fig. 6.1): — 
M co S rests on a smooth horizontal table. Its left end is fixe 
i p b io iu immovable wall, while its right end is attached to a mass m, 
m dide without friction on the table. f 
Da s t consider what happens when different forces are allowed to ac 
bp rn ak mass. Let the mass be drawn to the right a distance b 
haa qe Which is the point at which the spring exerts no force. TR 
Ee en with Hooke's law the spring then pulls with a force i o 
iin to b, say 21b. When the mass is now released, it will move bises 
toward zo with an initial acceleration, which turns out to be, say, 5 ft/ con 
Next the mass is drawn out a distance 2b beyond zo. When it is release : 
from this position, where the force is twice as great, the initial acceleratior 


y is found to be 10 ft/sec?, in accord- 
ance with Eq. (6.1). Thus in gen- 
eral an initial m Ne n X E 
which corresponds to a force 
: basun n X 2 lb, Ts ue an initial accel- 
Illustration of Newton's sec- eration of nx 5 Ít/sec?. Note 
that both F and a are to the left. 


S m 


Fig. 6.1. 
ond law, 


drawing the Spring 
Which it then exerts, 
mis doubled, a will be 2 


€ has come when we must ata 
Although both mass and weigh 
E » the two are not the same. The mass 
of an object is the same eve; i i 
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mass, a definition not merely by words but by reference to experimental 
operations, a definition that has the further advantage of permitting a 
quantitative determination of mass. It will be based on Newton’s 
second law. 

Suppose we are given three bodies, numbered 1, 2, and 3, and we are 
to find their masses. Attach each of them in turn to the spring of 
Fig. 6.1, draw out the spring to the same distance b beyond its neutral 
point, and measure the initial acceleration. This, while difficult prac- 
tically, can nevertheless be carried out in principle. Call the observed 
accelerations of the three bodies a1, as, a; (only magnitudes need here be 
considered). By Eq. (6.1), F = km;a; = kma: = km;as. Hence 


a ne (6.2) 


The masses are inversely as the accelerations. All mass ratios may 
thus be determined. If we now choose m; to be a unit of mass, the masses 
themselves are defined by relations (6.2). By means of experiments of 
this type all masses can be determined through comparison with a unit 
mass or standard mass. 

Standard masses are actually used in physics, although the comparison 
is usually made by more practical procedures. The standard kilogram 
is a platinum object kept at Sévres in France; the standard pound is in 
Westminster, England. They are carefully protected from all corrosive 
influences. i j 

6.3. Units of Force. We have already become acquainted with one 
unit of force, the pound. It was seen to be the force with which gravity 
pulls upon 1 lb of mass. Hence 1 lb of force produces in 1 lb of mass an 


acceleration of g = 32.2 ft/sec. j 
Let us substitute this information in Eq. (6.1). It reads 


1 Ib-force = k X 1 Ib-mass X 32.2 ft/sec? 


To balance the equation numerically we must give the constant k the 
numerical value 1/g = 1/32.2. This is often inconvenient. 

To avoid it we may introduce a new unit of force, so chosen that the 
constant k will have the value unity. This unit force must clearly be one 
that, when acting on a mass of 1 Ib, will give it an acceleration of 1 ft/sec?, 
as substitution in Eq. (6.1) immediately shows. It is called the poundal. 
Since 1 Ib-force causes an acceleration of 32.2 ft/sec? in a mass of 1 Ib, 
1 Ib-force must be equal to 32.2 poundals. The poundal is the abso- 
lute unit of force, the pound the gravitational unit. When the force is 


ere 
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i d aw reads 
expressed in absolute units, Newton's second 1 


F — ma (absolute form) (6.3) 


en its r be 
Whi i i itational units, the facto: /g must 

F is expressed in gravitat j ; ; 
inserted ; that is to say, m must be replaced by /g, where is the weig 
inst H W hi W ht 


: he 
in pound-force, numerically equal to the mass in pounds. Hence t 
i 
formula reads 


Fue 
g 


a (gravitational form) (6.4) 


In this equation, both F and W are measured in pound-force, while ie 
g and a have the units of acceleratio This form of Newton’s secon 
practice. 

n to distinguish very clearly 
mass. Though the units of force 
and mass in the gravitational system are homonyms, their meanings are 


sible the word will be qualified 2$ 
pound-mass or as pound-force. 


; sasional 
Also, it should be understood that the distinction between gravitation 

and absolute applies only to forces, 

no gravitational unit 


not to masses. In this book we ea 

of mass. For problem work involving the use 
Newton's second law we have the following two procedures: 1 

l. First express all forces in absolute Units, remembering that 
gm-force equals 980 dynes and 1 lb-force is 32.9 poundals. Then use 
Newton's second law in the form (6.3). All answers will then be 1” 
absolute units. If the answers are wanted in gravitational units, We 
divide the results for forces by g, r 

2. Retain both forces F and masses (strictly Speaking, weights) Wan 
pounds and use Eq. (6.4). " 

Worked Examples, q. A locomotive is ing a maxi- 
E aia ae capable of exerting 


300 X 2,000 Ib = 600,000 15, 
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We are now ready to apply procedure 1. Using Newton's law in the 
form (6.3) we find 

32,000 poundals — 600,000 Ib X a 

a = 445 poundals/Ib = 245 ft/sec? 
for a poundal, according to its definition, is 1 Ib-mass X 1 ft/sec?. If we 
wish to employ procedure 2 we use Eq. (6.4) as follows: 


600,000 Ib 
1,000 Ib = 33 foc 


= 445 ft/sec? 
To find the velocity acquired by the train over 1 mile of distance, we use 


Eq. (5.16), familiar from Sec. 5.6, 
v? — vo? = 2as 


xa 


In this instance vo = 0. Hence 
v? = 845 ft/sec? X 5,280 ft = 563 (ft/sec)? 
v = 23.7 ft/sec 


b. An airplane of total weight 1 ton is subject to the following forces: 
the thrust of its propeller, F: = 2,000 Ib (cf. " 
Fig. 6.2); its weight W; the action of the air 2 
upon it, Fs = 1,000 lb; find its momentary 30° 
acceleration. F, d 

The first step is to calculate the resultant a 
force on the airplane. This can be done either 
graphically or by components. W is, of 
course, 2,000 Ib. Using the method of com- miG-bo: PEIER 

. ponents we obtain for the horizontal com- 
ponent of the resultant (in the direction of the propeller force) 


R. = F, — F» cos 30? = 1,134 Ib 


D] 


and for the downward component 
R,=W-F: sin 30° = 1,500 Ib 

The resultant is a force of 4/(1,134)? + (1,500)? Ib = 1,880 Ib in a 
direction making an angle @ with Fi, and tan @ = 1,500 1b/1,134 lb = 1.32. 
Thus from trigonometry tables 6 is approximately 53°. The acceleration 
is in this direction. 

Its magnitude is computed from Newton’s second law. If we use 
procedure 1 we must convert the force to absolute units. Since 


1,880 Ib = 60,540 poundals, 
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we have from Eq. (6.3) 


60,540 Ib X ft/sec? = 2,000 lb X a 
a = 30.3 ft/sec? 


Procedure 2 leads to the same answer via Eq. (6.4): 


2,000 Ib 
1,880 lb = 35 ft/seci ^ 
a = 30.3 ft/sec? 


Notice that in this example we have used the more accurate value 
g = 32.2 ft/sec?. 
6.4. Metric Units of Force. 


In the foregoing section we have illus- 
trated the distinction between t 


he absolute and the gravitational variety 
of force units in the British, or fps, system. Unfortunately, because of 


the failure of the scientific world to get together, the student must also 
learn the use of metric force units, 


There are two such systems, the cgs 
and the mks, the former of which is employed in much of the basic 
scientific literature, the latter in recent engineering practice. The 
situation is further complicated because each, the cgs and the mks sys- 
tem, has an absolute and a gravitational variety of force unit. 

Cgs, Absolute. In the cgs system, where the unit of mass is the gram 
and the unit of length the centimeter, the absolute unit of force is called 
the dyne (Greek dynamos, force). It is defined as the force which, when 
acting on a mass of 1 gm, imparts to it an acceleration of 1 cm/sec?. 
Cgs, Gravitational. The gravitational unit is the gram-force. It equals 9 
dynes (i.e., approximately 980 dynes), sin 


ce clearly the gravitational force on & 
mass of 1 gm produces an acceleration of g em/sec?, 


Mks, Absolute. Here the absolute unit of force is called the newton. 
It is defined as the force thai 


1 t, when acting on a mass of 1 kg, imparts to 
it an acceleration of 1 m/sec?, 

Mks, Gravitational. Th 
kilogram-force. It is the 
9.8 newtons, 


e fein] unit of force in the mks system is the 
pull of gravity on a mass of 1 k i ual to 
Since g is 9.8 m/sec?, a Sealey ei 


solute is by far the m 
practical” 
which will be di i 
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All units are collected systematically in Table 6.1, where entries of 
lesser importance are put in parentheses. 


Table 6.1. Units of Force 


fps cgs mks 
Absolute.. ..... -sste poundal | dyne | newton 
Gravitational........-+-- lb (gm) | (kilogram) 


With respect to the absolute units we note again the following advan- 
tages: They permit the use of Newton's second law in the simple form 
(6.3); their names, being different from the names of the corresponding 
mass units, avoid confusion between force and mass, which are funda- 


mentally distinct. 
Worked Examples. a. Convert a newton into dynes, poundals, and 


pounds. 
lkgxl1m  1,000gm X 100 cm 
1 newton = Teo! = T sec? = 10° dynes 
2.205 lb X 3.28 ft 
aia! ae 7.22 poundals 


7.22 poundals 


32.2 ft/sec? ^ 0.225 pound 


b. The moon revolves about the earth at a distance of 3.84 X 105 km 
and with a period of 28 days. Its mass is7.36 X 10%kg. Find the force 
with which the earth attracts it. 

In accordance with Sec. 5.10 the moon has a centripetal acceleration 
a =47%r/P? = 2.6 X 10 m/sec’. To provide this the earth must 


attract it with a force given by 


ma = 7.36 X 1022 kg X 2.6 X 10? m/sec? = 1.91 X 10% newtons 
= 7.36 X 1025 gm X 0.260 cm/sec? = 1.91 X 10% dynes 


6.5. The Force of Gravity. Gravity; which means the earth’s attrac- 
tion, gives all falling bodies the same acceleration. This is a fact of 
observation. Does it mean that the force of gravity is the same for all 
bodies? Newton’s law says no; for if F = ma, the force of gravity must 
be proportional to the mass of the falling object. This simple conclusion 
has given rise to much philosophic speculation and to considerable con- 
fusion. One wonders indeed how the force of gravity manages to adjust 
itself so precisely to the mass of an object, since most forces are quite 
independent of the masses on which they act. The elastic force of 
the spring considered in Sec. 6-1 depends wholly on the condition of the 
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spring, not on the mass to which it is attached. As already stated, 7 
force et gravity acting on an object is its weight. What has been sai 
is that weight is proportional to mass. . ] i 

' Physicists have at times doubted that this proportionality can ue 
exact But in 1830 the famous mathematician Friedrich Bessel prove 
that it is at least as exact as measurements could determine. There was 
no satisfactory theoretical explanation of this remarkable coincidence 
until the advent of the general theory of relativity during the present 
century. 


Table 6.2. Values of g at Various Points on the Earth's Surface 


Location Elevation, m | g, em/sec* 
North Pole................. 983.1 
Karajak Glacier, Greenland... 982.5 
OL QUU MC dM dM 980.3 
New Yo AN. eser i ese eee cen Oper o 980.3 
Mt Hamilton CA sues rn m 979.7 
Panama Canal Zone... 


Pausor. ge s ee eee esu 


The weight of a body of mass m ig clearly 


W= mg 
when expressed in ab 


solute units. 
980 cm/sec?, 


the numerical result f 


downward. 

A simple device kn 

mag (George Atwood, 1746-1807) represents an application 
of these Principles. It cong; 

as frictionless and m 

Fic. 63. At. Over it (see Fig. 6.3) 


nds of the cord 


ms. The larger one of these will 


oe resultant is mg —T. In a 
on 48 communicated, with its value unaltered, to 


Sec. 6.6] FORCE AND ACCELERATION; DYNAMICS 89 


the other side of the pulley, where it acts on ms. Calling the downward 
accelerations of the two masses a; and a» and applying Eq. (6.8) to each 
mass we find 

mg — T = ma 

mag — T = masas | (6.6) 


But if the spring is inextensible, a2 = —a;. On making this substitu- 
tion and then subtracting the second equation from the first we find 


(mi — ma)g = (mı + m2)ay 
= mi — Me 
and hence auem spem 


Notice that, if the masses are nearly equal, a; is quite small and therefore 
easily measurable. 

6.6. Friction Again. The simpler features of the force of friction were 
mentioned in Sec. 3.12 (review this). We are now ready to consider how 
this force can be measured. Certain regularities, sometimes called laws 
of friction, are matters of common observation and will now be discussed. 
The term “laws” should be employed with caution, for the facts to be 
stated are true only within limits. 

The first is illustrated by a brick that is being pushed over a rough 
surface. It is found that the force of friction is the same whether the 
base on which it rides is the narrow or the wide face of the brick. Thus, 
in general, the force of friction is independent of the area of contact. 

Second, if a board, with its flat surface horizontal, is loaded by weights 
and then drawn over & rough horizontal surface, it is found that the 
retarding force of friction is proportional to the total weight. Hence 
the force of friction is proportional to the total force normal (perpendicular) 
to the plane. Now the force of friction is always parallel to the plane and 
will be symbolized by Fy; the normal force, which may or may not be the 
weight of the object to be moved—there might be an additional push 
against the plane—will be called F1- The relation stated may then be 
expressed 
Fy = oF, (6.7) 

The constant p, which depends on the nature of the two substances in 
contact, is called the “coefficient of friction." Its value has been 
determined for a great variety of pairs of substances, some of which are 
given in Table 6.3. In Sec. 3.12 attention was called to the cireumstance 
that kinetic friction is a little smaller than static friction. Tobe accurate, 
one must therefore distinguish between puis and paat; the latter is slightly 
larger than the former, but for the purposes of this book the difference 


will be disregarded. 
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Table 6.3. Coefficients of Friction 


We now apply these consi 


e 
derations to a problem of frequent occurrence, 
the motion of a body slidin 


g down an incline (ef. Fig. 6.4). If its mass T 

^1 and the angle of the incline , 
pe the force normal to the plane is is 
cos 0, while the component of t : 
force along the plane is mg sin ^ 
The component mg cos 6 upon t d 
body is neutralized by an V gd 
opposite force exerted by the po 
(not drawn in the ed c 

icti acti 

Tr RAERD 5. Pure Pomier a en 
down the plane, 


: n's 
is umg cos 8 in accordance with Eq. (6.7). Newto 
Second law, when applied in the direction of motion, is then 


mg sin 6 — mg cos 0 = ma 
Solving for a we find 


9 = g(sin 8 — p cos 0) (6.8) 
If § = 90°, a=g, 


which is what we should expect. But if 6 * E. 

Eq. (6.8) would seem to Predict an acceleration up the plane. This o 
Course is nonsense; it must be remembered that friction always opposes 
motion and cannot produce motion of itself 
correct only as long as i 
ing force. 
Under what condition wi 


ll à be zero? 
happens when sin 0— 


According to Eq. (6.8) this 
M C080 =0. Solvin 


£ this we find that 


begins. The tangent of this angle is th 
Finally Eq. (6.8) also tells us what h. 
When u = 0, a = g sing, This is th 
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determine g. The speed of falling bodies is so great that g is difficult to 
measure directly. But a can be made as small as is desired by making 
0 small and can be measured with ease. Motion on an incline is still 
uniformly accelerated, but the value of the acceleration is lessened. 

à 6.7. Dimensional Analysis. It has frequently been emphasized that, 
in all the equations of physics, both sides must be measured in the same 
units. There is, however, an even more basic kind of homogeneity in 
these equations which arises from the fact that all quantities which are 
equated must have the same physical nature. One must not equate & 
force to a distance, any more than a cow to & horse. The student who is 
quick in discerning this can often avoid mistakes. There is a systematic 
procedure for checking whether or not equations are correct from this 
Point of view; it is called “dimensional analysis.” 

The three basic quantities in the science of mechanics are length, time, 
and mass, They will be designated by L, T, and M for the present pur- 
poses. Out of these three all other quantities can somehow be con- 
structed. For example, velocity is a length divided by a time. It is 
said to have the physical dimension [LT-. Thus the physical dimension 
of the quantity 30 miles/hr is [ET—]. The brackets are used to indicate 
that LT-! represents only the physical dimension and that all numerics 
have been disregarded. 

The dimension of an area is [L°], of an acceleration [LT-?], of a force in 
the absolute system [MLT-7], and so forth. When quantities are raised 
to some power, the physical dimensions are raised to the same power. 
The point of it all is that every equation used in physics must have the 
same dimensions on both sides. Let us test, for example, Eq. (5.16) for 


uniformly accelerated motion, v* = 2as. We have 
LT- = (LT) 


and this is obviously correct. Ta 
It is easily seen that Newt on's second law in its absolute form [Eq. 
(6.3)] is also correct, for in a sense it defines the physical dimensions of F. 


But in its gravitational form (6.4) it presents some puzzling features. 


Suppose we write 
= w a 


g 
and treat W as weight (a force!) and g as a number. We then have 
(MLT) = IMLT-ILT-] 


nsional equation results if the constant 


which is incorrect. A correct dime ! 
Henceforth, in all examples of 


g is given its dimensions of acceleration. 
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i i in its 
dimensional analysis, Newton's law will be assumed to be written 
absolute form, so that ambiguity cannot arise. 


i ore new 
Considerations of this sort become more useful as more and m 


i duced. 
physical quantities, like energy, momentum, power, are intro 
h of these has its distinctive dimensions. havā 
p Summary on Units of Force. In the present chapter M or 
introduced six units of force, and we have reviewed three units A iet 
1. In the cgs system the unit of mass is always the gram. 


a nal of? 
of force can be either the absolute one (dyne) or the mi an ow 
(gram-force). When the absolute unit is employed, Newton’s sec 
takes the standard form 


F — ma 


will give a mass of 1 gm an acceleration of 
lem/sec?, A ram-force equals 980 dynes. 5 
f : i rie is the unit of mass. , The E Le 
force can be either the absolute one (newton) or the gravitationa EM 
(kilogram-force). A newton is that force which will give a yos see 
mass an acceleration of 1 m/sec? A kilogram-force equals 9.8 newto: 2 
3. In the British System the unit of mass is always the pound (or the 
its multiples or submultiples). The unit of force can be either 


2. In the mks system th 


of 


imple 
» Newton’s second law takes the simpl 
Standard form above. 
A poundal is 


oms Second Law. 
aken for granted that there ¢ 


nd the simpl 
Tf 1 Ib-force gives 
then 1 Ib-force will give a mass of 32.2 Ib 
masses are expressed in multi 
remains valid. 

A mass of 32.2 lb is called 1 slug. 
tion of 1 ft/sec? under the applieation 


a mass of 1 lb an acceleration of 32.2 ft/sec’, 
an acceleration of 1 ft/sec. Therefore, when 
ples of 32.2 1b and F in Pounds, the simple form [Eq. (6.3)! 


A slug is that mass which acquires an accelera- 
of 1 Ib-force, 
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To take another example, consider that an airplane is falling toward 
the earth. The passengers in the cabin have an acceleration zero with 
respect to the airplane but of g relative to the earth’s surface. 

Universal experience with moving bodies decides the following: The 
acceleration that enters Newton’s second law must be relative to some body 
that does not have an acceleration itself. To be sure, this raises a host of 
other questions; for how can we be sure that a body which we innocently 
regard as having no acceleration may not be accelerated relative to objects 
so far away as to be invisible? Questions of this kind are dealt with in 
the theory of relativity, to which further consideration will be given in 
Sec. 7.9. 

Clearly, then, the earth is not a proper “system of reference" for 
measuring a, since every point on its surface except the poles has a cen- 


tripetal acceleration w*R. With 
w = 2% per day = (2/86,400) sec? and 
we obtain about 3.5 cm/sec? at the equator, 


greatest. For many purposes this may 
be neglected ; for precise work, however, 


R = 6.4 X 105 cm 


where the acceleration is 


it must be taken into consideration. ~ 
More will be said about this in the next Wh, h 
chapter. Here we assume asan approx- [ 


imation that the acceleration a appear- 
ing in Newton's law is referred to the 
earth's surface. 

What is the apparent weight of an Fic. 6.5. Descending elevator. 


Object placed on an elevator, when i 
the Senate descends with an acceleration a? To answer this question, 


i i j be placed on the pan of a 
consider Fig. 6.5. Let the object of mass m 
Spring on The forces upon it are mg downward and the support of the 
balance pan upward. Call the latter F. The correct acceleration to be 
used in this example is that relative to the earth, a, not relative to the 
elevator (which is zero!). Hence we have 

mg — F = ma 
he body is F, the force of the balance. This is 
body has no apparent weight. 


Midi, 


FS 


The apparent weight of t 

m(g — a). Ifa — g, the 
PROBLEMS 

Mt. Hamilton, Calif., the acceleration of gravity is 


t is the value of g in ft/sec? at this location? 
and m4 are used in an experiment similar 


1. At the Lick Observatory, 
found to be 979.7 em/sec?. Wha 
2. A spring and four masses "t, m2 ms, 


to that described in Sec. 6.1. The spring, when extended 15 cm, imparts to the masses 
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instantaneous accelerations of 25 cm 
respectively. If m is chosen as the 
and m, in terms of it. 

8. A spring with stiffness k = 100 n 
described in Sec. 6.1. If, when the spri; 
instantaneous acceleration of 25 cm /se 
magnitude of m? 


of 4.5 
4. A 3-kg mass moving initially to the right is acted on by a constant force 
newtons to the left. It returns t 


o 
o its initial position in 5 sec after the force eo 
act. Find its initial velocity, Where and when does it reverse its dire 

ion? e. 
E An automobile weighing 1.5 tons is traveling 60 miles/hr. The cm ins 
applied, and it comes to rest with uniform deceleration after going 154 ft. 
force exerted to stop the automobile. 

6. A 4-oz baseball 
is 550 ft high. A ca 
force to it. (a) Wh 
force must be appli 
resistance.) 


2 
/sec*, 15 cm/sec?, 35 em/sec?, and 50 adir, 
standard mass, compute the masses of ms, ms, 


à " ae 
ewtons/m is used in an experiment eene 
ng is extended 4 cm and released, it ave jam 
c? to the mass m attached to it, what i 


s 
T. A man twirls a mass of 0.5 Ib in a circle on the end of a 3-ft string. If the mas 
makes one complete revolution in 1.5 sec, what is the tension in the string? szontally 
8. At a given instant a 2-ton airplane has an acceleration directed era and 
forward of 5 ft/sec?, If the thrust of its propeller is 1,000 Ib, find the meen level 
direction of the force that must be exerted by the air on the airplane to keep it in 


flight, ible 
ks An Atwood machine (see Sec. 6.5) consists of two masses suspended by & A 
cord over a massless pulley. If one of the masses, weighing 15 Ib, has an up. 
/sec?, find the other mass. 
Find in terms of 9, Mı, and mz, an ex 
Atwood machine described in Sec, 6.5. 


11. A block slides down an inclined plane with constan: 
the plane is 12°, If the Slope is increased to 25° 
same block down the plane? 
12. A mass m slides down a sm 


o 
velocity at the bottom of the plan 


i the 
pression for the tension T in the cord of 


f 
t velocity when the ee 
» What will be the acceleration o 


ind its 
oth inclined plane of slope @and length d. Findi 
Sh 
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18. In the system depicted in Fig. 6.6 compute the accelerations of the masses and 
the tensions T; and T+ in the cords if the coefficient of sliding friction between the 


10-Ib block and the surface is 0.2. 


Fia. 6.6. Problem 18. 


a smooth inclined plane of slope 0 with an 


19. A block of mass m is projected up 
ill it travel? How much time will elapse 


initial velocity vo. How far up the plane w 


before it is again at the foot of the plane? 
20. A block of mass 3 lb slides down an inclined plane (@ = 25°). If the coefficient 


of friction is 0.4, find the acceleration of the block in ft/sec*; in em /sec*. 
21. Calculate the acceleration of the system shown in Fig. 6.7, the motion starting 
from rest. The coefficient of sliding friction between the 41b mass and the inclined 


plane is 0.2. (Assume the pulleys to be frictionless.) 


Fra. 6.7. Problem 21. 


22. A 100-gm block is initially at rest on * table. If a horizontal force of 40,000 
dynes acts on it for 2 sec, how far from its initial position does it finally come to rest? 
Take the coefficient of sliding friction to be 0.3. se 

*28. A force of 5 X 10* dynes is exerted on a 50-gm block, which in turn pushes a 
30-gm block (see Fig. 6.8). If the blocks move on a frictionless surface, what force 


does one exert upon the other? 


4 
5X10 dynes se 


Fra. 6.8. Problem 23. 
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If the coefficient of friction between the 50-gm block and the surface is 0.3 and that 
between the 30-gm block and the surface is 0.4, find the acceleration of the system and 
the force that one block exerts on the other. 

24. A 9,000-Ib elevator is pulled upward by a cable with an acceleration of 6 ft/sec*- 
Find the tension in the cable. 

26. Two masses m; and Ma, CO! 


nnected by a flexible cord, are placed on a pair of 
smooth inclined planes as show; 


n in Fig. 6.9. There is no friction at the point A. 


Find the acceleration 
be in equilibrium, wha! 


If the system starts from rest 
he time that elapses before the 
stem when this occurs? 

is suspended from the roof of an 
ascends with a constant velocity 
eleration of 4 ft/sec; (c) if the 
if the cable breaks and the eleva- 


3-Ib block hits th 
28. 


CHAPTER 7 
SPECIAL MOTIONS IN A PLANE 


7.1. The Motion of a Projectile in a Vacuum. All the motions studied 
thus far took place along & straight line; they were one-dimensional 
motions. Next, we take up motions in a plane. These require the 
calculation, not of one, but of two coordinates and are therefore one stage 
higher in order of complexity. The most important of these motions 
is that of a body thrown or shot from a gun. l 

Qualitatively, we can understand the motion very simply as a super- 
Position of a uniform horizontal and a vertical motion of free fall. Figure 
7.1 shows that the projected body moves to the right with constant 


Fig. 7.1. Flight of a projectile. 


velocity V. = V cos 6, rises vertically with velocity V, = V sin 9, while 
at the same time it drops with an acceleration g, that is, with a speed gt. 
We suggest that the student construct 8 diagram in which he compounds 
these velocities at every instant to find the resulting velocity. 

We now proceed to analyze the motion mathematically. Suppose 


that a body, treated here as à particle, is projected at an angle 0 with the 


horizontal, its initial velocity being V (cf. Fig. 71). The origin of a 
rectangular system of coordinates is taken at the point of projection. 
At any instant during its flight (for instance, at the point P ) the projectile 
is subject to only one force, viz., its weight mg, and this acts vertically 
downward. If therefore we resolve its acceleration at P into one com- 
ponent a, = d?y/di? along Y and another az = d’x/dt? along X, we find 
from Newton’s second law 


d*j du. 
a amg "asco (7.1) 


From these, velocity and position at any instant are obtained by integra- 
tion. The vector v, which is tangent to the curve of flight called the 
trajectory, has components % = dy/dt and v, = dx/dt, and the displace- 
ment has components y and x. Integrating once we find 
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dz 


3 e du dr oe 


(7.2) 
; atical 

The constants c; and cs, which are not determined by the Mm We 

equations, must be chosen to fit the initial condition of our problem. 


i tting 
have assumed that, at ¢ = 0, v. was V cos 6 and v, was V sin 0. Pu 
= 0 in Eqs. (7.2) we see that 


aM. a p 
dil. ^ ^ dilo © 


nite 
Hence c; = V sin 9 and ^: = V cos 0, and Eqs. (7.2) take the defi 


form - 
——— P" C 


ity V sin @ superposed; the he 
equal to its initial value. d 
etween the two motions is sometimes referre 
vertical and horizontal motions.” It is but & 
nature of accelerations. 


€ re 
neous position of the projectile Eqs. (7.3) & 
integrated once more, Thus 


zontal velocity re 
absence of * ‘interfere 
to as the “i 


V = —légt? + V sin 0t4- c, 
t= V cos 6¢ Fa 
The new constant; 
initial conditions, 


Since both y and z a 
must vanish. This 


Te zero at £ = 0, the constants 
leaves us with 


e PN 
Y= -Mg + V sin 9-4 * — V cos g.t (7.4) 
cc c c MN 
Equations (7.4) are called 


the equations of motion of the projectile; they 
tell us its Position at every t, 
It is not easy to 


íi " » What the path or pow ra 
is. To obtain this i formation one must eliminate ; between Eqs. diis 
According to the second, z = 2/V cos 6; when this ig introduced in the 
first there results 

We. D Ue ree 

V7 ~ 59 yrours +2 tan 6 (7.5) 
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7.2. Time of Flight, Range of Projectiles. The time of flight is easily 
obtained from Eqs. (7.4). They coordinate is zero at two times—at the 
initial instant and when the projectile reaches the ground again. Cor- 
respondingly the equation 

0 = -gt + V sin @-é 
has two solutions, ( = 0 and ¢ = 2V sin 6/g. The latter must be the 
time of flight. 

The time at which the missile reaches its highest point is that for which 
vw =0. From Eqs. (7.3) this is seen to be t = V sin 6/g, which is one- 
half the time of flight. Hence one may conclude that the time of ascent 
is equal to the time of descent for our frictionless projectile. If air 


resistance were taken into account, this would not be quite true. 
The range (R in Fig. 7-1) is the distance x reached when the body 


returns to ground, that is, z at t = 2V sin 6/g. From Eqs. (7.4), this is 
g 2 in gens, Y inia (7.6) 
g g 
because sin 29 = 2sin @cos €. The range depends on the initial velocity 
V and on 8, the angle of elevation. If, for a given V, we wish to obtain 
the maximum range, @ must be taken to be 45°, because sin 90° is the 
maximum value of the sine function. One may also obtain R by putting 
y = 0 in Eq. (7.5) and then solving it for v. : . 
The maximum elevation of the projectile, h, is the. distance y at 
t = V sin 6/g; it may be found by putting this value of t into Eqs. (7.4). 
? gi ysin@  lV?sin 
1, V*sin'8 | y gin Ene Lo MT £ (7.7) 


h=—59 g? g 2 g 


It can also be obtained from the equation fo 
of Eq. (7.5) is determined by differentiation, 
ce utilizing the basic principles of the preceding 


r the path; if the maximum 
the same result is found. 


À bombsight is an optical devi 
section, though with very great elabo- 
rations. To understand its function we 
consider an airplane in horizontal flight 
(Fig. 7.2). Assume its height above 
ground to be A and its velocity 
The target T is sighted forward and at 
an angle $ with the direction of flight. 


The bombardier must know at what - : 
value of $ he has to release the bomb. Fig. 7.2. Airplane dropping bomb. 


Neglecti i i the bomb 
coe ede bolie trajectory. If it takes ¢ sec to fall the 


describes the second half of a para 
distance h, then 
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m _ 
h= 590 or = Ne 
During this time ¢ it travels a distance d = Vt along the horizontal, and 
2h 
d=y z 


But tan $ = h/d; hence the correct angle of release is 


air resistance, and other factors. id curve in 
The true trajectory of a body in air is qualitatively given by the soli d Table? 

Fig. 7.3. For high velocities of projection the asymmetry is very conside 

the range is shorter than th: 


: ller 
at given by Eq. (7.6), and the height attained sma’ 


= 


1G. 7.3. Actual trajectory, 


Motion of shell 


Fic. 7.4. Forces on a shell. 


Part, a, in whi 
curved downward part, 


» representing natural motion : i " 
7.3. Exterior Ballistics, 


Um, air, upon the projectile. 
e velocity and the sha 


he direction of motion. The 
weight mg, the “drag” pq 
is mainly due to a diff 
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and above the shell. With this information it is easy to set up the equations 
from which the motion must be found (Newton's second law), 


In these two harmless-looking equations, D and L are functions of v. and also of 6. 
A qualitative plot of D for a given angle à is shown in Fig. 7.5. It is interesting 
to note that D becomes very large for velocities approaching that of sound. The 
equations above cannot be solved in 
general by known procedures. So- 
called “numerical methods,” which 
involve substitution of D and L from 
graphs and tables and integration by 
à process of summing, must be used in 
their solution. Modern electronic cal- 
culating machines have been, and will 
increasingly be, of very great help in 
the theory of ballistics. Fic. 7.5. Drag as a function of projec- 
7.4. Vertical Motion of a Raindrop. tile velocity. 


Actual bodies, when falling in air, are . —— 
Subject not only to-their weight but also to a retarding force due to air resistance. 


This is greater the greater the velocity of the falling objects and for small speeds 
18 proportional to v. For definiteness we consider a falling raindrop of mass m. 
ckoning downward displacements as positive, Newton’s second law states 


Velocity of 
sound 


Vr 


dv 

& = mg — bv (7.9 
mj = m9 ) 
tof velocity. Solong as mg > bv, 
Finally, however, dv/dt will be 
ty. This so-called “terminal 


When b is written for the force of friction per uni: 
dv/dt will be positive and v will increase. . 
zero, and the drop will fall with constant veloci! 
velocity" is attained when bv — mg; hence 


n=! (7.10) 


A similar result holds for all falling objects. A person falling from a very great 
height attains a terminal velocity of about 150 miles/hr. A parachute is a device 
that makes the constant b very large- 
al Forces. Many a fun-loving youth 
remembers vividly his experience on the horizontal wheel, now gradually 
disappearing from fairgrounds because it is thought to expose its occu- 
Pants to undue risk. As the wheel spins faster and faster, a person sitting 
On it will be thrown off. And if you ask him, he will assert that he was 


7.5. Centripetal and Centrifug 
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pushed off by “centrifugal force." 
let us analyze the situation. 


: a 
To make things as simple as Possible, assume an object to be peli. 
string to a vertical shaft S (Fig. 7.6) and to revolve about S at con Tib 
Speed v in a horizontal plane. pes 
length of the string is r, and the x 
face (perhaps a horizontal bel 
top) on which the motion E: i 
place is perfectly smooth. a 
mass has then no vertical Eae 
, tion; its weight is neutralized 
Fie. 7.6. Revolving mass, the Support of the surface. mai 
We know from § » that the mass has a cdi ot 
acceleration of ma, It is therefore not in equilibrium -— 
this acceleration. By Newton's XS 
this force must h itude mv*/r, in absolute units; and it m ue 
i ation, i.e., centripetal (Latin [pem Oa 
the string, which, being under wc M 
tension thus equals mw*/r, as a Spr 
m would show. 


t 
This, we shall find, is an error. Bu 


force, the mass 


Yet became greater th: lw 
atter, as we know fr. 6, is given b mg if pis the coefficien 
friction. Thus slidi: vu Y umg if p 


= umg (7.11) 
E 


or, Since v = or, when w ug/r. If the angular velocity and the 
distance from the center, r, were determined, the wheel could be used for 
measuring u. From this Tesult it is also apparent that a person near the 
center is harder to push off (requires a Sreater w) than one near tlie edge 
of the wheel. 


We have seen that the mass m in Fig. 7.6 is sub 


force only. Let us now consider the sha: 


ject to a centripetal 
ft S 


about which m is rotating: 
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The string pulls on it; Sis indeed subject to a centrifugal forceat O. This 
centrifugal force is the reaction, in the sense of Newton’s third law (which 
will be carefully considered in the next chapter), to the centripetal force 
on m; it does not act on m, nor does the centripetal force act on S. To 
summarize our conclusion: The revolving object is subject to a centripetal 
force, while the center to which the revolving object is tied experiences a 
centrifugal force. Usually, as in the present example, the centrifugal 
force on S is neutralized by another force due to the support holding 
S in place, so that the resultant force on S is zero. Hence S has no 
acceleration. 

7.6. Motion on Curves. 
automobiles and trains on curves. In Fig. 7.7a is 


The same principles apply to the motion of 
drawn an assembly 


F i 


"g F 


y 


(b) 


(a) mg 
Fra. 7.7. Automobile rounding & curve. 


consisting of an axle, two wheels, and a load rounding a curve whose 
center of curvature is a distance R to the right and in the plane of the 
diagram, Whether it is moving toward or away from the reader is 
immaterial. The center of gravity C must be subject to a resultant force 


mu*/R to the right if the vehicle is to stay in its course.t But physically 
there are two forces acting On C; the weight mg, which is directed ver- 
tically downward, and the reaction of the road, F, whose direction and 
Magnitude adjust themselves S0 aS to make the motion possible. In 
other words, F will be such that, when it is added vectorially to mg, there 


results a force mv?/R to the right, as shown in Fig. 7.7b. 
eF? Since F has a component parallel 


Can the roadbed supply 8 fore c 
to the road surface, friction must be relied upon to provide that part of F. 
In fact the parallel component of F is seen (from Fig. 7.7b) to be mv?/R 
itself. On the other hand the maximum value of friction is umg. Hence 


the car stays on the road if : 
D ; 
5< (7.12 
R ug ) 
If the road is slippery, & large " and a small & are dangerous. 


! This fact is more carefully established in Sec. 9.4. 
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i i iction 
The banking of roads makes unnecessary the Susi vi is n 
in keeping the car in its course, _ ` ese di bas FF, es iii ny 
7.8, friction is not called into n 
all; the car exerts a normal thrus! ve 
the road that is somewhat s ha 
its weight. Note that in Fig. 7. a 
vectors F and mg are exactly the = t 
as in Fig. 7.7 ; only the — of 
the car has changed. The ang mdi- 
banking, 0, is the same as that 
cated in Fig. 7 7p, 


v? (7.13) 
tan 0 = Ry 


Fig. 7.8, Banked road. 


nk- 
The angle 6, required for proper b& 
ing, varies with the speed. In Practice a safe mean is chosen. 


A more careful analysis of this prob] 
well as forces, Actually the force of th 
as indicated in Fig. 7.7; it is applied 
and the road as indicated in Fig. 7.9, 
-In order to obtain 
ward the right we 


s 
em involves consideration of pee de 
€ road is not applied at the center i tires 
at the places of contact between t vom 
At each point of contact two force 


POTEET Ed ng 


Fig. 79. Car on unbanked road. 


where Lis the length of the axle and g the height of @ above ground. On solving 
the last three equations we find easily 


= | md 
Nn 2 4: = i 
=™9_ md 
Y: = 2 SORT 
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The reactions at the two wheels are not equal. When Y? becomes negative, the 
car will overturn. This happens when 


1? l : 
2 x (714) 
Here we see the advantage of small d and large l. 

1.7. Effect of the Earth's Rotation upon g. We have said that the weight of 
an object, mg, is the force of the earth’s 
attraction upon it and is directed vertically 
downward. This is not exactly true, as 
the following careful treatment shows. In 
Fig. 7.10, P is a point on the earth’s surface 
at latitude L. At P a body of mass m rests 
on the platform of a balance. Zf the earth 
Hi rotate, the body would be in equi- 

rium under the action of two forces: 

à l. The attraction of the earth, mgo, 
oward its center O. 
" E The push of the platform, Wo, which S 

a and opposite to mgo. Fic. 7.10. Effect of earth’s rota- 

ince the earth rotates, m hasanaccelera- tion upon “gravity.” 


tion toward Q; hence à resultant force 
mv?/r along the dotted arrow must act upon it. Now the earth's attraction is 


Unchanged by the rotation, hence force (1) is still mgo and still directed toward 0. 
But Wo is changed to W, the force that, when added (vectorially) to mgo, will 
Yield mv?/r pointing toward Q. The negative of W is said to be the weight of the 
mass m and is called mg. Its direction is not toward O but toward M (the dis- 
tance between O and M is vastly exaggerated in the figure; 
mw? it js about 7 miles for L = 45°). 

The vector relation between g and go is indicated in Fig. 

7.11. Using the cosine theorem we find from the figure 


vt v? 
gage +5 — 29 cos L 


Fig. 7.11. Relation 


locity w of the earth and R, its 
between y and go. ndis á H 


or, in terms of the 
radius, 
9? = go? + R*o* cos? L — QgoRw? cos? L because r = R cos L. 


The second term on the right is much smaller than the others and can be neglected. 


approximately, or, in view of the binomial theorem, 


p- Ro? cos? L (7.15) 


gez 
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he 
ion i is greatest at the equator (L — 0), en att B 
ea Pi pie aen "Table 6.2 to see whether or not this effect 
observable. 'The quantity gs is called the 
acceleration”; it varies with altitude and to s 
tion of rocks in the earth’s surface. 
consult Chap. 11. 


itational 
"true value of the cane es 
ome extent with the local Mes s 
For further information on the m 


x z ] turn 
7.8. Further Examples. If an airplane is to make a horizonta! 


EA E hat the 
without slipping, it must assume a banking angle which is such t 


t A ultant 
reaction of the air upon the airplane, F, and its weight produce a res 
mv*/r, as shown in Fig. 7.12. 


mg 


Fra. 7.12, Airplane in curved flight. 


Fia. 7.13. Simple conical pendulum. 


In the cream separator a mixture of colloidal particles is whirled re 
rapidly. The denser particles, requiring a greater force mw T bane 
others, exert a greater centrifugal force upon the medium tending to to 
them in place, The medium, being fluid, cannot supply the reaction 


E er 
this force, so that the particles migrate outward, the denser ones fast! 
than the Others. Since milk is dens: 


concentration of milk near the out 
remaining near the center, 

In modern or, anic chemistry and 
“ultracentrifuges,” imilar Purposes. Some of them rotate 
while suspended in ai i 


: illion 

gular velocities as high as 1 millio 

rpm. : 
; ich is 

ass, Supported by a string, which i: 


“rele (ef. Fig. 719) ‘The ten 
T and the weight mg have a resu dotted arrow) equal to mor. 
Resolving the forces we find 


6) 
mer = T sin 9 | p 
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But if Lis the length of the string, r = l sin @ and we obtain on eliminating 
T from Eqs. (7.16) 


cos 0 = S (7.17) 
u) 


The greater w, the greater will be the angle 8. , i ; 

The trick of putting a substance (e.g., water) in a pail and swinging it 
in a vertical circle without having the object drop out is familiar and 
easily explained. In the instantaneous position at the top of a swing 
the substance is subject to two downward forces, its weight and the push 
P of the bottom of the pail against it. These two, when added, must pro- 
duce mv?/r. Thus 


mv? 
ng P= 


Uu 
When v?/r — g, P is zero and the pail exerts no force on the object. For 
smaller velocities it will fall out. For unless the object is glued to the 
pail, P cannot be negative. But according to our equation P is negative 
whenever 


mv? 
mg > 


Ther ject will fall out if v? < 79. 

a he pea Imagine that you are in a space ship 
traveling far from our earth, quite beyond the pull of gravity. Would 
the laws of motion, as you then observe them, be different from those we 
know? . 

Newton has given us the answer 80 far as the force law is (bie pes 
On earth, this law is F = ma. But to measure a on the space ship we 
need a system of reference, 7.e., & coordinate system which Eu us to 
specify distances and hence velocities and accelerations. This system 
must be different from that used on earth, since it must be available to us 
when we make measurements on the space ship. To compare the laws, 
then, we must introduce two systems of reference. 


There is, however, a simple relation between them. Let the axes of the 


h be denoted by 2, y, z. 
fixed rectangular system in the laboratory On earth be E 
À point 1.000 acid from its origin, located on the x axis, would then have 


T = 1,000 miles. Assume now that the space ship carries & id ca 
tem of axes whose origin is at rest in the ship. ! o ius B 
respect to this system will be called 2’, y, 2. thes à od wit 

constant velocity v along the 7 axis of the laboratory system, 1 pom 
will be at o£ when the time i$ t (provided the two origins coincide at 
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t — 0). An object, located at x’ b 
distance z' + vt from the ori 
observer would call this distan 


y the space-ship traveler, will be "us 
gin of the zyz System, and the ear 
ce z. Hence 


.18) 
z-—r—y m 


This equation, which relates dist, 
forms a kind of kinematical dicti 
from one system to the other, 
interest and is called the Galile 
Let us now see about the law 
Clearly a = dx /dt?, 
Space ship is o/ = dx! /dt?, 
d?x/dt? 


ances in one system to those in anatas A 
onary, used for translating paw 
Although it is very obvious, it is of gr 
an transformation. 


frame fixed to the earth is 


not. The result 


we have foun 
valid in all inerti 


al systems, 


: . ience 
rvation bears this out, The sudden jerk we experie’ 


"n . 1 into 
arts or stops indicates a non-Newtonian force called i 
€ train has ceased tobeani 


t T 
ily be traced to this cause. Tẹ seems to be the characte 
of these so-called fictitious forces that th 
on which they act. 


Curiously, this is true for gravity also—could it be 
then, that gravi 


at 
Q force arising from the fact € 
€ in the wrong system of reference? Consideratio 


s h 

n’s general theory of relativity, er 

But we shall return to simpler matters and surv: 1 

the Consequences of the “invariance” of Newton’s laws for all inerti& 
systems. 


For one thing, it is a blessing, 
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view; one is as good as another, and we cannot tell which system is moving, 
and which is at rest. This is perhaps the most important consequence 
of our present study. It may be expressed by saying: Newton’s laws are 
unable to specify the condition of absolute rest; all motions are relative. 
This is one of the points made by the theory of relativity. 

At the beginning of the twentieth century a very peculiar difficulty 
arose. Other laws of physics, notably the law of propagation of light, had 
been discovered, and it turned out that these laws did nof retain their 
forms in all inertial systems. To put it mathematically, when the trans- 
formation from z to z/ was made in accordance with Eq. (7.18), the laws 
were changed. The desirable feature of relativity was apparently lost. 

To Einstein and others this indicated that something in the theory was 
Wrong. It would be natural, perhaps, to suspect the laws. But careful 
experiments! proved them beyond suspicion. Einstein postulated that 
the transformation (7.18) is in error, that the simple, ingrained notions 
We have about moving systems are false. More than that, he showed 
What the transformations restoring relativity must be. Before we write 
them down here, let us comment on & feature of the Galilean transforma- 
tion which may have gone unnoticed. , . 

Equation (7.18) says that measured distances, z and 2’, are different in 
different inertial systems. On the other hand, there are two things which 
change in every system, distance and time. The time, however, appears 
only as t, i being absent. This reflects what Galileo and Newton 
believed: time is the same in all inertial systems. 

Einstein found that no relation of the type (7.18) can restore relativity 
unless it also involves the time. In fact, he had to write two equations 


instead of (7.18): A 
zu A gem. (7.19) 


tana OO vro 0H 


Here c is the veloci i lto 3 X 10? cm/sec. 
elocity of light, equa i p 
The first of these is quite similar to (7.18); indeed it reduces to the 


Galilean equation when v « c, for then the square root in the denominator 
becomes 1. For all ordinary velocities encountered in daily life, (7.18) is 
a good approximation. The second of Eqs. (7.19) says in effect that time 
does not flow at the same rate in two inertial systems. The time meas- 
ured with a clock on the space ship, i’, is different from the time, f, 
measured by the terrestrial observer with his clock—no matter how care- 


! The interested student will look up the experiments of Michelson and Morley in 


any book on modern physics. 
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. " tis not 
fully these clocks are adjusted. But the difference between ge 2 
great for ordinary velocities, for if v X c and z is not too great, 


i i trans- 
nearly according to (7.19). This is precisely what the Galilean 
formation implies. 


In the atomic and the astron 
tance of Eqs. (7.19), which ar 
tions, is great indeed. Elect: 


impor- 
omical realms, however, the novel -— 
e called the Lorentz-Einstein trans! 


occur. Rapidly moving clocks 
contract in the direction of their i 
which are simultaneous when see; 
another. Every one of these oce 

i ransformations and ha; 


n in one inertial system are Deer 
urrences is a consequence of the Lorer E 
S been verified carefully by iar E 
them wrong; conversely, these fac 


bullet 
Which bullet Strikes the ground first? How far does the first 
iking the ground? 


Neg- 
fired at an angle of 40° with a muzzle velocity of 2,500 ft/sec. 
ance, find its Tange and th i 


travel before str: 
2. A shell is 
lecting air resist; 


€ airplane releases its bomb at an altitude of 1,200 ft. (a) ES 
the time that has elapsed when the bomb hits the Eround. (b) Find the distan! 
between the point directly below the airplane wh, 
where the bomb si 


6. A 50-caliber shell fired upward at an angle of 30° and directly to the left from ^ 
bomber flyin, 


at 5,000 ft altitude at 300 miles/hr misses the target 9 
to the ground, 


gle 
i "Ding no air friction and a muz 
; Where will the shell hit the ground? 
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of its initial velocity? (b) How high will it rise? (c) How long will it remain in the 
air? (d) What is its range? 

*3, Using Eq. (7.5) determine the general expressions for the range and greatest 
height of the projectile as functions of @. (Hint: When y is maximum, dy/dx = 0.) 

9. By setting dR/d@ equal to zero in Eq. (7.6) show that maximum range is 
obtained when 0 = 45°. 

10. A mass mı, projected from the origin at time ¢ = Oye initially aimed Renaa 
ms at the point (x’,y’). If ma is allowed to fall freely at ¢ = 0, show that the masses 
will'collide in mid-air! Find the expression for the time at which they collide. 

11. A projectile is shot off with an initial velocity V making an angle 0 with the 
level ground. The projectile reaches a maximum height h and returns to ground T sec 
after it is fired. Neglecting air resistance sketch roughly, with time t as the abscissa, 
the following graphs: (a) the height y vs. t; (b) the vertical component E MODE 
vs. t; (c) the horizontal component of velocity v= vs. t; (d) the acceleration a of the 
Projectile vs. t. 

12. For a raindrop of diameter 2mm,t 
0.01 gm/sec. Find its terminal velocity. 

13. A circular curve of radius 400 ft is to 
to accommodate automobiles traveling at 
of banking. 

14. A boy and his bicycle weigh 1 
Coefficient of friction between the tires an 
the smallest circle that the boy can exec 


he value of b in Eq. (7.10) is approximately 


be built ina highway. Itis to be designed 
30 miles/hr. Determine the proper angle 


60 lb and travel with a speed of 10 ft/sec. If the 
d the ground is 0.4, determine the radius of 
ute on horizontal ground without slipping. 


hat angle must he and the bicycle make with the vertical in executing this circle? 

1b. A railroad train travels along à track coincident with the equator ina direction 

Opposite to that of the rotation of the earth. When ue train at resh a spring 

balance, su; 3ing of one of the cars and supporting a certain mass, 
spended from the ceiling of on 

reads Ww i If the train is traveling with speed v, show that the balance reads very 


nearly 
2 
wew (1+7) 


kii i i nd g the acceleration of gravity. 

Ein A a EE E, pid an vida] circle with angular velocity w, 
the length of his arm being |. Find the force exerted by his arm (a) P the top of 
the circle; (b) at the bottom of the circle; (c) when the ead ge a as 

17. A 2-ton airplane does a loop-the-lo sere ee oes eed ni se 
the radius of the largest loop that the airplane can make without tendency to fall at the 


top? 

"ta. A man weighing 150 Ib leaps from an airplane and floats to the ground sup- 
Ported by a 50-Ib parachute. The retarding force of the le the parachute i 
Proportional to the velocity. The man reaches the ground with a uae m. locity 
equal to that which he would have acquired in falling Re ng parachute from an 
8-ft wall. What is the value of b for the man and parac ita à à A 

19. A lightproof soundproof railway car travels with a consi ba E v munaa 
circular track of radius R that is banked at an angle 6 = = v?/gR. fn ae 
direction will a plumb line suspended from the ceiling of t e = paint e a 
experiment can a man in the car perform to show that he is accelerated with respect 


to the earth? (Assume he does not know the value of g.) 


op with a 
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4 H Neg- 
*20. The balls of a steam-engine governor (see Fig. 7.14) weigh 10 Ib wo is tho 
uie the weight of the arms find the angular velocity of the governor. 
tension in the supporting arms? 


oo 


Fic. 7.14. Problem 20. 


a ar 
*91, A hemispherical bow] of radius a is rotated about its vertical axis with an it 
Velocity w (see Fig. 7.15), Jf a marble of mass m is placed in the rotating bo cae 
ultimately settles at & point a distance d from the axis. Find d as a function 0 


i 
Fro. 7.15, Problem 21, 
*92, Integrate Eq. (7.9) to obtain 


23. Equations (7.19) Suggest that a Movin, 
of its motion by the factor. i * 
ously. Compute the shortening of a plane of length 200 ft i ; rocke 

A at 300 miles/hr; of a t 
of length 100 ft moving at 3,000 miles /hr; of an elect; i -10 em) moving # 
one-half the velocity of light. ý “tron (diameter 10 em) 

24. According to some modern theories the most distant stars travel away from us 
with a speed nearly equal to c. at Would be their Shapes with respect to a ter- 
restrial observer? 
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8.1. Newton’s Third Law of Motion’. The usefulness of Newton’s 
second law must now be apparent. It was the key to the solution 
of all the problems discussed in the preceding chapter and will continue 
to be of importance in the subsequent portions of this book. Before 
going on, however, attention must be given to the third law, which, 
when coupled with the second, provides the entire blueprint of the sub- 
ject of particle mechanics. Thus far the third law has been mentioned 
in only one instance: it served to make clear the distinction between 


centripetal and centrifugal force. f i , 

“For every action there exists an equal and opposite reaction" is a 
simple statement of the third law. Action and reaction are literal trans- 
lations from the Latin; each is meant to represent a force. A more 
modern version of the third law would be: For every force there exists an 


equal counterforce. 

Those untrained in physic 
Second and third laws of motion. 
tional to the resultant force and the 
have a counterforce, this pair adding uP bc 
accelerated? 


The answer is simple. Force and EUS 
body. The resultant force producing acceleration is the sum of all 


forces acting on the body under up this sum does not include 
the reacti le will make this clear. N : 

B e aiu bs pe Two forces act on the book, its weight mg 
and the upward push of the table top. It is in oe ent because these 
two add up to zero. The reaction to mg 1s an equal and opposite force 
by which the book attracts the earth; as stated, it isa force on the earth. 
The reaction to the table’s upward push on the book is a downward push 


by the book on the table. 
ES ilibri der the action of three forces: the down- 
The table is in equilibrium un iio cien tolit My and tin 


w E itude mg; 
ard pats of the Book, o Ted, These three add up to zero. Their 


upward f. by the earth. 

sh iei d been by the table on the book; pull by table on 
earth, of xus eni Mg; push by table on earth of magnitude (m + M)g. 
This kind of analysis oan be continued almost indefinitely; the student 


s sometimes see & contradiction between the 
If acceleration, they say, is propor- 
third law requires that every force 
how can a body ever be 


counterforce never act on the same 


*Review Sec. 2.2. i 
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Wht er 
might be interested in seeing whether e n is in equilibrium und 
ion of the forces thus far enumerated. . m T 
ud does the third law hold for bodies in equilibrium; it E hen 
true when there are accelerations. When a diver pp ae ten wes 
the water surface, the earth is actually coming up to meet eh lo uf 
it moves only through an infinitesimal distance. For if the pe d: 000g 
say of mass 75 kg, has an acceleration g and therefore a force o deis Do 
dynes acting on his body, an equal and opposite counterforce proxi: 
accelerating the earth upward. Now the mass of the earth is ap 


al 
mately 6 X 10% kg; its mass times its acceleration must also 102), 
75,000g dynes. "This makes its acceleration equal to 75,000g/ (6 X A 
or about 1.25 x 19-5 €m/sec*. The reader will doubtless be Mee 
in computing the distance through which the earth moves in welco 

the diver, assuming a certain height of dive. 


Fic. 8.1, 


"Tractor pulling a harrow. f 

ro 
8.2. Example on L Figure 8.1 represents a tracto 
mass m, pullin 


The 
over the earth of mass M. 


8 
ractor motor the earth exert 
4 propelling force F upon the tractor; the harrow, on the other hant 
pulls on it with a force Fy, Fy and F, ar 

need not be equ 


e not action and reaction a” 
al in magnitude, 
The harrow is Subject to a forward force P, 
and a backward drag, due to the earth, F,. i 
But Fs is the reaction to p, hence (the F's 
tudes of the forces) 


r 
exerted by the em 
These two need not be ed is 
here refer only to the ma£ 


F: =F, (8.1) 


=F, (8.2) 
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Assume now that mı and m» move forward with a common acceleration 
a. Applying Newton’s second law to the tractor we find 


F, — F: = ma (8.3) 


Applying it to the harrow, 
F — Fs = ma (8.4) 


Only when a = 0, that is, when the system moves with constant speed, 
will F, = F, and F; = Fy. In that case all the forces drawn in Fig. 8.1. 
are equal. But let us assume again that a ^ 0. The earth, too, must 
then have an acceleration A, which is given by 

F, — Fs = MA (8.5) 


If we add Eqs. (8.3) and (8.4) while using Eq. (8.1), we find 
F, — F, = (m + maja (8.6) 


This result says, interestingly enough, that we should have been justified 
In treating tractor and harrow as one system provided that we considered 
only the external forces Fı and F4 as acting upon it; F» and F; are internal 
in the sense that they represent forces of one part of the system on 
another. 

On applying Eqs. (8.2) to Eq. (8.5) we obtain 

R- F,= MA 

and comparison of this result with Eq. (8.6) shows that 
—MA = (m + m3a 
by applying Newton’s third law 
dtractor-harrow. It shows that, 
rd, M is accelerated backward; 


This is nothing but what is also found 
to the two interacting systems, earth an 
While m, and ms are accelerated forwa 
furthermore 

A=- mim a 
From this one may show that, whatever motion is performed by the 


tractor-harrow combination in one direction, that same motion is exe- 
se direction, but on a scale which is 


cuted by the earth in the rever 1 
diminished in the ratio of mı + ms to M. Inthesamemanner the motion 
9f every object on the earth's surface produces its miniature counterpart 
In the earth itself. S . 

8.3. Work and Energy. In the present section we shall introduce 
Several new physical quantities. Their definitions will seem strange and 
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i ite of 
nrelated to what has preceded. But let us learn them = eee tios 
their apparent strangeness. In the next section we shall E 
beautifully they coordinate themselves with the laws of e -— 
'The first quantity is physical work. In E MEE bs tn 
loosely defined as any kind of effort or exertion maintained 3 ae 
In physics, work is force times distance. This statemen ie be siti 
precise, for it does not say what force and what distance are a moves 
plied. But it is good enough for cases in which a constant o Aat 
an object in the direction in which the force is applied. m ie 82) 
pushes a mass m over a horizontal plane through a distance d : d 
it does an amount of work equal to Fd. If F is measured in aper is 
in centimeters, the work is given in ergs. One erg (Greek ergon, y abqos 
the work done when a force of 1 dyne acts through 1 cm. It is the -— 
lute unit of work in the cgs e 
F 7 Notice that the work WE pt 
depends only on F and d. AS deo 
the mass moved nor the bad 
i motion 
22 8 ts aou. “a same whether t i 
mass moved is a pound or a ton; whether the motion takes a secon m 
Year. Furthermore it is quite immaterial what speed the mass acq 
While the force acts on it. 
Again, when a bod. 


v? — v = 2gh 
and on multiplying by m/2 we see that 


7) 
mgh = Ym — nw? G 


ions of work ar 


P ; stion. 
The physical dimens e, in accordance with our definition» 


those of force times distance, 

[W] = UMLT-5r) = 
Equation (8.7), if correct, 
[W]; this is easily verified. 


[ML?7-2] 


* " " n of 
implies that Yep also has the dimension 


Dame] = MILT- = [ML?T-:] 


: ten 
] ymbol W for work, although it was previously of 
used for weight, 
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One may interpret Eq. (8.7) by saying: The work done by gravity equals 
the increase in the quantity }4mv*. As we shall see later this quantity, 
amv, has a significance far more general than the simple example here 


chosen would indicate. It is called kinetic energy and is also measured 


in ergs, as shown. 

8.4. General Definition of Work. The definition of work given in the 
Preceding section is imperfect in two respects. 

1. The force may change during the displacement d. We have not 
Specified what value of F must then be taken in forming the product Fd. 

2. The motion may occur in a direction different from that in which 
the force acts. In Fig. 8.2, for example, F might be applied at some angle 
with the horizontal. In that case, will the work done still be Fd? Or 
in the gravitational problem, if the body, instead of falling through a 
distance h, had moved horizontally through the same distance, should we 
still say that gravity had done an amount of work equal to mgh? pi 

The difficulty referred to in item 1 can be removed only by dividing 
the total distance over which the motion occurs into segments so small 


that F may be regarded as constant 
Over each of them. When the | ds 
Spring of Fig. 8.3 is drawn out from + : 


?: to x2 by the force of the hand, E 
this force must be proportional at Fd 
any point such as P to the distance i 
z from the hears point O, since it is the reaction to ie force exerted by 
the spring on the hand, which in turn obeys Hooke's law (cf. Sec. 4.1). 
, s i " 
Ver each small interval, F is sensibly constant. : 
Mathematically what "has been said amounts to this. Instead of 
efining work as force times distance We define the element of work done 
uring an infinitesimal displacement dz as 
dW =F dz (8.8) 
The work must then be found by integration, and this can be performed 
only when F is known asa function of x. In the present instance, F = ka, 
Where & is the stiffness of the spring. 
herefore 
dW = kx dz 
W= L ke dx = Mk(z? — 2i) (8.9) 
zi 


This represents the work done bY the hand in pulling the spring from 


KS e i ite so obvious. Clearl 
What should be done about item (2) is not quite so obvious. Clearly 
the work must be different in cases where the same force produces the 
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. the dis- 

displacement, where it acts at right angles and where it uem delit 

siis "Theory becomes simplest if we accept the praxi eL 
iu: Let ds be an elementary displacement, F the force doing 


is (cf. 
and 0 the angle between F and ds. Then the element of work is 
Fig. 8.4) 


8.10) 
dW = F ds cos 0 ( 


——ĖŐ— 


and this agrees with Eq. (8.8) when 6 = 0°. 


i ther 
Equation (8.10) permits o ic 
à il. i i ee from Fig: 
pee} interpretations. We s ped 
vem \ 8.4 that ds cos @ is the comp 


in the 
of the displacement vector in th 
um ‘ direction of the force. hae 
etes] F is the force times the a Rm put 
Fig. 8.4. dW = Fas cos 0, in the direction of the forcé — 
we may say with equal justic dis 
e force in the direction of the 
nt of force along ds. 
E ide when force and displacement 


os 6 is the comp 
(8.10) no work i 


be equiv- 
as we shall soon show. 
ds are in Opposite di- 
rections, à = 4 and cos = — l. The 
work dW is then negative. 
then has work 


Fic. 8.5. In the calculation of T, 
of amount 9 is often a variable. ody 
— mgh units of work. When a ae " 
mgh units of work, this time pcs 
à Ver Work is done against no retar 
force, kinetic energy is Produced, 


h, Iam doing positive work 
mgh against gravit; 
falls à distance 7, 


g force, Whene 


ston 
à Lee d 8 ds are drawn. The definiti 
(8.10) still holds, but in integ d ; the angle 0 isa variable, and 
calculation of W may be difficult. q 


path, as in Fig. 8.5 where tw. 
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of Eq. (8.10), in which ds and cos 8 are expressed in Cartesian coordinates, 


is very useful. 
From Fig. 8.6, 6 = 0: — 62; hence cos @ = cos 61 cos 62 + sin 6; sin 6». 


Therefore 

dW = F ds(cos 0; cos 62 + sin 6: sin 62) 
But Fcos0;— F. Fsnw =F, 
and ds cos 62 = dz ds sin 2 = dy 


because ds is the vector whose rectangular components are dz and dy. 
Equation (8.10) may thus also be written 
in the symmetrical and simple form 


dW —F,dz--F,dy (8-11) 


8.5. Units of Work. The erg has al- 
ready been defined as the work done when 
a force of 1 dyne acts through 1 cm in its 
Own direction. In the mks system the 46.8.6, dW =Fedz + Fy dy. 


newton meter, or joule (after James Pres- 
cott Joule, 1818-1889), is defined as the work done by 1 newton acting 


through 1 meter. One joule clearly equals 107 ergs. Of lesser impor- 
tance than these two is the foot poundal, defined as the work done by 
1 poundal acting through 1 foot. These three are absolute units of work 


because they are based on the absolute units of force. 


To find the relation between them, we convert as follows: 
1 ft poundal = 1 X (30.5 cm)(13,850 gm cm/sec?) 
= 422,400 gm cm?/sec? 
= 422,400 ergs 


approximately, because 
1 ft = 30.5 cm 


and 
eal poundal = 454 X 30.5 dynes 

There are three corresponding units of work that are derived from the 

gravitational units of force. The foot pound is the work done by 1 pound- 


force over a distance of 1 foot. The gram centimeter is the work done 
of distance. These last two units, 


by 1 gram-force over 1 centimeter 
however, are not employed in this book and are listed here only for 
completeness. The kilogram meter is the work done by a kilogram-force 
Over 1 meter. Clearly 
1 gm cm = 980 ergs 
1 ft lb = 32.2 ft poundals 
which were explained in Sec. 6.3, gives 


The multiplicity of force units, S pet ym 
multiplicities of units in all quantities 


rise to similar and equally annoying 
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: d ion 
that are derived from forces, as work in this instance. To avoid pem 
the reader should review Sec. 6.3, and particularly Table 6.1. 
give a similar table for the units of work. 


Table 8.1. Units of Work 


In the cal 
with respect to thi iti 
connection with an equation li 
Since it contains no force, i 
units. Here it must be ri 
use of the absolute form of 
left is in absolute units. 
is expressly stated. on- 

8.6. Worked Examples. a, The engine of a freight train exerts a C “A 
Stant force of 6 tons on the train. How much work does it do ove 
horizontal distance of 1 mile? The answer is clearly 


W = 12,000 Ib x 5,980 ft = 6.34 X 107 ft Ib 


4 the 
b. A boy pulls a Sled by a rope which is inclined at 30° with t 
horizontal and i 


in 
18 under tension of 10 |b, How much work does he do 1 
drawing the sled 100 ft? Answer: 


W = 101b x 100 ft x cos 30° 
€. How much work i; 
a smooth incline making an angle ¢ with the horizontal? The answer a 
this example is not unique. To move the mass up we require at leas 
a force of Magnitude the weight) along the plane 
If the force ig greate: with an acceleration, t€- 1 
will acquire kinetic 


= 866 ft lb 


in 
^ Onstant. If m is expressed ! 
grams, lin centimeters, and g= 

But we note that 1 sin $- 
caleulated is therefore the wor 


the mass vertically from A to 
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One can also work this example with the use of Eq. (8.10). To be 
precise, we shall compute now the work done by gravity when the mass is 
allowed to slide slowly down the plane against a suitable retarding force. 
Then 


W = mgl cos 0 (8.12) 
Where @ is the angle indicated in Fig. 8.7. But cos 0 = sin ¢; hence 
the same result is obtained. In this B 


case, if there were no retarding force, 
the work done by gravity would 
Obviously be the same, for the value 


A h 
of the force of gravity is mg regard- 
less of whether or not there is an 
Opposing force; but the velocity of 
A 


the mass at the bottom would be 
different. Fic. 8.7. Work done on an incline. 
d. If the incline in the preceding ; 
example is rough, the coefficient of friction being », then the work done 
is (cf. Fig. 8.7) 
W = (mg sin ¢ + umg cos 4)! = mgh + umgd (8.13) 


It is the same as though the object had first been moved from C to A 
Over a surface of equal roughness and then lifted against gravity from 
A to B. 


Suppose the train in Example a had moved a distance of 1 mile up a 
grade of steepness 10°. The answer 


computed previously was the work 
done against friction over one hori- 
zontal mile. The total work in this 
instance is the previous answer 
multiplied by cos 10° plus the weight 
of the train multiplied by 5,280 ft 
x times sin 10°. 

e. Calculate the work done in 
HIG BBs moving a mass m from A to Bagainst 


Bravity along the path drawn in Fig. 8.8 (solid curve). Consider the 
displacement along ds. The element of work, from Eq. (8.11), is 


dw = F; de + Fy dy (8.14) 
But F, = 0, and F, = mg, a const. Therefore 
dW = mg dy 
and W = mg f, % qy = mglys — ya) = mgh (8.15) 
V. 


Curiously enough the result is the same as though the mass had been 
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raised vertically through a distance A T 


n 
he same result would have bee 
obtained if the mass h 


: he 
the round trip is zero. Es 
y closed circuit against P ook 
; hàve this property of giving able 

the other. Friction is a no 
exception. 
8.7. Conservation of M 
acquaintance w: wir 
of energy, created or destroyed.” A body 


s into 
j When it falls, this is converted * 
A coiled sp 


into kinetic ene 


dy 
dt dz = dy %2 =vdv 
Therefore Fdw dv 


Suppose the displacement is from z, to zs and the velocity of the body 
of mass m at x, is vı, the velocity at T2182, We may then integrate on th 
left-hand side between the limits z, and 72 on the right-hand side betwee”? 
the corresponding limits, 


Eż] v: 
P F dz = m f vdv = Yam? — Ymo, (8.16) 
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The first integral cannot be evaluated unless F is given as a function of x. 
Whatever this function may be, we can introduce the symbol U for the 


integral of —F, as follows: 


Z4 fra (8.17) 


U will then also be a function of 2; it is called the potential energy of the 
mass when it is in the position z. 


Since [rris f Pdr- fora 


Eq. (8.16) reads 
Ul a Ul. = Yímw!|.. 3" Yámv'|., 


or, on transposing, 
Ula, + mola = Ul, + m*a (8.18) 
Nd. 


If, as before, we call the quantity }gmv* the kinetic energy, Eq. (8.18) 
can be expressed verbally by saying: — 
The sum of potential and kinetic energies a 


Potential and kinetic energies at zz. " 
This analysis has been somewhat abstract. Let us see what it means. 


When a body is thrown upward, it passes à point a distance xı above- 
ground with velocity v, [we here call vertical distances x to conform to the 
Notation of Eq. (8.18)] and a point a distance z» above ground with 


Velocity vs. In this case 
U(x) = — i (—mg)dx = mgz (8.19) 


t xı is equal to the sum of 


(the minus sign before mg indicates that the force is downward, opposite 


-to dz), and Eq. (8.18) reads 


= qoo 
mgz, + 1m? = mgzs + dams! 


d be verified by reference to Sec. 5.6. 


The cor ji tion shoul 
rectness of this equa vibrating spring, for which 


As another example we consider à 
To= [^ (—kz)dz = lékz? (8.20) 


To understand this we may refer to Figs. 8.9a and b. In (a) the spring 
is in its neutral position, with the mass m at 0. In (b) the spring has 
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is to the 
been drawn out a distance z beyond 0. The force on the mass is 


s itive to the 
left and of magnitude kz (cf. Hooke's law); if we reckon z positive 
right, the force on m is — kz. 


Equation (8.18) reads in this case 


8.21) 
Mike? + mvi? = Vias + Ymy? : 
Here a and z» are any two values of z. The quantity 
CH UTE E 8.22) 
E = Ukr? + ym ( 
mU a i ena 
is therefore constant th 
Said to be conserved, 


8.8. Meaning of Potential Energy; 
the physical Significance of the qu: 
m 


is 
roughout the vibratory motion of the mass. It 
ab 
Motion in Two Dimensions. T 
H antity U, which mprhemp lioe SE 
siderations haveled us to we work 
On recalling the definition o eed 
[Sec. 8.4, Eq. (8.8)] it is imt E 
<E Eq. (8.17) that U is the i mb 
the work done by the force in 
b displacement from 0 to x. d it 18 
Y í put it the other way around, d 
A the work done against the qu 
meaning of mgz in connection 
stic spring. 


This is the 
x? for the ela, 
8 us that the s 


2mv* change thei 
say that the constant sı 


and the dimension of 
body, i.e., energy (Gre 
energy; my? ig kinetic e 
observe a continual 
energy (Ey). 
Consider an elast; 


» in} ergon, work), 


nergy. In the mot; 


:dored W 
ions thus far considere 
Interco; 


:netic 
nversion of potential (Es = U) into kinet 
ic ball bouncing up and down. At the instant p 
it strikes the floor its E, is Zero, and its Exn is a maximum. At the : 
of its bounce E, is a maximum, and Ex, is zero. 'The vibrating spana 
has maximum Es and zero Ey, at either end of its path, zero Brot E 
maximum Fy, at the middle. In fact We can use Eq. (8.21) to find t! 
speed of the end Point of the g 


i 
i Pring for any displacement if we know 
maximum extension z.. For we note that 


Paka? + lega Ukta? + 0 
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so that the speed v at z is 


v= JE Gt 2% (8.23) 


ork resident within a body; the energy 
that a body possesses equals the work it is capable of doing. From this 
Point of view potential energy is latent work due to position or configura- 
tion, and kinetic energy is latent work due to motion. Indeed mv? 
is the work a body does while its speed is reduced from the value v to 
zero. This is obvious from Eq. (8.16) if we put vı = 0. 

The principle of conservation of mechanical energy, Eq. (8.18), which 
may also be put in the form 

Ey + Buia = const 


does not always hold. It fails, for example, when the spring is subject 
to frictional forces or when the bouncing ball is not completely elastic. 
In such cases heat is generated. Butit will be shown later that heat, too, 
is a form of energy, so that, when à term corresponding to it is added onto 
Ex, and Hy, the sum of the three is constant. Zu + Ey is said to be 
the mechanical energy of a system. Thus, while the mechanical energy 
of a system is not always conserved, the total energy, which includes all 


forms of energy, is constant under all known conditions. 


Conservation of mechanical energy holds not only for the case of one-dimen- 
sional motion discussed in the preceding section. If motion takes place in two 
dimensions, Newton's law states 


Energy is sometimes said to be w 


dv. 
Fe =m 
dv, " 
Fami 


Multiply the first of these by dz, the second by dy, and add. 


dv- dv, 
Fede + Fudy = mg dt 2 


= m(vedvz + vydvy) (8.24) 


If we now put 
= ie (F,dz + F,dy) = U (8.25) 


z=0,y=0 
y, we can integrate Eq. (8.24), 


80 that U is a function of the two variables 2, 
obtaining 


2: 
Put yml? — vi?) 
ziy: 


V _ ym? 
ziy: 


ziy: 


ul 2 1m 4 9L, 


e 
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and on transposing we have 


2 

U + 24mv,? = Uus + Hm 

cal energy. he 
that we have not eme. 

i ith the caleulus will doubt, 

Student who is thorough| "intera repress 

ians. To say that U is a Mm 

Which appear as its upper limit, is not generally ear the 

Only when it is correct ma. i ntial energy and spea. er for 

It may be shown that it is prop 

most forces encountered in mechanics, 

If F. or F, depended on th 
moving particle, an integrati 
law. Forces depending on v, like fri 
mechanical energy, are said to be nonconservative forces. when & 

8.9. Summary on Work and Energy. The infinitesimal work done 
force acts through a distance ds can 


ig f the 
e velocity of motion as well as on the ponon se 
on of Eq. (8,24) would not lead to the conse 


aW = F ds cos 9 
and — aW = F, dz + p, dy 
j force 
gle between the Positive direction of p and ds. When sc the 
d in the direction of the displacement, the first formula ta 


where @ ig the an, 
is constant an 
Simple form 


Same physical dimension as work, viz., 


two forms, 
always given by the for. 
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The principle of conservation of mechanical energy says that the total mechan- 

ical energy is constant. 

E = Ey + Eria = const 
It is not generally true, but only when forces like friction, which convert mechan- 
ical energy into other kinds (usually heat), are absent. 

The principle of conservation of energy says that the total energy of an isolated 
Physical system is constant. It involves consideration of all kinds of energy, not 
only mechanical, and is believed to be always true. A steam engine transforms 
heat into mechanical energy; the electrical generator transforms mechanical into 
electric energy; a vibrating string transforms mechanical energy into sound, and 
80 forth. : ' 

This principle is one of the most useful generalizations of science and has led 
to numerous discoveries. There is no reason to suppose that . its validity is 
confined to the nonliving world. All available evidence points to its operation in 
biological processes as well. i 

The potential energy under gravity, mgh, depends on the choice of level from 
which the height Ais measured. A convenient and common choice is the ground 
at sea level. It should be emphasized, however, that only difference in potential 
energy and’ hence differences in height occur in actual applications of the energy 
principle. This is clear from Eq. (8.18), or the equation following Eq. (8.19), 


which may be written 
sgm? — v?) = mg(zs — 21) 


Hence the choice of zero level for the potential energy has no effect on the physical 


Situation, E 
8.10. Efficiency of Machines. The 
action of machines, analyzed in Sec. 3.18 
from the point of view of forces, can also 
be understood by an application of the 
Principle of the conservation of energy. 
_ For example, if a lever (see Sip rd Fia. 8.10. The lever. 
isi hr icti is absent, 
ca sind: ee when both arms are given a slight displacement. 
Hence, as F, acts through a distance d. and F; through ds, the output work must 
equal the input work. 


Fido = Fidi 
But since d,/d; = l;/l;, this condition is 
Fo _h 
É 4 


as was previously found [Eq. (3.13)] P s 
For the wheel and axle (Fig. 3.21) the energy principles 


Fa = Frid 
1 (Review Sec. 3.12.) 
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; ical 
6 being the angle through which the wheel is turned. This leads to a mechan’ 
advantage M = r;/r, as before. 


For the differential pulley we have (Fig. 3.22) 


T2— n 


F, — > 6 = Fir 
. rt- 
Here (r2 — 71)0 is the length by which the two ropes holding the weight are sho 
ened; one-half of it is the h 


; A in this 
eight by which the weight is raised. Again 
formula leads to the result previously obtained. 


T3 —15 
The efficiency of a machine is the ratio of its work output to its work input. 


W, 


Bf = 77 


We nt. 
In the preceding instances we have assumed the efficiency to be 1, or 100 per c 
Friction always red 


à tual 
P uces it to a lower value. If the ideal as well as the me 4 
mechanical advantage M. of a machine are known, its efficiency can be compu 
Let F, be the “ideal” output force, which obeys the relation 


Fd, = Fd; 
m . . p. is the 
ae actual work input is Fid;, but the actual work output is Fd, where Fo 
actual” output force and F’ < p. Hence 
W. Py, FoFi FSIP, 
Wi Fd; = did, ^ F,JF, 
by virtue of the Preceding equation, Since F/F; is M a, we have 
M. 
Ef = "M 
as was stated in Sec, 3.13. 
. enn A small motor can do a great deal of work if it is given 
ng time; a large one may be able t in a Sm 
time. It is said to b ie 


rS 
Obviously, then, power refe " 
e or with which energy can 


=W 26) 
du s G 
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If we recall Eq. (8.10), we find 


ds 
Pc cos 8 = Fv cos 0 (8.27) 


where 6 is the angle between F and v. In accordance with Eq. (8.26) 


one can define an average power, 

x wW 

Pu l—h 
provided W is the work done between the instants & and tz. This is of 
course the same as P when P is constant. In general P may change in 
time, so that it becomes necessary to distinguish between average and 


instantaneous power output. The obvious units of power are collected 
In addition to these the student 


in Table 8.2, which is self-explanatory- 
Table 8.2. Units of Power 


fps cgs mks 
a O — —— 
Abaolüte.; suecan stain ae se SOM (ft poundal/sec) erg/sec joule/sec = watt 
Gravitational. ... i... 00e ft lb/sec (gm cm/sec) Kkg m/sec) 


y used: 
/sec (cf. Sec. 8.5), is called the 


must learn the following which are widel 
1. The joule/sec, which equals 107 ergs 


watt (after James Watt, 1736-1819, who developed the steam engine). 
A kilowatt is 1,000 watts. While this is most often employed in electrical 


Practice, it is a perfectly good unit for all forms of power. 
roduced by James Watt (who experimented 


2. The horsepower (hp) int : 
with horses!) equals 550 ft ]b/sec, or 33,000 ft ]b/min. To find the con- 
d watts we write 


version factor between horsepower 2n 
1 hp = 550 ft Ib/sec = 550(80.5 cm)(454 X 980 dynes)/sec 
7.46 X 10° ergs/sec 
746 watts 


wow 


The kilowatt (kw) is so common a unit that it has seemed desirable to 
for uniform rate of working, 


introduce an energy unit based on it. Since, for ; 
e, the energy unit is the kilowatt hour 


energy delivered is power times tim e kilo 
(kwhr). It is the ak done when one kilowatt of power is delivered for 
one hour. l 

1 kwhr = 3.6 X 108 joules 
mmodity; power, being a time rate, has 


Energy, or work done, is 2 €O I 
for electric power—one pays for energy 


no price. Thus one does not pay 
at a fixed price per kilowatt hour. 
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As a simple application of Eq. (8.27) we calculate the power — 
by a locomotive that exerts a pull of 30,000 Ib and moves at 20 miles 
Here cos 0 — 1. Since 20 miles/hr — 29.3 ft/sec, we find 


P = 30,000 Ib X 29.3 ft/sec = 8.79 X 105 ft Ib/sec = 1,598 hp 


If it takes 25 hp to drive an autom. 


obile at 20 miles/hr on a level road, 
the force of fricti 


on F can be computed as follows: 


F x 293 ft/sec = 25 x 550 ft Ib/sec 
F = (25 X 550)/29.3 lb = 469 Ib 
8.12. Momentum and Impulse. In Sec, 8.7 an equation uud 
Conservation of mechanical energy was obtained from Newton's seco 
law of motion; the method Was to multiply both sides of the law 


i= m dv 
dt 
by dx and then to integrate. Another interesting result emerges when 
both sides are 


multiplied by dż 


s e 
and ihe integration is carried out. W 
then have 


F dt = mdy 
and on integration between tı and t; 
8 
[^ F dt = my, — my, nd 
equations, account has been taken of the vector char- 


tities F and v, This is necessary because a vector such 
plied by a Scalar like d 


5 he meaning 
of the integral e when we examine the 
CA mE E 
= ft .29) 
T= f'rar (8 


Do iN 
If F were constant, it Would be the force multipli ime during 

" ultipl: he time du 
which it acts. The quantit; d bythe 
duration as for a 
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Using Eq. (8.29) we can write Eq. (8.28) in another way. 
“Ij, I = mv: — mvi (8.30) 


The quantity mv appearing on the right-hand side is called momentum. 
The result may therefore be stated verbally by saying: Change in impulse 
equals change in momentum. 

Usually 4 = 0; that is, the force starts acting on the mass m at t = 0. 
The equation then states that the momentum change produced by a 
force is equal to the impulse of the force. For example, when a force of 
1 newton acts for 2 sec on a body of 10 kg mass initially at rest, it produces 
a speed v, which is given by 

Ft = mv 
or 1 newton X 2 sec = 10 kg X v 
v = 4 (newton sec)/kg = 1 m/see 


Notice that Eq. (8.30), being derived from the absolute form of Newton’s 
law, is valid only in absolute units. 

The units of impulse and of momentum, two quantities that have the 
same physical dimension [MLT~'], are of course the same. They have 
No special name but might be the gm cm/sec, or the lb ft/sec, or the 
kg m/sec. They must be carefully distinguished from units of power 


that have the same appearance 
ecause of the ambiguity of the 
Words gram and pound. 

8.13. Conservation of Momen- 
tum, By far the most interesting 
pplication of the impulse-momen- 
tum equation (8.30) is the simple 
na in which the quantity on the 
eft-hand side of it is zero. This 
Can happen in several ways. r 

First let us suppose there is no force whatever. Then I m zero, and 
equality of mv, and mv; simply implies the validity of Newton's first law. 
Nothing new is to be learned from this instance; there is obviously con- 
Servation of momentum in the absence of force. ME l 

Much less trivial is the situation in which two bodies interact, i.e., 
exert forces on each other. Call these bodies a and b, and consider their 
Motion as it is indicated in Fig. 8-11- In its mopon, ix. p to v eedem 
á istit every instant subject 0: 1010o Fa Set DO d a PE 
be elastic, electric, magnetic, or even due to bodily collision. Also, Fa 
need not be constant in time. : 

While body a moves from A at time t to B at time tə, body b moves 


Fic. 8.11. 
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from C to D. 


New- 
It is acted on by a force F, due to body a, and, by 
ton’s third law, 


"s (8.31) 
6 By 

2 in turn, we 
On applying Eq. (8.30) or, better, Eq. (8.28) to bodies a and b in tu 
find 


ts 
a Fedt = mau — MaVaı 
1 


ts 
I Fidt = my. — Ta 
1 


If we add these two equations and use Eq. (8.31), there results 


MaYa — MN a + Tui; — MeV = 0 


(8.32) 
Tuas d MVs2 = moy F Tuy 
rx eB ua LE Ere, 


The quantity on the left- 


; nd b 
hand side is the momentum of bodies a & 
(vector sum) after, the q 


B entum 
uantity on the right-hand side the e two 
beforethe interaction. When 


P one 
bodies are regarded as d " 
hing, vi physical system, the forces Fa in the 
mg, » mv are internal to this Saapa one 
pi sense that they are exerted 2 one 
part of the system upon aa “ds bY 

io may thus state Eq. (8.32) in wo 
LS saying: of 4 

The total (vector) momentum 

Mav; 


to 
physical system that is subject only 
internal forces remains constant. due t0 
If external forces, i.e., forces also 
9dies other than a and b, d 
e, for the total force on a is no 


‘ ]ways 
: ctually, interacting bodies are 2. 
Subject to grav: 


ity, which is 


ens 
: an external force, But it often happe?* 
for example, in Collisions and expl 

are much greater than th 


jon 
osions—that the forces of interact e 
of gravity, so that application O how 
Warranted as an approximation. Later we shall $ 
ces merely affect 


(cf. 
© motion of the center of sien 
system and that the relative motion of a and b is give 
Eq. (8.32) precisely, 


8.14. Explosions, Rockets, 


; soot t0 
; The explosion of a Stationary bomb is subjee” * 
the law of conservation of Momentum, g 


in£ 
momentum before bursti 


ince itg 
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n im bap momentum of all its fragments, when added, must still yield - 
Sopa. E a ep the my vectors drawn in Fig. 8.12 must form a closed 
roii en or d d into two fragments only, these would fly off in 
Nae a shell, of mass M, traveling 
ae Mes locity V, bursts in mid air. 
C mde al momentum of its parts after. 
My 2 ew still equals the vector 
&- E it breaks into two parts, one 
y. Ss M/3 and the other of mass 
E , and if the smaller one flies off at 

ngle of 30° with the forward direc- Fig. 8.13. Exploding shell 


n Me velocity of the second can be 
by this rule, Let V — 100 ft/sec, and let the velocity of the smaller 


f 
ragment be 300 ft/sec. We then see from Fig. 8.13 that, since 
[(M/3)v:] + [(2M/3)v:] = MV, 
2 ` 
x vı sin 80° = 5 Mv: sin 0 
M 5, cos 30° + $ Mos cos 0 = MV 


3 


T " 
he solution of these equations is 
300 ft/sec X 14 


tan g = LLLI 80°. = ggo fises — 300 ft/sec X 0.866 
= 37 — n cos 30° — 300 ft/sec — 300 ft/sec X 0.866 


tan 0 = 3.73 9 = 75° 
lu sin 30° _ 1300 ft/sec X 78 L 77.7 ft/sec 


"2 0.966 


s innumerable applications, the 


v2 = 37 sin 8 


The principle of conservation of momentum ha: 


Most interesting of which at present is probably to rocket propulsion. The 
Em 
m (a) 
<x EZ (b) 
m(v-V) E > 
(M-m)(Y-AV) 


Fia. 8.14. The rocket. 


gas and moves ahead, driven by the force of 
despread opinion, it needs no air to react 
n exhaust gases; the atmosphere is in 


€ ejects from its tail a blast of 
[T e from the blast. Contrary to wi 
gainst, for it kicks itself ahead from its oW 
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rases are 
fact an obstacle and reduces the efficiency of the rocket. As a rule, g 


M oo rst assume, 
expelled continuously to provide motive power; for simplicity let us first 
however, that the expulsion is intermittent, 

If the rocket of 


(M — m)y +FAV) — my — V) = MV 
Which reduces to 


(8.33) 
(M — may = mv 
The increase in kinetic energy resulting from the explosion, AZ, is 


,AE, 
Hml — Vy + agar _ m)(V + AV)? — 34 MV? = AE 
But only part of this, viz., the amount 

33(M — m)(V + Av)? — MV? = AR’ 

is the increase in kinetic energy of the ro 


: n the 
The waste is zero when V = », that is, n or 
18 expelled with the Velocity of the moving rocket. 


t 
at res 
ency and occurs when the exhaust gases are 
Telative to the earth, 


: ^ tio we 
ciency is given by AE'/AE, In calculating this rati 
simplify AE and AR’ with the use of Eq. (8.33) and finally obtain 


AS etc to it v: 
AE hi m heñ 
wi 
This shows that the efficiency of the rocket is m/M, and hence very small, 
the rocket is Stationary (V= 0). i 


noted. 
Tt is a maximum when y = v as already elocity 
n even the exhaust has a Lain a 
his is an entirely possible condi 


For higher Speeds it decre 
in the directi 


cte 
ib oxidize the fuel which then produces the dire 
ast. 

The most remarkable rocket 

V-2, 


ae 
stion products of alcohol. Since it pass 


it 
Oxygen. As a propellant, 
me quantity of alcohol. rin 
flicient to Produce a crater 10 ft deep and 40 ft in diame 
Some data concerning the y. are given in Table 8.3. ith 
In continuous Propulsion, mass is sent forth at a uniform rate dm /dt and W! 
constant velocity v. The thrust on the rocket is, by Newton’s second law, 


d 
P= Gy (ma) sw, 
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Table 8.3. The V-2 Rocket 


.| 46 ft Time of flight. 6 min 


.|5 ft 5 in. Time of propulsion 70 sec 

.| 27,000 Ib Max speed...... ..| 1 mile/sec 

.| 1,800 Ib (TNT) Terminal speed. . ..| 14 mile/sec 
215 miles Max power......-.+-+++- 500,000 hp 


A given thrust can be obtained by varying dm/d! and v, but keeping their product 
Constant. Now the power wasted on the exhaust products is 


dm . F? 
Fv = aq” = Gm/di 


e large. This means 


In order to keep this quantity small, dm/dé must be mad 
annot be frugal with 


that the rocket is wasteful either of power or of mass; it c 
respect to both. In designing rockets 
& compromise must therefore be made. 
Indeed, it is usually desirable to save 
mass rather than energy. 

8.15. Ballistic Pendulum. The 
Speed of a rifle bullet is sometimes 
measured by a device called a “ballistic 
Pendulum." It consists of a block of 
Lt Wood or lead (mass M) suspended 

Y a light rod or by strings, as in Fig. 
15. A rifle bullet of mass m and 
Sbeed v is fired into the block, and the 
i 8 over which the center of M 
vings out is measured. 
gum the bullet enters the block, 
€ latter moves forth with a velocity 
ius accordance with the principle of 
SES SARTRE Fra. 8.15. Ballistic pendulum. 


m» =(M+m)V (834 


s Principle of conservation of mechani 
™pact, for the bullet will certainly genera 


all kinetic, to the end of its swing B, where 


(M+ m) V? = (M + m)gh 


Now & = 1(1 — cos 6), so that 


TN 
y = /3glü — eos 8) = 2 Voisin 5 


6 
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: Ea. (8.34) 
The angle 0 = s/l. Hence V is known, and v can be determined from Eq 
provided that m and M are given. 


fter 
: e and a 

If we mistakenly assumed that kinetic energy is cainerved bafon 

impact, we should have in addition to Eq. (8.34) the follow ing: 


támo? = (M + m) y? 


n m) V, we 
After dividing the left side by mv and the right-hand by its equal, (M + 
have 


v=V 


s 8.34); 
When this is Substituted back into bd 
there results m = M + m, which is non chanice 
the bullet lodges itself im the block, emot o 
energy cannot be conserved; most of the 
Fig. 8.16. Oblique impact, the bullet is transformed into heat. 
8.16. Collisions, 


1 col- 

Conservation of momentum is the clue pie 

lision problems, These are usually difficult. To predict, for task tha 

what happens in detail when two bricks collide in mid-air is a fined 19 

defies the best mathematician. Our attention will be tid the 

here we shall not treat the general case in T ith the 
l, makes an arbitrary angle 6 (ef, Fig. 8.16) 


- Such an impact is called oblique. 
Shall here be interested in head-on 


= 0. In that tte Before Impact "m 
no change in the direc-  —————» 
tion of motion, 

Figure 8.17 


Masses m, and 


and u, before impact, Since Uo wy, 
they will collide. After 


mb 


Collision de x uns 
their Velocities are Va and v, We va impact bé 
Wish to find v, and v, when the veloci- Fi. 8,17 nem collision 
ties before impact, and the Masses are spheres, f 
given, 

Since mome 


mentum 
ntum of both spheres before impact equals mo 
after impact, 


(8.35) 
Matla + mu, = Ma + my, 


is 
3 eos. 5 ct! 
í ^ Kinetic energy is conserved only if the imp 
perfectly elastic, as I$ nearly true i 


res: 
rd balls and for steel sphe 
We assume this to be 


This is always true, 


the case, 


lm? T mau? = 14 


g 


Va? + mw? 
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If we write Eqs. (8.35) and (8.36) in the form 


Malua — Yo) = ™Ma(¥s — us) 
malui — Vo?) = mu(m? — ws) 


and divide, we obtain 

Ua F Us = Ub + Us 
or ws — Us = V — Ya (8.37) 
This means (cf. Fig. 8.17) that the relative velocity of separation equals 
the relative velocity of approach. It is now easy to see why kinetic energy 
cannot be conserved in the case of the ballistic pendulum, where the bullet 
remains lodged in the block and hence the speed of separation is zero. 

When m, = m, Eq. (8.35) reads 
Ua F Us = Ya + % 


When this is solved simultaneously with Eq. (8.37), we find 


Up = Ua Va = Ub 
The masses have merely exchanged their velocities on impact. 


8.17. Worked Example. A 5-gm rifle bullet is fired into the block of a ballistic 
pendulum, which weighs 10 kg. The block is suspended from cords 80 cm long 


and is observed to move along an are of 5 cm. 
a. Find the velocity of the bullet. 
Using the notation of Sec. 8.15, we find 


9 ae 
sing -3 (very nearly) 3 


BL 
si- 


cn 3680 2. = 17.5 ec 
Hence y-24/ sing = 2 A/980 X 80 z5 cm/sec cm/s 


= 4 
Now s; Mtmy [cf. Eq. (8.84) = 2,001V = 3.5 X 104 cm/sec 
m 


b. Find the work done by the bullet in penetrating the block. 


The energy of the bullet was 


34 x 5 X (8.5 x 104)? ergs = 3.08 X 10° ergs 


The energy of block and bullet after impact is 
34 x 10005 x (17.5)? ergs = 139 X lues 

s 
It is nearly all of the 


The difference is the work done in penetrating the block. 


initia] energy. 
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PROBLEMS 


earth on the sleigh and on the horse, 


of a rope 

Pulled along a horizontal surface for 10 m by are dynes): 

inclined at 60° to the horizontal with a force of 100 newtons (1 age the sled 

The coefficient of friction is 0.1. How much work is done in p 

What will be its final velocity? 

3. A mass, which ma: 
ew 


y move on]: 
dynes. Caleulate thi ork that m 


ponent forces P, = —4z, Fy = 
the origin to the point (3,3) 
work must be expendei 

then parallel to the Y axi 


d 
= 4 X 101 lb/ft.) ee 
ed the “monkey ”) a given heig 


he 
s of t! 

» driving it into the ground. If the mas 

he height, 18 ft, find t 


: sg, on 
al energy, (2) that the pile is weight io 
(b) Are these SM ERE stic, aP 
weighed 1 ton, the impact is not ela: 

Own together after impact? . ona level 
* A 2-ton automobile requires 18 hp to maintain a speed of 35 miles/hr the same 
‘at horsepower must it develop to travel up a 5° grade with 
Speed? along £ 
ile engine develops 69 hp at 3,000 rpm; it drives the a pearing 
level road at 50 mph. What is the force exerted by air, road, an 


Ho 
9. A 150-15 man climbs a circular Stairway to & height of 20 ft in 20 sec 
much energy does € expend? at horsepower does he develop? 1f the 
10. A motorboat engine develops g0 hp while the boat moves at 15 knots 
Screw is 20 per cent efficient, what is t] 

11. An airplane in l 


with the 
A ikes a horizontal Surface at an angle i 
izontal component of its 


d 
vide 
ana AVO momentum remains unchanged O ction 
that the surface is frictionless), Show that under this condition the angle of re 
is equal to the angle of incidence, 

*13. The pulley s 


E ust 
ystem in Fig. 8.18 has an efficiency of 0.8. How much work ™ 
be put in to raise the mass M = 20 jh a hei 


“tude 9 
Bhtof 5 ft? What is the magnitu 
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the input force? What is the theoretical mechanical advantage; the actual mechani- 
cal advantage? 


Fig. 8.18. Problem 13. 


* "n $ 
: 14. An automobile jack, operated by & handle 3 ft long, utilizes a screw of pitch 
3g in. When a 201b force is applied at the handle, the output force is2tons. Calcu- 


late (a) the ideal mechanical advantage; (b) the actual mechanical advantage; (c) the 
efficiency of the machine; (d) the input work required to raise a 450-Ib mass 3 in. 

. 15. A man operating a windlass raises a 40-Ib mass from the bottom of a 50-ft well 
in 80 sec, If the windlass is 90 per cent efficient, how much energy does the man 


expend? What horsepower does he develop? f 

16. A force that is constant in direction but variable in time is given by the relation 
F = 10% dynes. If this force acts on a mass of 35 gm from tı = 0.3 sec to ts = 0.7 
Sec, calculate the change in momentum of the mass. 

17. A pitched baseball weighing 0.4 Ib is hit as it crosses the plate horizontally with 
^ speed of 60 mph. It flies off horizontally at 80 mph. Calculate the change in 
Momentum of the ball. Find the force exerted by the bat on the ball, assuming that 
it is constant and that the bat and ball are in contact for 0.1 sec. 

18. A 100-ton cannon fires a 200-Ib shell, imparting to it a velocity of 3,000 ft/sec. 
(a) Find the recoil velocity of the cannon (assuming it is completely free to recoil). 
(b) Find the work done on the shell by the expanding gases. (c) Find the work done 
9n the cannon by the expanding gases. (d) Calculate the efficiency of the cannon, 


assuming that no is lost in heat. ^r 
18. Two cars pem fre Ie on each other at right angles. The first is going 
at 40 mph, the second at 20 mph. They lock together during collision and travel off 
at a common speed. Find their velocity (magnitude and direction) after collision. 
20. A 10-ton railway car traveling along & level track at 15 mph strikes a stationary 
10-ton ear. The two couple together and proceed up & 1° incline in the track. How 
far do they rise on the incline? (Neglect friction.) 


21. A simple is displaced 30° 
endulum 12 ft long 18 isp! k 
released, Deneve velocity of the bob at the instant it passes through the 


lowest point in i iction due to suspension or air resistance.) 
point in its path. (Neglect any friction di a 

*22. A ballistic ud 8 ft in length and using & 10-Ib block, swings through an 
angle of 30° when a 0.06-Ib bullet is fired into the block. Calculate the velocity of the 


bullet, 


from the vertical and then 
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*28. Suppose a pendulum of length 1 is suspended along a flat vertical surface (see 
Fig. 8.19). When it swings to the left, it utilizes its 


full length; but when it swings to 
the right, its effective length is 1/2. If @ = 40° i 


€ is the maximum angle of swing to the 
left, find ¢, the maximum angle of swing to the right. 


CHAPTER 9 
DYNAMICS OF A RIGID BODY 


9. i 
Mor ofa System. of Two Particles. Newton's laws as stated 
EI for small particles. Nevertheless we have often applied 
present fe ended objects, apparently without justification. In the 
a Diesen pter we supply the reasons why such treatment was proper; 
stigate the motion of objects called rigid bodies. 


A . 
stick when thrown in the air does not behave like a small stone, 


Or it will ; : ; 
will in general execute an apparently irregular rotation while 


A R2 
N 


[^ A 


motion is so complicated 


Pro, A 
Bressing. One may at first think that its 
eatures are astonishingly 


as 
n dtr description. In fact, however its f t stc 
at m There is one point in the stick—indeed in every rigid body— 
While ak precisely as does the stone, tracing out a smooth parabola 
of ma. e whole body rotates about this key point. It is called the center 
of o ss. To recognize its importance and to locate it is the first object 
T. discussion. 
es body may be considered 
modern sitions relative to one another. 
Solid ¢ Conceptions as to the structure 
Sivas wan of atoms or molecules arrat 
Such lattice." To simplify the analysis we CO! 
Particles, held together by forces like those 1n 


We ingui 
Nquire how the pair moves when forces are app 


Partnerg 


as a collection of particles, all held in 
This view is in harmony with 
of matter, according to which a 
rranged at definite places in a 
e consider first only two 
a rigid body, and 
lied to each of the 


"s Fig. 9.1 are drawn two small masse m; and ms, together with the 
Da O of a coordinate system. Each mass 18 assumed to be subject to 
» s. The forces are of two kinds: there are internal. forces exerted 
sd. particle on the other, and there are external forces due to outside 

cies (gravitation, pushes, 224 pulls). Ina rigid body the internal 


.1 
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forces between molecules are of an electrical origin; they are e 
forces, t.e., they act along the line Joining the particles. Being * xe 
to Newton's third law, they are denoted by f and —f. In Fig. 9. 
external force on m, is F;, that on m; is Fy. 
that on m» is Rz. 

By Newton's second law, 


The total force on m; is Ri 


mai = R, m. = Ry (9.1) 


But R=Fi+f, and R.=F,-—f 


and hence if we add the first two equations we find 

mya; + Mma: = Fi +F: (9.2) 
This result is interesting, for the forces a; 
measurable; the internal f. 
dropped out. The sum F, 
pair and will be called F. 
equivalent to three scalar e 


ppearing here are external and 
Orces, which are unknown, fortunately have 
+ F»is simply the total external force on the 
Equation 


(9.2), being a vector equation, i$ 


quations, 
dz dz 
™ ae tm an F F, 
um "de n ma Du z F, 
dz, dz 
™1 Tp + me a =F 


z = Mt + oma, 
Y Eas s een. 


(9.3) 


x 


= MZ + Mezo 
zd beas a] 
M 


M=m +4 ma 
for then they read 


di 
Mos =F, 

ay 
Me =F, 

d?z 
Ma =F, 


(9.4) 
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a een of Eqs. (9.3) shows that z is the mass-weighted mean of xı 
Pie dq the mass-weighted mean of y; and ys; and 80 forth. To under- 
ii ds terminology we refer to a more familiar situation. Suppose 
eu e given two boxes of nails and are to determine the mean length 

he nails. For this purpose we might measure the length of one nail 


f 
Tom each box (all nails in a box have the same length) and take the 


average: | = (l + 1,)/2. But this is hardly the thing to do if the two 


p pid different numbers of nails. The proper procedure then is 
weight the length lı by the number of nails in the first box and ls by 


th A 
€ number of nails in the second box, thus obtaining 


l= (mh + Nala) / (ni + na) 


» the weights nı and n: being the 


This : 
his is called the “weighted mean, 
In the definitions of Z, 9, and Z 


nu É 
» bers of nails of each kind present. I 
masses of the particles are used as weights. The three coordinates 


Bog is 

dig: »2 define a point called the center of mass of mı and m; The vector 
E pennas of this point from O will be called 15 it has components 
Qo» B Clear! i be combined into the one vector 
equation rly Eqs. (9.4) can then 


i 9.5 
M di F (9.5) 
Th 
1S result will 3 r .93. 
ill be interpreted in Sec PR (Continued). om 


9. " 
2. Motion of a System of Two P 


Consider th the origin Oc 
et by Ry and Re about the e 
9 orques produced by #1 o external (Fs and F+) and internal 


Again we resolve the forces int 
- nd —f) components. And now we find that the torques due to f and 
cancel each other. - : 
DNE mi iz. 9.1. The torque produced by fis —fd; 
that s we examine Fig. 9-4- í : ae 
ves —fi due to interna forces about any 
M MET ih internal forces act 


ax 
ihe add up to zero. This result is true because tho = Ane 
ng the line joining the particles; i.e., they are central" fore dort 
Th hus in computing the total torque n our pair we need not include the 
ernal force at all, and we find, using Eq- (3.5), 
Lanky — yl + xl ay — yal az 


=E+ & 
=gtm 
pect to the center of mass 


N 
va Eo w= at h T2 
y=ğtm ys 
8o " 
that £, and 71 are the coordinates of m, with res 


of t] A 
the pair, and so forth. Then 


. 93 
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L = Z(Fy, + Foy) — (Fic + Fo.) + Fu — mis + Fay — nol oz (9.8) 
= EF, — GF: + Fu — mPa + oF oy — qu. 
since F; + F; = F, the total external force. 


o a tical 
We now hasten to put some physical meaning into these mathema 
results. 


: ery 
9.3. Significance of the Center of Mass. Emquation (9.5) pM s 
much like Newton’s second law. Tt differs in three respects: (1) Mi 


" ra- 
the mass of a single particle but the mass of the pair. (2) The accele 
tion d°F/dt? is not the acceleration 


aof 

of either mass but the marge. 

an abstract point, the center of mass. (3) The force F is not the edidi 
on any one particle but the total eternal force on the pair. Express 


mass were concentrated at C and as if abl forces 

were applied at C. Les l ——, 
The center of mass of a pair of m 

small spheres stuck on the ends of a or 
light stick may be found very simply m Pine: 
(Fig. 9.2). For convenience we Fre. 9.2. Center of m ng 
can take the origin at the position of mass m, and the x coordinate alo 
the stick, We then find 


E=™MX0+ mil _ 
™ + ms a 


e have proved that, if this Stick were thrown, C would move on # 
Parabolic path ; this point Would behave ina 
m; Ma 


s 
ll respects like a stone of a" 
ace is contained in Eq. (9.6). 


the torque about 
applied at the cen 


(2) 


e 
O that would Tesult if the entire external force we? 
ter of Mass, and 
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If 
ito diei Ligas forces are applied at the center of mass, there will be 
of Fig. 9.2 " "P example, if the force of the hand is applied to the stick 
Us uera b it will not rotate while being thrown. When it has left 
gravity. But kc the force of gravity will act upon it at the center of 
in the next ds is coincident with the center of mass, as will be shown 
flight. section. Hence the stick, thus projected, will not rotate in 

Al 
a Neen results are perfectly general. They hold for a rigid body 
not A two but a very large number of particles. But we shall 
Which led t em again. We shall merely repeat that part of our analysis 

4. Ce re Eqs. (9.4), assuming that the number of particles is great. 

rigid be er of Mass in General. Of all the particles making up the 
y that have masses mi, Ma, Ms - - - We select for consideration 
a typical one, Say the ith (cf. Fig. 
9.3). Its mass is mi, and its mo- 
mentary position js indicated by 
ent vector T; drawn 


the displacem 
from the origin, with components 


Ti, y; and Zi» , 
This particle is subjected to an 
external force F; and also to a great 
ternal forces, which 


number of in 
may be represented by arrows (not 


drawn in Fig. 9.3) pointing along 
the lines from Mi to all the other 
particles. Let the resultant of all 
The motion of this particular 


Fie, 9.3. 


theses 
Mass nal forces acting on m; be fi. 
S then described by 
dti 
F; + fi =™ TE 
article, and & similar 


y other P 
i We obtain 


"TW 
Sou analysis can be made for ever 
"ation results. Let us add all these equations. 
ari 


sR tk 2" ae 


Bu 
by Newton’s third law 
z fi=0 
Sine 7 $ s š 
e all internal forces occur 2$ equal and opposite members of pairs. 


1 Re . 
View 
ew Secs, 2.10 and 3.7. 


5 
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+ egardless 
Furthermore, Z F; is the total external force on the rigid body, reg 
urthe; ,2F 


of where it is applied ; We shall call it F, Hence 


a M 2 miri, where M — z mi 
or, in component form, 
= 1 
Sir Ema, | 
)-4 (9.8 
giu M z ma 
à, 1 
g= M I mz; 


(9.9) 
di? 

The center of mass of the body Moves as if al] it; 
there and all 


ed 
S mass were concentrat 
forces applied there with their 
directions, 


d an 
original magnitudes 


b: 
d center of gravity [Eq. (3.8) he 
equations analogous to Eqs. (9.8). They involved pi 
weights of the parti lea. i = mg, as we n 
tface, the factor g Cancels from e 
identical with the center of mass. 
ecognize that qp... 


H ery 
t his is no invariably true, For ks T 
as mountains and air masses, g is not the same at ev! 
particle, the cancellati; 


» 
not take place, and the two d 
are not coincident, e of mass is the iübre fündamei 
concept. Tt is always a fixed Point for a rigid bo dy. 
ass of a Continuous ass Distribution; Examples- 
Carry out the 


summations over all particles 
a body of ordinary size, Rigid bodies may: 
however, be thought of as having a continuous distribution of mass, aD! 
ntegrations, 


he earth’s su 


n become i 
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In Fi T 5 
hes id 9.4 we have depicted a rod, along which the mass per unit length 
meh ange as we pass from one end to the other. Let the mass per unit 

gth be ^ gm/em; in general ^ will be a function of z. We wish to 

2; calculate A 
== — i= z Miti 
1G. 9.4, . 
of a rod, Calculating the center of mass. For this purpose wedivide therod 
into small segments, one of which, of 
his segment, mi, equals 


le i 
ngth dz, is shaded in the figure. The mass of t 
Thus m2; becomes 


Mii as 
Fs its distance from O, formerly called zi, is v. 
tx, and 
È mr: = he Ar da 


I c í 
D a similar way, 


80 that z: z: 
i= d: 
z=], Ae dz / E A dz 
know ^ as & function of z. 


ay 
© carry out these integrations one must i 
rod of constant density, for 


a. f à 
The simplest case is that of à uniform 


Whi 
hich ) = cance, AT 
s Ma?/2n* _ 1 "ESTEE Ra 
Nalan 242-71 


The 
center of mass lies at the center of the rod. 
au substances, 80 that = M, & con- 


b. 
Let the rod be composed of two differ piu. hat 


Sta; 
Nt, between s, and z’, A = dz, another constant, between 
TEL rs [Pee 
z= — 7 
T ES 
1 nG” — m?) E CT =; 2) 
—-3-X(g —2)4 M9 a) 


Ir 
We notice that the masses of the two parts of the rod are Mı = dla! — 2) 


and : 
2 = Ms — a^), this result can be written 
Mates E 2/2 + Me m 3 
T Mı + M: 
his ' p 4 
Mean site object can be computed by 
Puttin 5 that the center of mass of pens shes pic E 4/)/2, all the mass 


E all the mass of one part (M1) ati 
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of the second part (M) at its center of 
center of mass of these two “particles.” 


c. To find Z for a plane lamina in the Shape of an isosceles triangle (cf. Fig. 9.8) 
we divide it into vertical stri 


ps of width dz, The length of each strip is 2x tan œ, 
and its mass 


mass (z' + z:)/2, and then finding the 


2z tan o dz y 
if u is the mass of the lamina 


Per square centimeter, This will be assumed con- 
stant. For convenience we c| 


hoose the origin at the a 


pex. 
h 
2 f nutano zd 
Then d le a 
x zi 
2 E Lianoazdz; 3 


By a Similar method j could be computed. This, however, is unnecessary: 
For it is easily seen that every vertical strip has 7 at its center, and we conclude 
“from symmetry” that )-0. : 


È 


SSSSSSISSSSNNNY 


Fic. 9.5. Finding 


1 the center 
of an isosceles tri, 


of mass 
angle. 


r _ [i rosoran 
yi Si e ey 
As before, the mass per unit length of the are, À, cancels from the final result- 


€nsional Bodies, To determine C for 2? 
Integration ; 


s 
See DYNAMICS OF A RIGID BODY ie 


F ; " 
hen Lee of uniform composition the center of mass is identical with the 
m L center, called the centroid. 
h euis n how C can be determined for a regular body, we treat the case of a 
phere of density (mass per unit volume) p gm/cm?, reference being made to 


Fig. : 
E. 9.7. If the radius of the hemisphere is a, the circular slab of thickness dz, 
shaded in the figure, has an area zy^; and since 


Lpy 
this is r(a? — 2). Hence 


a 2 
a M AM 
that M, the mass of the 


But we know 
The result is 


hemisphere, is p/2 X $ra. 


P 
LA 
f 
/ 
g 
f 
Z 
A 
Z 
g 
2 


F therefore 
1G, z= %a 
hemispia Center of mass of a nu 
StS The other two coordinates of C, j and 2, 
are zero. 


s always a fixed point in the body, 
f coordinates is chosen. Assume 
origin 0. Now take an origin 
We call the coordinates 


Fi "T 
at rien is well to establish the fact that C i 
at Z has b not change when a different origin o 
To units of | een determined with respect to a given ont 
With reg ength to the left of O, on the negative X axis. 
pect to this new origin z’. Then 


2 mi! Emit) Emt: To Dm 
: 5 


aei m^ = uM 
~ Sani zm 
i i 


z mi Em: 
s i 


= ï + To 


ts of length greater than the old. 
al amount in the opposite direc- 
he same holds for 7 and Z. 


The n 
Stee ter of mass has a coordinate o uni 
» this s € origin has been shifted by an equ 
9.7 Decifies the same point in the body. T! 
een de Otation of a Rigid Body about a Fixed Axis. An account has 
appl & n of the general principles that govern the motion of bodies. To 
em in detail to actual problems, 5; for example, the behavior 
the moon, and the 


tion 


of the 
Other LM under all forces exerted upon it bY the sun, ana 
Planets, is an extremely difficult matter- One of the main diffi- 
bout a fixed 


Cultie, s i 
axis in arises from the fact that the earth does not spin à a fix 
Space. In many interesting motions, however, this complication 


Oes : 
an im exist. The revolution of a flywheel, for example, occurs about 
Totes viable axis. The rolling of à cylinder down a plane involves 


ati E A 
directis about an axis, which, while moving in space; does not change its 
mak These cases: can be treated more simply and will now be 

Ti 
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The clue to their treatment is à law very similar to Newton’s ape 
law; one may in fact be derived from the other. In Fig. 9.8 Ré 5 
drawn in outline a rigid body, which we assume free to rotate al idi 
fixed axis through O. The axis extends at right angles to the plane o age 
paper, so that each particle of the body moves in a circle in a - of 
parallel to that of the figure. Unspecified forces attack all partic tu 
the body, and we wish to find, ultimately, how the body moves u 
their action. . CR 

We select for consideration the Particle whose mass is m, Le 
be the force acting upon it, This 
may be resolved into two com- 
ponents, Fa acting outward along 
r; and Fy. acting at right angles to 
Ti. The first of these Produces no 
torque about O; hence the t 


orque 
about O to which m; is subject will 
be 


Li = nk, (9.10) 


Now, by Newton’s secon 


Fo = mai, if a; is the co 
of the accel 
along the di 
tion, whose 


d law, 
mponent 
eration of the Particle m 
rection of Fis. But the whole body has an angular acceler& 
magnitude we wil] take to be 4, about this axis; therefore 

Qi = ra 
and 


Fia. 9.8. 


F, i2 = Miria 
On putting this in Eq. (9.10) we have 
L: = Tarj*o 
To obtain the torque L acting on the whole 
be summed over all Particles, 


i t 
body this expression MUS 
and this leads t 


© the final result 
L= e» mar?) (9.12) 
an equation very sim 
only when L is ex 
poundals, or meter 
plied by g. 
9.8. Moment of Inertia. 

has already been noted. Als 


ilar to F = ma. 
Pressed in absol 
newtons) ; other. 


Like the latter, Eq. (9.12) holds 
ute units 


Centimeter dynes, or wee 
Wise the left-hand side must be mul 


That L ig the rotational counterpart of F 
© a, the angular acceleration, is the analogue 


S 
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of : r S å 

(9 ^ If m is the inertia of a body relative to motion under forces, Eq. 
-12) says that the quantity P mri is the inertia of a body relative to 


It is called the moment of inertia of the body 


rotation under torques. 
e fundamental law for rotation about 


Sd denoted by the symbol Z. Th 
xed axis therefore reads 


L= la (9.13) 


c 
the equation reads L = Io/g. 


It T.i ex " 
1S expressed in gravitational units, 
Ives with the precise meaning 


of 2 M iine that we familiarize ourselves with e 
ith parti i quantity 7; appearing in the summation is the distance of the 
noc "n. e from the axis of rotation, n? = 2° + yit is not its distance 
Weighted origin, which would be (x: + ye zi)", Since the mass- 
rotati mean ot the squares of all particle distances from the axis of 
lon is Z m;r?/Z mi, the moment of inertia is this mean multiplied 

i 


b i 
Y the total mass of the body. Its numerical value for a given body 


E " . 
v e on the axis chosen. For instance, I for a sphere is different 
from what it is with respect to 


ith r 

bia MEA to an axis through its center : 
as th PASSE through an off-center point. The quantity V1/M, 3 which 
re e physical dimension of a length, is called the radius of gyration. 
Presents the distance from the axis of rotation at which a single 


8s M would produce the same moment of inertia as the body. 
3) is toa single particle moving 


h . 
a Sut, simplest application of Eq. (9.1 í 
fen an axis as a stone revolving about the finger at the end of a string. 
oment of inertia is simply mr?, and Ea. (9.13) says 


L = mra 
z here L = Fr if F is the force applied tangentially to the stone, and 
A e Hence Fr — mra, which is nothing n re 
of er ia has all its mass disposed. E tee a 
Spokes). as, for example, a bicycle whee! Rs 
for as an J that equals its total mass time: 


ew. 
tances from its axis 


lect the mass of the 
quare of its radius, 


I-2Zmaej- rom = Mr? 
i i 
9.9, Calculation of Moments of Inertia. The moment of inertia of a con- 


10) MG 
us distribution of mass is clearly 
J = [ram 


tiny 


o " H 
" Some regular bodies this can be easily computed. The trick is to express 


and rj 
in terms of the same variable. 
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1 


Uniform Rod (Fig. 9.8). Tf the mass per centimeter is à, dm = X dz, r = 2, 
a. 
and 1 

T=) f ads 


provided that the axis is chosen throu; 


gh the end point. Hencel = 8/3, Since 
the mass of the rod is Al = M, this 


can be written 
ESTIS (9.14) 
b. Cylinder about Its Central Asis (Fig. 9.10). 
moments of inertia is to select an ele- l 
ment dm, which has all its mass equi- 0 dz 

distant from the axis of rotation. In =A] 
the present instance this is clearly a k—— —ÁÀ. 

thin cylindrical shell of thickness dr, Tyg, 9.9. Moment of inertia of a rod- 
If the mass per unit volume is p, 

dm = 2nr dr Ip, provided that the thickness of the cylinder is 7, 


The cardinal rule for computing 


Thus 


R T 
I= f onlprsar = gom 
and since M — T E?lp, this becomes 


I= z mie + zx:?) 
Fia. 9.10, Cylinder, 


if I. is the moment computed about X and so 
get three times the quanti h 


forth. If we add all these, We 
ty we want; therefore 


€ T men bv tenaa i (y! am = 2 E s?dm 
o 
Here s is the distan 


ce of a mass point fro; 
axis of rotation, F 


m the cen 
Or a spherical aro 


l shell of radius s and 


dm = 4rs?ds . p 


f the sphere, not from the 
thickness ds, 
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Hence 
3I = 2 f e x annis = 2 X Am 
ma I = 3 sTpR" 
Since M = (44)rR%, this is equivalent to 
I = MR (9.16) 


Table 9.1. Moments of Inertia 


Transverse axis through center PO 
Perpendicular axis through center MMR? 
Transverse axis through center XM (R? + 341) 
Axis through center, perpendicular to face | {2M (a? + b?) 


with side lengths a and b 
MR: 


IC Kiste a Axis through center 
.| Axis through center 36MR* 


3{oMR? 


b 
Ape Te Axis of figure 


KMO + e) 


2c 


Axis 2a 
eas Calculations like those of the pre- 

ing section can be simplified by an interesting theorem. Often we 
know the moment of inertia of a 
body about an axis through the cen- 
ter of mass and wish to find it about 
some other axis. This can be done 
almost without calculation. In Fig. 
9.11, which represents a section 
through a rigid body, O is the point 
at which the axis of rotation, which 
is perpendicular to the plane of the 
fia, figure, pierces this plane. C is the 

9.11. Theorem of parallel axes. pant where an axis parallel to the one 


t E 
rough O and passing through the center of mass intersects the figure. 
a distance between O and C is 7, and for convenience we choose the X 

S so that it passes through both O and C. The moment of inertia of 


the body about O is 
2 (9.17) 


9.10. Theorem of Parallel Axes. 


Is = Z mti 


Now from Fig. 9.11 (using the cosine law) 
nt = (ni)? + P + 2n oos ei 
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T; COS Qj = ive Ci r S. 
i ; relative to the center of mas 

/! i z;, the x coordinate of T; re 

and r; i P5 t 

"Hence 


Io = È mr? + Z mF + 7 È mai (9.18) 


TON f 

he first sum on the right is I., the moment of inertia about the center 0 
Es the second is M, the mass of the body, times 7? 
Mire between the two parallel axes; and the last su 


Z miz//M represents the x component of the distan 
i 


; the square of the 
m vanishes because 


ce of C from C [see 
Eqs. (9.8)], which is zero. Therefore, 


s M 


I, = I, + Mr 


a, 


(9.19) 
9.11. Worked Examples. a. A grindstone of radius 1 ft and mass 1 
lb, initially at rest, is being turned by means of a crank having an 8-in. 


arm (cf. Fig. 9.12). What constant force applied 
Perpendicular to the a; 


rm will give the stone an angu- 
lar velocity of 2 rps in 30 sec? From Eq. (9.15), 
I=% X 100 lb x (1 ft)? = 50 Ib ft? 

If the wheel has an angular speed of 2 rps, 2 
Point on the circumference must have a linear pes 
Tia Oot of 2 X 2r» ft/sec, r being the radius of the whee 

If this speed is to be acquired under a conan 
acceleration in 30 sec, this acceleration is 2 X 2rr/30 ft/sec?, and thi 
corresponds to an angular acceleration 

a = 2 X 2/30 radians/sec? 
Now we apply the equation (in a for 


L= Ie _ 501b ft? 


= 0.419 radian /sec? 


m for use of gravitational units)- 


X 0.419 sec-2 
g 32.2 ft/sec? = 0.652 lb ft 
But L equals the force times 24 ft, so that 
p — 9-652 lb f 


5 as indicated in Fig. 9-13- 
and Inextensible, 


acceleration of the masses, 
Since the pulley has mass and i; 


S accelerated, the tensions on its tW? 
sides are not equal. Indeed the Pulley behaves in accordance with the 
equation 

be (T, = T.)R = Te (9.20) 
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Let us denote the downward acceleration of m; by a. The mass mis then 
Subject to the relation 

ma = mig — T; 
while m; obeys 

-ma = mg — Ts 
Subtracting the last from the next to the last equation 
we find 

(mı + maja = (my — m3g — (Tı — T9) 

According to Eq. (9.20), 


I 1 a 
Tesi 


because of Eq. (9.15). Therefore 
1 = mi — mo 
(mi + mja = (m; — m3g — 5 Ma a= +m+ Mu! 


It is interesting to note that the size of the pulley does not enter the 
Numerically, we have 


Problem; R drops out of the final answer. 


= __(1,500 — 1,000)gm__ 980 cm/sec? = 188 cm/sec? 
(1,500 4- 1,000 4- 100)gm 


The difference T, — Ts is 100 X 188 dynes, 


Should be com i f Sec. 6.5. 
pared with those o! A j o 
,*. Find the moment of inertia of a ring or hoop about an axis perpen: 


lcular to its pl d ing through its circumference. 
plane and passing j " 
S we have seen, Z with respect to an axis through the center is ME". 


Tom the theorem of parallel axes [Eq- (9.19)], m to this the 
Quantity Mr, that is, MR®. Hence the answer is 1 = . 


or 19.2 gm. These results 


PROBLEMS 
ï i f length / is proportional to the cube of 
jja S mass per unit length of & bec s proportionality is k, find the position 


1 
the distance from one end. If the constant o 


of the cente: i i 

* enter of mass of the rod. eneous right circular cone of 
ENS Find the position of the center of mass of a homog: 

tude } and base radius a. find (a) the moment of inertia of a sphere 


3. : w e t 
about aari iks aia quee of inertia of a circular cylinder about a 
Seneratri E — 

*4, Find the center of mass of that portion of a thin, homogeneous elliptical plate 
a + y?/b? = 1) that lies in the first quadrant. 


5. The legs of the table shown in Fig. 9.14 are 2 by 2 by 35 in. and weigh 10 Ib 


156 PHYSICS 


apiece. The top is a rectangular slab, 40 by 60 by 1.5 in., weighing 601b. Locate the 
center of mass of the table. 


im 


Fic. 9.14. Problem 5. 


6. The pattern shown in 


Fig. 9.15 is cut from a thin homogeneous lamina, Find 
the position of its center of 


mass, 


2f 
Aft 
1ft 
5ft P 


grindstone during the 30 sec? (d) H 
the 30 sec? 
* a ge 
8. The moment of Inertia of a circular lami i 
I na about i bw 
center is 14 M2, Show that the moment, of inertia Fere s ee S MLB. 
(Use procedure similar to that. of Sec. 9.9¢,) ie 
9. The moment of inertia I of a sphere of 


11. The motor generator poweri 
has on its shaft a solid cylind: 
(a) Calculate the moment 


ing the huge magnet of the Br tron 
i ‘ookh: smo’ 
rical flywheel 9 ft in diameter = m 


inerti: ; ighing 42 tons- 
of inertia of this flywheel. (p ss t 
A r mus 
be applied to give it a speed of 840 rpm in 8 min? (c) s n re a xis the 
motor on the flywheel durin i uch work is done 


make during the 8 min? 

12. The rim of a wagon w 
thin spokes each weighing 2 lb. 
axle. (b) What angular acceler; 
halfway out and always perpe 
wheel to make the first revolut 


(a) Find the moment of inerti its 
A tia of the wheel about i 
ation will the wheel have if à force of 2 Ib is applied 
a to a spoke? (o) How long will it take the 

ion 
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* 
2 " s H : * H 
n i the moment of inertia of a thin spherical shell of radius R about a diameter. 
ditan e mass per unit area x of a circular lamina is directly proportional to the 
abut rom the center (u = kr). Calculate the moment of inertia of the lamina 
15 2 ees axis through its center; about an axis through a diameter. 
16. Calculate the moment of inertia of a thin uniform rod ab i 
sah ee iod ni od about & perpendicular 


16. The pulley of an Atwood machine is a uniform disk of mass 150 gm. The 


m 
asses on the end of the cord are 200 gm and 250 gm, respectively. Friction and the 


m 
vis of the cord are to be considered negligible. Calculate: (a) the linear acceleration 
e moving system if the mass of the pulley is neglected; (b) this acceleration taking 


"n account the mass of the pulley. 
£ oe. the theorem of parallel axes to calculate the moment of inertia of a cylinder 
*18 = and length l about a transverse axis through its center (see Prob. 8). 
hastivet wo masses 60 gm and 30 gm are fixed to the end of a string that passes over a 
calles less pulley of radius 10 cm. Under the action of gravity the 60-gm mass 
the Bate a downward acceleration of 150 cm/sec*. Calculate the moment of inertia of 
13 Pe and the tension in the string on each side of the pulley. : 

Fig jf eM disk is free to rotate on a horizontal axle, of radius 1 in., as shown in 

- 9.16. A string is wrapped tightly around the axle. When a 6-Ib weight is 


Fig. 9.16. Problem 19. 


attached to the string and allowed to descend, 
disk and axle assembly. 
10. horizontal axle through a diameter of a 
"Em sphere of radius 1 em, runs over frictionless pulley to a mass of 6 
è 1,000 cm/sec.) (a) Apply Newton’s 


gm i 
(Fig. 9.17). (For convenience use g = 


Fio. 9.17. Problem 20. 
for rotational motion to 


ntal rough surface. (b) Give the condition 
Ils without slipping. (c) Solve these three 
n the sphere, and the tension in the string. 
fficient to prevent the sphere from sliding? 
and the distance through which 
bodies after 2 sec and show that 


« , 
cond law to each body. Also apply the corresponding law 


"i here which moves on a horizo 
equation” the fact that the sphere ro 
Will pens for a, a, the frictional force o 
(d) 1 abut of friction » = 0.2 be su 
€ bodi; e system starts from rest, after 2 sec find w, * 
ener Odies move. (e) Find the kinetic energy of bot 
Ey is conserved. 


CHAPTER 10 
DYNAMICS OF A RIGID BODY—Continued 


10.1. Work and Energy in Rotationai Motion.! 
a section of a rigid body that is free to rotate abo 
the axis extending at right angles to the paper. 
particle is subject to a force F;j. The work done b; 
24 


Figure 10.1 represents 
ut an axis through 0, 
Suppose that the ith 
y F; when tlie particle 


E is given displacements dzi, dy: iS, 
i in accordance with Eq. (8.11), 
given by 


aW; = Fadz; + Fady: 


But z; = n cos 0, y; = r; sin By 
VEN x Whence 
dz; = —r; sin 6jd6; 
Fig, 10.1. Work in rotational motion, dy: = ri cos 6,d0; 
p these relations are substituted into the expression for dWi;, we 
obtain 


aW; = (— Fay; + Fiyz;))d6; (10.1) 


torque [Eq. (3.5)] the expression in 
on the ith particle. Hence 
dw; = L do; 


But according to the 


definition of 
parenthesis is I, 


i, the torque acting 


, the incre 
- any other, although, of course, the F;, the 
ti, Vs, and 6; are different, We may therefore omit the subscript on 


equation for each Particle of 
take on the values 1,2, 


the body, since i may 


~ Up to the total number of rticles, When 
all these equations are added, there results pem 
a 
aW = L qo (10.2) 
SSS 
Here dW is the work done when the whole body is given an infinitesimal 
displacement dø under a torque L about a fixed axis, Note the similarity 
of this equation with Eq. (8.8), dw = p dx. 


1 Review Sec, 8.3, 
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. Since power is defined as dW /dt in general, the formula for power spent 
m rotational motion is clearly 


dà 
JH = L dt m Lo 
This should be compared with Eq. (8.27). 
n If the rigid body revolves from an initial position characterized by 6; 
© a final position 62 (cf. Fig. 10.2) (the reference line OP is drawn from 


v 
LJ ol 


Fie. 10.2. Work in rotational motion. 


à point on the axis to any fixed reference point P in the body), the work 


done upon it is 
w= [4 dà 


But if we use Eq. (9.13) and recall that a = do/dt, while dà = w dt, we 


find 
W= MLIL - [ii = Millet — or?) (10.8) 
a ot 


Provided w, and we are the angular velocities at 61 and 62, respectively. 


Thus, if we take the kinetic energy to be 


me ee 
PENES C (10.4) 


Eq. (10.3) tells us that the work done during the displacement from 
91 to Az is equal to the increase in kinetic energy, just as was found to be 
the case for the linear motion of a particle, where Eus — yam. 

. 10.2. Kinetic Energy of a Body Rotating about a Fixed Axis. There 
1S another way of proving Eq. (10.4). The kinetic energy of the ith 
Particle of a rigid body is 247%" If the body is rotating with angular 
Velocity w about a fixed axis W dicular distance from m; is 
Ti, then v; = rw. Hence 


Bin = È gma? = Z Ymir o? =. AG mri)? = Mot 
: i 
i i 
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From the result one can draw an interesting conclusion. 
the body in Fig. 10.3 revolves momen 
According to the theorem of parallel 


inertia about O is 


Suppose that 
tarily about an axis through O. 


axes (Sec. 9.10) the moment of 


I=L + Mme 
Eus = KIo + EMF? 
But 7w is the Speed v, with wh 
C, moves about 0. Hence 


so that 


ich the center of mass, 


Es, = VL? + My (10.5) 

In words, the kinetic eni 

of two parts: (1) the ki 

Fre. 10.3. De. m instantaneou, 
composition of E;;, MI 

into rotational and 

translational parts, 


10.3. The Rolling Wheel, The 
curious and in: i es, T 


described. 


ates with an an 
5868 with a linea; 
Totates with an a. 
ich is instantane 


gular velocity w. about a 
r velocity v, (cf. Fig. 10.4). 
ngular velocity w, about an 
ously at rest. Both points of 

As the point of contact moves from P to p 2 
the wheel turns through an angle 0 and Ç ad- 
vances a distance s, 


: : 18 = R6. 

Upon differentiating we find 

ds d8 
lor im at = Eo. \ i 
and the acceleration of Cis aN 
n \ 
a RU = Ra eap 
What is the relation b 


IB 
etween w. and Op? It Fra. 194, The rolling wheel. 
they are equal, But we have just shown that ve = Hee) 


a velocity Ru, as a result of į : p. if 
be equal, its rotation about 


may seem surprising that 
on the other hand C has 
these two velocities are to 


Oe = wp 
Let us calculate the velocity of the point Q, using both 
(1) we find vg by adding to ve the velocity methods, 


à According to 
of rotation of Q about C, 


namely, Ro 
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and this gives 2v.. According to (2), vo = 2Ro;, and this also is 2v. The point 
P will be seen to have zero velocity by both methods. 

10.4. The Rolling Cylinder, Accelerated. The motion of a cylinder down a 
rough incline (Fig. 10.5) is a composition of the following: an acceleration of the 
center of mass C along the plane and a simultaneous rotation of the cylinder 
about C. We have indicated in Sec. 9.3 that C moves as though all the external 
force were applied at C. Now the sum of the forces perpendicular to the plane is 
Obviously zero, for there is no acceleration 
in that direction, Along the plane twe 
forces are active, the component of gravity 
and the frictional retardation F produced by 
the rough plane. The magnitude of F is not 
yet known. Nevertheless, if the linear ac- 
celeration of C is a, and the mass of the 
Cylinder M. 1 


Ma. = Mg sin 0 — F (10.6) 
We also recall that the body will rotate 


about C as if all external torques were Fie. 10.5. 


applied about C. But the force Mg sin 0 
has no torque about C, whereas the torque due to F is FR (disregarding the 
Sign). Therefore 


Rolling cylinder. 


FR = Ia (10.7) 
Tf the cylinder does not slip along the plane, a, = Ra, and Eq. (10.7) gives 
Ia. 
F =i 
For a cylinder, J = 14M R?; hence 
F = x Ma. 
When this is introduced in Eq. (10.6), we find 
a, = 36g sin 6 (10.8) 


hat it would be in frictionless sliding. 
n6. Itis supplied by friction between 
ion is p, then the maximum 
he force F cannot exceed 
> 14 tan @. When this 


in Acceleration is only two-thirds of wh 

us retarding force F has the value 24. Mg Si » 

* cylinder and the plane. If the coefficient of fric = 
Orce of friction is given by pF 1, which is „Mg cos 8. 

~ value; that is, }4Mg sin @ < n. Mg cos 0, and hence y 

equality fai B zn sin: l l 

" Our mes ES aeu more easily by applying ead rosam 
tions. When the cylinder rolls a distance $, its potential energy decreases by 


Mgh = Mgs sin 0 
Provided that it started from rest, it will have acquired kinetic energy of amount 


14 04MR2)0? + H6Mv^ 


- PHYSICS Sec. 10.5 


according to Eq. (10.5). But since Rw = Ve, 


the kinetic energy is 3,Mv2. The 
principle of conservation of mechanical energ, 


y then requires that 
Mgs sin 0 = 34Move 
orv? = $4gs sin 0. From our stud 


y of uniformly accelerated motion we see that 
this must equal 2a.s (cf. Sec. 5.5). 


Hence we find 


a. = 349 sin 0 


Seem inconsistent. It is to 
be observed, however, that the force F, th Present, does no work; for the point 
P, which this force attacks, is momentarily at rest, This provides justification 
for assuming that no energy is dissipated in th 


e motion, 
10.5. Angular Momentum. In a typical lecture demonstration a man 
stands at the center of a turntable (piano Stool), with his arms extended 
outward and a weight in each hand € is given an angular velocity 
about a vertical axis, Then, while rotati 


? 
draws in his arms, and hi 


(10.9) 
When Z is constant, this is equivalent to y; 


es 
Eq. (10.9) is Correct, and Eq. (9 q (9.13). When I changes, 


-13) is not &pplicab] 
When L = 0, integration yields ie 
Tw = const (10.10) 
The quantity Iw is called angular momentu; 5 
m, linea 
momentum mv. What we have shown is th pom da 
In the absence 


system remains unchanged. 
This stateme 
momentum. 


the angular momentum of a rotating 
nt is called the Principle of Conservation of angular 
When a torque is present, Eq. (10.9) reads 


» after integration " 
te 


impulse" (cf. See, 8.12 


Sometimes * angular 
); and [ONE termed “ang 
equals the change in an 


n reads: The angular impulse 
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In the experiment involving the man on the turntable there is certainly 
No external torque applied to the system while the man draws in his arms. 
Hence Eq. (10.10) must be obeyed. When J is reduced in value, w must 
Increase correspondingly. 

If the unweighted man has a moment of inertia of 100 Ib ft? and the 
Weights (10 Ib each) are originally 3 ft from the axis of rotation, the total 

before reduction was (100 + 20 X 3?) 1b ft? = 280 lb ft?. Afterward, 
when the weights are pulled in to a distance of, let us say, 1 ft from the 
axis, I is (100 + 20 X 1) lb ft? = 120 ]bft?. Therefore w must increase 
by a factor 280/99 in this example. The weight of the man’s arms has 
here been neglected. 

The reader may have wondered what 
Process. For clearly, if Jw: = Is» then LED 
rI awa? provided I, ~ I, Energy is therefore 
reason is that, as the man draws in the weights, 
biak he applies does work, so that the energy is greai 

lon is more rapid. 

10.6. Rotational and Translational Motion; Analogies. The general 
Parallelism between the laws of motion, as they apply to “translation” 


(nonrotary motion) and to rotation about à fixed axis, cannot have 
nt a review and a systematic 


escaped the reader. In this section we prese À 
exhibition of the similarities between the two types of motion. The 
Similarities concern the quantities used to describe the motions and the 


laws that govern them. 


happens to the energy in this 
2 cannot be equal to 
not conserved. The 
the centripetal force 
ter when the rota- 


Corresponding Quantities 
i Angul Meer (j 
Di gular 
secos da ar speed, d8/dt = w 


Speed, dx/dt = v Angul: / E 
dion EIU. dv/dt = a Angular o we» xd: 
Mass m Moment of inertia, : 
=Fr 

Force F Torque, L 
Linear momentum mv Angular monet e 
Linear impulse = JF dt Angular impuls 

General Laws 

tation 
Translation Ro 

F — ma L = la 
dW = F dz aw ar, 
a coe Ast impulse — A(Iw) 


Linear impulse = A(m) 
imilarity between special laws for the 


There is also a thoroughgoing $ 
few examples: 


€ Pi 
Wo types of motion. Here are à 
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Special Laws 
Uniform Motion 
Translation Rotation 
a = 0,» = const a = 0, w = const 
8 = 8o + vt 9 = 6) + wt 
Uniformly Accelerated Motion 
Translation Rotation 
F = const, a = const L= const, œ = const 
V =v +at 


9 = wo + at 
9 = 00 + wot + Mat? 


w? — w? = 290 


8 = so + vd + Mat? 


v? — yo? = Qas 


10.7. Gyroscopic Motion. 


med the existence of a fixed axis of 
rotation. These effects are neverthe- 
less common and very important. 

A spinning top wobbles; its axis of 
rotation itself revolves on the surface 
of a cone, as indicated in Fig. 10.6. 
This wobbling motion is called preces- 


sion. It is the steady motion of the 
arrowhead in F: 


cular path drawn 
tion is accom- 
Y a periodic change in the 
n while precessing- 
In the following, nutation 


rudder must be used to stabil; 

HdGer abilize t hen 2 
naval vessel turns too rapidly, its revolving machinery m; 3 — Dene Ta 
of its tendency to precess. The housings of beari: diei ce. gps 
reason, 


yroscopic axi; is utilized 
t i Byrocompasses, artificia] edd dines Us 
Guns are rifled In order to give the g 


ry. 
n examples of 


turns his front wheel, If he turns to the ri 
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oe es mdni versa. This effect is much stronger than a similar centrifugal 
A EA an it we must first learn how to represent angular velocities 
T ik Angee Quantities as Vectors. In Chap. 3, torques about a specified 
Lor mar into positive. (counterclockwise) and negative (clockwise) 
es s re useful distinction so long as the axis is fixed in space. When 
Sed tee e, the vector concept must be associated with torques. The follow- 
^4 Proved successful: L=Fa 

faros a is represented by a vector is 
ioni eo ride a : magnitude propor- 
peu ne magnitude of the torque. 
Stadion Lor points along the axis of 
sieht in that direction in which a 
anded screw would advance 


unde: . 
10.7), the action of the torque (cf. Fig. 
In Caen 

is asses way an angular velocity J| 

Presented by a vector, of i- 
ud : r, of magni Fra. 10.7. Torque as vector. 

© Proportional to w and pointing in i 2 ue 

ld advance when turned in the 


6: directinn 1 
direction in which a right-handed screw wou! 


8 

‘nse of w, Thus the angular velocity of the earth i 
This rule for associating a vector 
ded screw rule.” 
i dance with this rule. 


s a vector pointing north 
with an 


her there is some! 
which makes them truly vectors in & 
e in which mass, for example, is 
The answer, which can- 
lained without higher 
mathematics, is that these quantities 
are truly vectors and that the rule is 
merely & convention. One proof 
of this may be seen in the circum- 
stance that it yields positive informa- 
tion, as will be shown in the next 
8. Relation of spin, torque, and section. On the other hand not every 

angular quantity is à vector; an angle, 


aS vei £ 
et, " 
ors is a mere convention or whet! 


sens 


not a vector. 
not be fully exp 


not 


Fig, 10. 
Precession, 


for example, is not. 
Sud Law of Precession. We now return to the case of the spinning bicycle 
Bia that is being turned to the right by a torque on the handle bars. The 
ity ation is depicted schematically in Fig. 10 The wheel has an angular veloc- 
Notice P by the vector o to the left; it is 

©, however, that the vectors do not denote the s 


hey have the same physical dimensions. 


subjected to a downward torque L. 
ame physical quantities, nor 
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We know from Sec. 10.5 that 


and this is in fact a vector relation, which we shall now write in the form 


L dt = d(Io) 
The right-hand side is the increment in an 


gular momentum that occurs in time 
dt when a torque L is applied to the whe 


Fic. 10.9. Precession. 


Precession 


Fig. 10.10, Precession, 


8 that L dt/Iw = tan (d$) = qi = 
, = d$, th he tans 
like the Sine, is equal to the aj a ee 


But Fig. 10.9 show; 
of a small angle, 


transposing, nele itself. Hence we find, PY 
NEL 
mecum 12) 
d Ty (10: 
ME een 


Spin and torque vector: - The best way 
the precession is to note th: Ssing. 
‘It should be noted that this figure is a Vertical section of Fig. 10.8 

E. 10.8. 
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Meu e showing a wheel balanced by a counterweight, provides an 
thet inge emonstration of Eq. (10.12). If the rotating disk has an overweight, 
ET is as indicated and the precession will be about a vertical axis. By 
ms zt a decreasing the overweight the precession can be made to go fast or 
WD a s q. (10.12) can be checked quantitatively when it is noted that L equals 
thats wd (cf. Fig. 10.10) if w and W are the weights of load and wheel. By push- 
Sedi io weight w far enough to the left to reverse the torque the precession is also 
reverse. 
PROBLEMS 

t an axis with an angular velocity «1. 
to rz. (a) Show that the angular 
t the kinetic energy is decreased 
that this is precisely the amount of 
from rı to 7s. 


ea vA m is revolving at a distance ri abou 
velocit; y the distance from the axis is increased 
by ‘he now becomes (r:/r2)%e1. (b) Show tha’ 
Se ee lémoytri(] — ri2/r2?) (c) Show s 

one against the centripetal force during the extension 


lov 
wn under the action of gravity. What is the angular v 


instant i 
Hs it passes through a vertical position? T4 
(a) 2 À uniform sphere of mass 3 kg and radius 8 cm. rolls down a 25* inclined plane. 
the ind the linear acceleration of the sphere. (b) Find the angular acceleration of 
h Sphere. (c) Determine the value of the coefficient of friction necessary to prevent 
hem from slipping. 

axis . x yo-yo weighing 50 gm has a momen! 
reat, á fit is allowed to descend on & string à 
P 2 me ON. its final velocity of spin. Assu 
1 id Assume that the total power output of all 
agua on (10°) kilowatts. If the earth’s rotation 
radiy it supply the power needed by man? (Mass o 
& 8 is 6,400 km; assume it to be of uniform density.) . 
s A cylindrical grindstone weighs 100 Ib and has à radius of 2ft. (a) If it starts 
NS rest, what constant torque must be applied to give it à SP sedi of 200 rpm ancad 

tion? (b) What is the angular accelera- 
rind, (c) How much work is done on the *c A 

majstone during the 30 sec? (d) How 

E "Y revolutions does the stone make 

wr the 30 sec? 
+ A sphere rolls without slipping 0n * 


t of inertia of 150 gm em? about its spin 
vertical distance of 50 em starting from 
me the smallest. radius of the yo-yo to 


man-made machines is of the order of 
could be gradually stopped, how long 
f the earth is 6 X 10% kg, its 


verti me 
a semicircular track (see Fig. 10.11). P 
EDI is started from rest at point A. Cy 
Me that the normal component of the > 
exert; y 
ed by the sphere on the trac 2e ue Ean 


E F 
"hen it passes B is (17/7) Mg- 
upon bs torque L = 10° X 0 dyne em 
tog = = axis of a flywheel of moment 
angul: Te Find the increase in the 
ar velocity was 107 radians/sec, 
vods A solid 200-1 cylinder, 2 ft in rad 
inet; y of 3 ft/sec. What is its translati 4 
etic energy? To what height would the cylin 


bat 10 gm cm? while it turns from 6 = 0 
kinetic energy of the flywheel. If its initial 
find its final angular velocity. , 
radius, rolls along & horizontal surface with a 

;? What is its rotational 


‘onal kinetic energy s 
der roll on & 30° inclined plane? 
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inclined 
ý in diameter starts from rest at the top of a 30° inc! 
ee voe ge «n 75 ft of the plane are TOugh; the last 150 ft are "— 
plana azb pop 32 ít/sec*) (a) What is the linear velocity of the cylin wid 
pus i £s rough surface? (b) What is its angular velocity at A? (c) at 
seen n» nergy at A? (d) What is the linear velocity of the cylinder Harte 
SUAM FORME nergy reaches B, the bottom of the incline?  ( 
Fig. 10.12.) j 
R 1l. An automobile engine rage d 
Speed of 1,500 rpm is developing 6l 
4 What torque does it deliver? -— 
12. How far will a cylinder 10 cm in p 
eter roll up a 30° inclined plane if its Me 
at the bottom is 20 cm/sec? (Use principle 
EB Conservation of energy.) 
13. A thin rod, weighing 5 lb and 2 ft =“ 
Fic. 10.12. Problem 10, is revolving in a vertical plane Spout an 
through one ‘end. Its angular velocity are 
moves through the hori is 2 tadians/sec. To what height does 
center of mass of the rod rise above the axis of rotation? 
14. A uniform cyli i i 
horizontal axis. 


of a rope, which has been 
fall, rotating the cylinder, 


© mass is allowed to Jar 
find (a) the acceleration of the mass, e rope, and (c) the angu 


(b) the tension in th 
acceleration of the cylinder. inde 
16. A sphere and a hoop, each of mass 500 gm and radius 4 cm, are released simu 
taneously at the top of a 30 ; 
slipping. (a) What is the 


Hae 

tuom. If the plane is fricti "1 j 

What are their respective velocities ugh 

m a nail, is turned until the line Lees . 

5 With the horizontal and is then rele 

ar acceleration of the hoop, i 
n B n "n x i e 

dn diameter, A belt passing O7. 

Tansfer energy from the Motor to another mechanical i 

ind in the tight side 150 Ib. If 

s es it deliver? 

radius 2 f£ rolls 


1 ht 
: Own a 30° inclined plane from a heig is 
the bottom cf the aan Acceleration of the hoop, ag well as its total energy 


f 
i base and t, t angle 9' 
ation of the top of the chimney bs EH owe, PRRGR 


Ein to be greater than g? 


leration and the breaking of the chimney 


CHAPTER 11 


MOTIONS UNDER INVERSE-SQUARE 
LAWS OF FORCE 


is ew Gravitation: _ The search for an explanation of why bodies fall 
mytholo as man himself. The early answers, half factual and half 
the Eie eng do not satisfy the modern scientist; yet it is also true that 
x epa that he himself accepts, the answer given by Newton, is 
Si ton! as incomplete by many scientists and philosophers. For 
Seide s explanation states precisely how bodies fall, not why they fall. 
© modern science the “how” is all-important. It is expressed 


b 
Y the law of universal gravitation. 


dea] i . 
ling with these forces. Among them was a twenty-two-year-€ 
lsthorpe in Lincolnshire. The next 


T named Isaac Newton, from Woolsth 
Bent hae plague broke out, school was temporarily suspended, and the students 
Wond me. It was during this enforced period of idleness that Newton began to 
iuris nr CHR as he was lying in the orchard of Woolsthorpe and saw an 
Apple all to earth—whether the same force of gravitation, which attracts the 
sies might not perchance reach the moon and cause its deviation from a 
aight-line path. 

‘ot content with idle speculation and having the good fortune to know mathe- 
it ae the young scholar set to work on the problem of what the force must be if 
Sone, cause both the apple’s fall and the motion of the moon m its orbit. He 
tts that it must be inversely proportional to the square of the distance between 
Eu acting bodies, In modern terminology and without further attention to the 
in Interesting historical sequence of di ‘os that led to its complete formula- 

We state the law of universal gravi 


mat 


tation as follows: 
* The force between any two mass particles, of masses m, and ma and 
arated by a distance r, is an attraction that acts along the line joining 
Particles and has the magnitude 


mana 
F-GUN. a11) 
Mom 


of universal gravitation. Its value 


Th 
© constant G is called the constant t 
its modern value is 


Wa 
3 roughly determined by Newton; 


G = 6.670 x 107* dyne em?/gm* dim 
169 


11.2 
uus PHYSICS [ps 


We note that Eq. (11.1) expresses the 
infinitesimal size. If the force betwee 
as, for instance, that betw 


force between mass particles of 

n extended objects is wanted— 

een bodies A and B of Fig. 11.1—each of mea 

composed into particles and the Wi c. 
i integration. 

between all particles must then * tape Caton ay ^h centers 

n was well aware of this point; and there i 

some evidence to indicate that one 

of the motives which led him E 

R invent the calculus was the desire i 

be able to perform this utei 

11.2. Determination of G. T 


dry jes 
Fig. 11.1. Force between A and B isnot Bravitational force between oe 
MaMs of ordinary size is extremely sm 
D ( 


a fraction of a dyne); hence € 

an extraordinarily sensitive exper. a 
ment can produce an accurate value of G, Such an experiment was pet 
formed by Henry Cavendish in 1798, using a balance of the type now 
named after him, 


: e 

: um, two large lead spheres M are introduced. Th 
attraction between m and M causes the rod to rotate slightly towar 
the large masses. The twist in the 


m 
is carried on the fiber 

The value 
was thus fo 


M 


the right-hand side [M L, except ji 
forG. Hence G must be the ratio Fro. 112, Cavendish experiment. 
of these, namely, [M-iam-; 


l. Notice that the un; 
are in agreement with this result, If masses " ER 
distances in fe 


alue of G is di 

The attracting obj in Fig. 11. are, in fac 
expect that Eq. (11, 

however, that unifo; 

gravitationally ag 


given in Eq. pu 
© measured in pounds 2' 
fferent. 
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dace If two spherical boulders, each weighing 1,000 kg (about 1 ton) 
ie with their centers 1 m (about 3 ft) apart, they attract each other with 
a force of 
6.67 X 10-5 X 10° X 10° 
SSS a — 6.67 dynes 
100? dynes yn 


or about 7 mg. 
" By means of his experiment Cavendish is sometimes said to have 
Weighed the earth." What is meant is that he determined the earth’s 
mass, for the earth has no weight. If both G and g (acceleration of 
gravity) are known, the mass of the earth-M. can be determined from the 

equation 
Man _ (11.3) 


Which says that the force on a mass m at the earth’s surface, that is R 


cm from the earth's center, is mg. Hence 
M. =l pe 980 


= 108)? = 5.97 X 10? gm or 
G 6.67 X x 10°)? gm 


6.6 X 10?! tons 
e in g that occurs as We proceed out- 


ose it is most convenient 
differentiate with respect 


* Finally let us compute the change m { 
ard from the earth's surface. For this purp 


s take the logarithm of Eq. (11-1) and then to 
T, 


inF=InG+inm+inm — 2r 
dF odr 
y T 


since G, mı, and m: are constants. Thus the relative increase in F is 
twice the relative decrease in r. In going UP 10 miles from the oe 
Surface, r changes from approximately 4,000 miles to 4,010 miles, or by 
400. Hence g must change by joo, OT from about 980 cm/sec 5 
975 em/sec?, We see, therefore, that g is very nearly constant near the 
€arth’s surface depite the action of an inverse-square law. It does vary, 
of course, with altitude and with latitude, as Was discussed in Sec. 7.7. 
al Mass- Since most applications of the 
herical astronomical bodies, it becomes 
f great fundamental importance: 
d a mass particle? 

f which is drawn in Fig. 11.3. 
We wish to find its gravita- 


11.3. Gravitational Effect of a Spheric 
m universal gravitation are made to sp! ji 
W Ssary to solve a mathematical problem 
hat is the force between a large spherical mass an 
onsider the spherical shell, an equatorial section 0: 
thickness ¢ is small compared with its diameter. 
nal force on an external mass point m’. 


la 


tio 
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š ther 
shell situated at A attracts m’ with a force F Ano 1 
vien Sp Kt force F} The combined effect of these two m 
equal xcd by the vector sum of F, and F. In adding them we pm 
the vertical force components annul each other, while the horizontal oe Mie 
F, cos a and F, cos a are equal and must be added algebraically. 5p RE 
all transverse forces on m’ cancel in pairs, a mass in the upper em pies d 
annulling the downward component of an equal and symmetrical y Í the 
mass in the lower hemisphere o! the 
shell. To find the total effect of tal 
shell we need consider only horizon 
components, 
de element of mass of the m 
We take the circular strip dS. d 
length is 2nr sin 0, its width r dð, d 
its thickness 1, Hence it has a volu: 


"Fre. 11.3. Attraction of a spherical shell, 2ntr? sin 0 d9 
and if the density is p gm/cm?, the mass within the strip is 
dm = 2rtpr? sin 9 dà 

The force exerted by dm on m is 


T i 4 
dF =R se cos a = 2rGtpm'ra 85 0 do cos o q14 


TH e8- 
Before integrating it is nec 


of them in terms of the third, We shall take z as our variable 
of integration, 


The figure shows that 


(11.5) 
z 

Also $ T = pyy 2Rr cos 9 1.6) 
and hence T cos 9 = E e =e (11.7) 


If we differentiate Eq. (11.6), we obtain 


2z dx = 2p, sin 0 dg 
sin 0 d9 = 2 


9 
ae ds a19 
To sweep over the entire shell, ¢ Must range from Taa 


SR- rtotm = Rt” 
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Now 


Lt (Ez. 1) de = 4r 
Ff Copr (11.10) 


ie eg in parenthesis is simply M, the total mass of the shell. 
igh proved, therefore, that a spherical shell attracts an external 
reae n if all its mass were concentrated at its center Q. 
sphericity) p^ the earth, moon, or sun may (except for departures from 
shella T Mas regarded as composed of a large number of concentric 
Mi tod ifferent densities. The result just 
must therefore hold for these astro- 


cre objects, also. ff. 
-4. A Mass inside a Spherical Shell. It AN mi 
min 


1s 
pingi ae fact that the mass m', when 

ig. 11 "p * the spherical shell as shown 1n 

To -4, experiences no force whatever. , 
Son. p this we integrate just as in the preceding 
T and that we notice that Ris now smaller than — pg, 11.4, A mass A 
s e minimum value of z is now 7 7 R spherical shell. 


inste 
rn R =r As before, tmx = R +7: 
grating Eq. (11.9) the limits are now T — RandR+r. But 


R+r (R? —17? 
=. =0 
Hence Da ( zi + 1) ds 
F=0 
th along & diameter, the gravita- 
maller the deeper we £0; for the 


he particle exert no forces. 
mines than on the earth’s 


If 
tional E hannel were dug through the ear 
Portio; orce on a particle would become $ 
6. esi of matter external to the position of t 
tine dem of gravity is smaller in deep 
11, 
in z Facts about the Solar System. 
motion of planets were discovere 


and à 
Tead are contained in Kepler's three ! 


The most important regularities 
d by Johann Kepler (1571-1630) 
aws of planetary motion. They 


T. 3 
2 A planets move in elliptical orbits having the sun at one focus. 
Swee A line drawn from the sun to the planet, though changing its length, 
3 y= out equal areas in equal times: , : 
do th he cube of a planet's mean distance from the sun is proportional 
© Square of it; iod of revolution. 
es UE hree of these from his 


ewton’s greatest achievement was to derive all t 


l A D 
aw of gravitation [Eq. (11.1)]- The complete proof is usually given in 
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nd- and third-year physics courses and will not be produced in this 
es Only the third law will be derived (cf. Sec. 11.6). m 
u^ orbits of the planets about the sun and the orbit of the moon di 
arly circular. In the following discussion they may be bw 
ds i with good approximation. Numerical data concerning the s 
Misit which may be used in problems, are collected in Table 11.1. 


Data Relating to the Solar System 
(In cgs system) 


Table 11.1. 


Earth Sun Moon 


m; 
eats M. = 5.97 X 107 gm | M, = 1.99 x 190 gm | Ma = 7.34 X 10°6 


GMim _ m? (11.11) 
poo a 
Here m, the mags of the planet, may be canceled. This interesting 
circumstance permits us to say that the mass of a planet has no effec 
on its motion and also that it cannot 
motion. 


Equation (11.11 


) may be reduced b 
be changed by ex) 


r 
dig Y canceling m and r, Tt can furth? 
Pressing v in terms 


of the fr lution, f» ° 
the planet, equency of revolution, 
v= 2rrf (11.12) 
or in terms of the period of Tevolution, B; 
20r 13) 
zar L 
"arp a 


Thus Eq. (11.11) takes the form 


GM, = 4rrafe _ e a118 
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This is the basic equation of planetary motion. It can serve a threefold 

purpose. 

nie When r and P are known, the mass of the sun can be calculated. 
ing the motion of the earth for an example, we have (see Table 11.1) 


r= Rae = 150 X10%em P= 365 days = 3.15 X 10? sec 


Hence yy, = 3X 986 X 3.38 X 107 
p,— £ X 9.86 X 338 XT gm = 20 X 10% 
687 x 10-5 x 10 x 10 ^. eX dogm 
e value of M, in Table 11.1. Ina 


a WR 
nd this is in good agreement with th 
the mass of the earth 


ae way Eq. (11.14) can be used to determine 
2 B P relate to the moon (see Prob. 13). A 
ie s hen M, and P are known, r may be calculated. This is one of the 
i st methods for determining the distances of the various planets from 
€ sun, since P can be found easily from astronomical observations. 
* Knowing M, and r, one can predict P. In the future it may become 
take to construct an artificial satellite of our earth. If we want this 
© be a given distance r from the earth, Eq. (11.14), with M; taken to be 


Le, wi : : 
aed determine its period of revolution. NM 
inally we note that Eq. (11.14) is tantamount to Kepler's third law. 


ors 
rit may be written 


p- (&) j 


ame for all planets. 
Field. The region of space sur- 
r the earth, in which particles 


He Hist in parentheses being the 5 
Toundis Work Done in a Gravitational 
are ing a massive body, like the sun 0 
e in ttracted in accordance with 
called Verse-square law of force is 
a pa ^s gravitational field. When 
one Tticle moves or is moved from 
Von oint to another in this field, 
S m. done by or against the force 
ae Tavitation. Let us find out 
em much. We divide our prob- Fi 
Similar three parts. First We 
t ate the work done by gravity W. 
Path : in the field of a spherical b 
Moy eing along a radius. Second w 
E to A along an ar i 
m from infini e point A- : l 
i X pine ou ents between A and BisG(M m/r?), and work 
S defined as dW = F dr, we have 


a. 11.5. Work in a gravitational field. 


i from 
hen & particle of mass m moves 
ody of mass M (cf. Fig. 11.5), the 
te the work done when m 


re calcula 1 
th, and third the work done in 
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m $j 26 c (11.15) 
bs «Cs Ten Ra 
if we use the abbreviation mS (11.16) 


; i er the integral must be written because the force, 
The minus sign under p being attractive, is directed along 
the negative r axis, 

2. Ta carrying the mass fom C 
to A the path does not lie in ES. 
dimension, and we must use [cf- 
more general definition of work 
Eq. (8.11)]. 


aW = Fade + F,dy 
e force F is directed radially 


Fi. 11.6. Resolution of forces, 


Now if at any point, such as P in Fig. 11.6, th 
toward 0, 


F. = —F cosa F, = —F sin a 
But €08 à = z/, SIN à = y/p 
Therefore aW = —pfg. pU dy 
T f ) 
F AT 
~~ 5 (edz + y dy) ui 


This expression may be simplified when we Temember that 


a y= 
We obtain 


oir ste 
7) to 


Differentiating this Telation 


and this changes Eq. (11.1 


aW = ~F dr 


TA 
Therefore y = d (—PF)dr = I (- 3 d. 85 — 0 (11.174) 
ro Tc r? UB To 
In Fig. 11.5, we haye made r, the distance of 
attracting Mass, equal to Rs. 
be (c/R,) — (c/R3), 
The noteworthy f. 
without Specifying 


the same ag Eq 

act is that w, i ation 
n to carry out the integr: 

the exact Path which the Particle took in going al 


to 
11.17a)] is then seen 
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C to A: according to Eq. (11.17a) the work depends only on the initial 
and on the final distance of the particle from O. 

This remarkable result is occasioned by the mathematical circum- 
stance that dW, as expressed by Eq. (11.17), may be reduced to —F dr. 
The physical meaning of it is this: 

The work done in carrying a mass from one poin 
Square field of force is independent of the path. 

The foregoing method shows in fact that thi 
field of force. 

3. To find the work done by the f. 
carried from infinity to A we need only make re H 
or E; in Eq. (11.15). Thus 


t to another in an inverse- 
s is true for any central 


orce of gravity when the particle is 
nfinite in Eq. (11.17a), 


a (11.18) 


In spite of the infinite length of the path, the work done is finite. 

The preceding proof is somewhat analytic and may be replaced by the 
following simple argument. If we decompose the path CA in Fig. 11.5 
into small steplike portions, drawn alternately along the radius and pots 
Pendicular to it, no work is done along the perpendicular segments, since 
along them the force is perpendicular to the displacement. But the work 
done along the radial parts of the steplike path adds up to the work done 


™ going from 

. 11.8, Energy in = Gravitational Field. Potential energy was defined 

ìn Sec, 8.8 as the work done against à force in displacing a particle to a 

Blven position, But what are we to take as the jnitial, or reference, 

Position of the particle? In the motion of a spring We took the oen 

(force-free) position; in dealing with the constant force of pe E Fa 
€ earth’s surface as our plane of reference- This could still be done, 


but it ion in the ravitational force 
i i jation 1n g 
E Proves inconvenient when the var that the potential energy 


18 respected : to ia 

J . It is customary, therefore, í 

%8 zero when the particle is on: infinite distance from an attracting center. 

5 is indeed the force-free position. . . 

, Assuming this, the potential energy is simply bebe on r^ as 
Blven by Eq. (11.18), since W was the work done by the i 

c _, aum (11.182) 

U=- T = T 

Provided that we write r for the distance of any point under consideration 

rom O (Fi 

bee :es where the law of conserva- 

, *hereish ituation in physics where t^ "o! dd 

lon of Mende ae a Soci obeyed and so fruitful in its applica 
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tions as it is in gravitational fields. The law here reads 


Imo — GMm = E = const (11.19) 
T 


n 3 k 5 rticle 
From it one can calculate the increase in velocity occurring as a pa 


moves from a distance Rs to a smaller distance R,, both being measure 
from the attracting origin. 


If the velocities at Ry and Rs are v; and vo 
we have 


las-9Mm 1, , GMm 
n ue p 


and hence 


vi — v? = 20M e es &) (11.20) 
1 


Tt will be remembered that M is the mass of the attracting body, not the 
moving one. Fora body falling near the surface of the earth Eq. (11.20) 
reduces to a familiar form. In that case E, and Rs are not very different, 
and both are approximately equal to the radius of the earth. If the 
parentheses on the right be written (Ra — R,) / RR and this is approx 
mated by d/R?, d being the 


distance traversed and R the earth’s radius, 
the result takes on the familiar form 


in view of Eq. (11.3). 
What is the velocity 


of a particle 
infinity? The answe 


that has fallen to the earth from 


r is implicit in Eq. (11.20). If the particle was ® 
rest at œ, then y, = 0, R, = ®©, and Ri = R.. Hence Eq. (11.20) yields 
v? = 2GM, 


Let us call this value vs. The particle reaches the earth with a finite 
speed; its numerical value is 


"- ( X 6.67 X 10-8 x 5.97 X 1027\% 
6.37 X 10° UHR /bbA 


I 


ll 


1.12 X 105 
Conversely, if a par 
have the radial vel 
to leave the earth, 
7 miles/sec. This fi 
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the v : 
e value. It is called the theoretical speed of escape. A missile leaving 


Er ee a greater velocity will arrive at infinity with a finite speed. 
mein ues ecules of our atmosphere move very rapidly. Fortunately, the 
"neues v of O: and Ns are below the speed of escape. Hydrogen 
Fi v eing lighter, tend to have speeds that are greater than v«. 
time ago iie which must have been present in the atmosphere a long 
DN La as now disappeared. On the other hand it has not escaped 
uide sun because of the larger mass of that body. Helium, which is 

what heavier than Hs, is still present in small quantities in the outer 


"agb but is gradually escaping. 

tational aa Been that the potential energy of a body of mass m in a gravi- 

Bd cu eld is given by U = —c/r or —GMm/r. Closely related toU 

energy antity known as the gravitational potential; it is the potential 
Per unit of mass U/m. Let us call it V; then 


vue E 
mr P. 


Pio The Bohr Theory of the Hydrogen Atom. An atom is à miniature solar 
Particle The center, or nucleus, is relatively heavy and stationary, while light 
E : called electrons circulate about it very much like planets about a sun. 
only Sh ances between sun and planets, which are vast in the solar system, are 
Ben out 10-5 em in the case of an atom; the motions are much too tiny to be 
* However, they are extremely rapid, as we shall show. "n 
Oe ae in their orbits is not the gravitational 
Soph igh is much too small to effect this result. — It is an electrical force arising 
lve PE fact that the atomic nucleus carries à positive and each electron a nega- 
Move ee The significant point, however, is that this electrical force is also an 
Se-square" attraction, varying with the distance in accordance with the law 
Fg 


plest of all atoms. Its 
denoted by +e, and it 


Later (cf. Sec. 24.5) 
law is 


hs C is a constant. 

nuena ree atom is the lightest and also the m 

contains [yas of one unit of positive digo ly : 

We shal] ae one planetary electron, whose cha ee Ta ee 
Ww that under these conditions the consta 

c= 0? 

In a circular orbit the centripetal 


led m. 
so that 


Th 
© mass of the electron will be cal 


for 3 
Ce mv?/r ig supplied by the electrical attraction, 
m E (11.21) 
p.c 


B : s : 
Ut this result. alone is not very useful, for the following reason: It is possible, 
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to be sure, to measure e and m experimentally (cf. Sec. 25.12); hence these two 
quantities are known, but, in addition to these, Eq. (11.21) contains two 
unknowns, v and 7, neither of which can be directly determined. It seems, there- 
fore, that our theory is useless. The ordinary laws of mechanics have nothing to 
say about the velocity of the electron, nor about its distance from the nucleus. d 
An ingenious discovery by Niels Bohr (1885- ), made in 1913 and er 
the Bohr postulate, completely altered this ineffectual situation. His brillian 
guess, though entirely implausible when first inspected, leads to results that a 
found correct on being tested—leads, in fact, to the modern quantum theory © 
the atom. It asserts that the angular momentum of the electron in a circular orbit 
is always equal to an integral number (n) of certain quanta of angular momentum. 
A quantum of angular momentum has the value }/2r, h being the famous Planck 
constant (6.610 X 10-77 erg sec). Hence 
Tw = nh/Qr (11.22) 
Here I is the moment of inertia of the electron, w its angular velocity, n the integer 
called a quantum number. Clearly, I = mr?, w = v/r. Thus 
mrv = nh/2r (11.23) 


Between the two equations (11.21) and (11.23) we can now eliminate either 
r or v and solve for the other. We thus obtain 


Tx "ue (11.24) 
pies le (11.28) 


When values are inserted, the quantity h?/4r?me? is seen to have the value 
5.28 X 107? em. The electron can therefore move on “ 


quantized” circular 

orbits, the smallest of which has a radius of that magnitude, the next 4 times, the 

next 9 times this value, and so on. i 

The quantity 2re?/h is found to be 2.19 X 108 cm/sec, a rather enormous 

speed. Ordinarily the hydrogen atom is in the state for which n = 1, and its 
electron circulates with that speed. 


According to Eq. (11.19) the total energy of our electron is 


E = 4m? — ey, (11.26) 
since the quantity GMm, the former €, must now bi sub- 
i R e replaced by e?. If we 
stitute Eqs. (11.24) and (11.25) into (11.26), we find the cn Jan 


E — 2n*met (11.27) 
nihi 
The quantity 2%r?met/h2 si 
i tru A /W. has the value 2 15 X 10-1 erg. If we call it Eo 
zo ) 
Ex ce c: 0148 
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o or — 14 Eo, or — 14 Es, and so forth. 
As we shall show in Chap. 49, the 
a determination of these “discrete” 


The energy of the hydrogen atom can be -E 
" e I$ a result of very great importance. 

Eht emitted by gaseous hydrogen allows 
energy states, and Eq. (11.28) turns out to be verified with great precision. 


PROBLEMS 


1. A. thin, straight rod of infinite extent has a mass À pel 
hoary force between the rod and a small mass m, 
ce b from the rod. 
h 2. Assume that the density of the earth is everywhere constant and that a small 
d has been drilled from the earth's surface to the center. What will be the accelera- 
on of gravity at a point in this hole halfway between the surface and the center? 
3. How much work is required to raise a mass of 10 kg from the surface of the earth 


to : 
UE 2,000 km above the surface? 7 . 
TUN A thin rod has length | and mass per unit length ^ A spherical mass m is 
med in line with the rod and at a distance d from one end. Find the gravitational 
a between the rod and the mass. 
Surf; 3 Using the necessary data from Table 
"n of the moon. 
mass Two spherical masses m and M are 2 
Al m placed in order to be in equilibrium unc of 
: Two spheres weighing 100 gm apiece are suspended on we 
“Part at the top. What angle will the strings make with the Dx A 
8. The planet Jupiter is 74,000 km in radius. It is completely encircle rs 
ra dllite once every 16.7 days "The radius of the orbit of the satellite is 27 times the 


Tadius of x 
the planet, Calculate the mass of Jupiter. ] ; 

wi S Tt is desired to make artificial satellites of the earth that penie a ci 

$ aid, (b) westward over the equator, completing one round trip P af pried 
observer on the equator. Find the distances from the earth s 


ese satellites 
n must move. à 

conti, It is desired to make an artificial satellite of the je 

e ely overhead in a certain locality on the equator. 
Gf Py meet nen ee ee surface of the earth with a 
_A mass m is shot upward at right angles Ee dat alt 
aria "abs ill i fore turning bac Neg 

far ook T vill it go befor 
*esistance,) 0 km/sec. How far out v 


2. Fi a 

data dd the acceleration of gravity on t 

[orm ble 11.1, and Eq. (11.14), caleulate the mass 
d 


13. Using the iven in Ta 
of the earth, thie te eae the moon to be 27 deus A: ior 
- Find the value of G in the fps system and 2 phe 
*16, Fonvert the data in Table 11.1 into tons nt "dg are arranged as in Fig. 
H 4. Wo uniform rods, each of length 1 m ap Find the gravitational force 


he distance between their centers is 2 m. i 
m> 
i m=] Z 


2m 


r unit length. Calculate 
which is a perpendicular 


11.1 find the weight of 2 1-lb mass on the 


distance d apart. Where must a small 
ler the attractions of m and M? 
a strings 1 m long and 5 em 


a structure that shall be 
Find the distance from 


he surface of the sun, using the necessary 
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between them. Compare this answer with the result of wrongly assuming that the 
rods interact as though all their mass were concentrated at their centers. 
*17. Compute the frequency of revolution of the electron in the hydrogen atom. 
*18. How much energy does a hydrogen atom emit when its electron “jumps ue 
the state in which n = 2 to the normal state in which n = 1? One cubic centimeter © 
atomic hydrogen at atmospheric pressure contains 2.7 X 10! atoms. If all of them 


made this transition, and the energy emitted were used to lift a mass 1 km above the 
earth’s surface, how large could this mass be? 


CHAPTER 12 
OSCILLATIONS 


ean Simple Harmonic Motion. Of the motio 
l ered, the cases of uniform circular and of pend 
class by themselves. All others either terminate, or they take a body 
farther and farther away from its starting point. In circular and in 
pendulum motion the path of a particle is continually retraced after a 
definite period of time. They form examples of a class of motion called 
is riodic. We now study other instances of this kind, for they are very 
" p for an understanding of topics to be treated later, such as 
the er waves, sound, light, alternating currents, and radio waves. Fur- 
Aer examples of periodic motion are readily available, the vibrations or 

oscillations” of elastic bodies, the moving piston, the crankshaft, the 
tree swaying in the wind, the heartbeat, the motion of planets, and many 


ot 
oen. In all these instances the 
Wow of the motion is the time 
rval after which it repeats itself, 
ki [^ zo + 


mae of a single rhythm. — to 
Mig the simplest of all peri- Fre. 12.1. 
elastic boe eoe the basis for an understanding of all 
Periodic motions and will concern us here. The instantaneous displace- 
ments of the parts of an elastic body, when plotted against the time, 
Yield—as will be shown-—sine or cosine curves. Because these are called 
armonic curves, the motion itself is called harmonic motion. In general, 


armoni : i in which several periods are 
lem osite one 1 y is ar 
otion may be a comp of & single period the motion 1s 


Present si 

Simultaneousl: In the presence : 

2 X y- | " 

re irc E d enger Da puer motion is à 
\ typical arrangement for producing ths? 5 
Spring carrying a E at its end and resting on & smooth horizontal 


“le, as in Fi he mass lies at its neutral point O, 
i n Fig. 12.1, When at rest, the dp 

Which we jae as origin of coordinates. If the mass 18 displaced to zo 

and th origin 


And then released, it will continue to ose aos, called the 
ama istance zo, which is half the total excursion 0 the mass, 
Pli 


i 7 is the time taken by the mass to 
erya dom s the time for one complete cycle. 


Ove from tož 1 
€ know "wb tie. Gi a p (a.l that the force acting on m at xis 
p--k (12.1) 

183 


ns we have so far con- 
ulum motion are in a 


Simple harmonic motion. 
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the minus sign indicating that the force is to the left when z is positive, 
to the right when zis negative. The constant k, called the “coefficient of 
stiffness," represents the force per unit extension and may be measured 
in dynes/cm. Indeed every elastic body, in obeying Hooke’s law, calls 
into being a force that is proportional to the displacement x, and this 
accounts for the wide occurrence of SHM. 
12.2. Mathematical Representation of SHM. To find the motion that 


results from a force given by Eq. (12.1) we must write and solve Newton’s 
second law, 


2. 
m a = —ke (12.2) 


To simplify matters we use an abbreviation 


i =W? (12.3) 


which is suggested by the fact that the physical dimension of km is 
indeed that of an angular velocity. At present Eq. (12.3) is nothing 
but à convenient substitution, though we shall learn later that it has much 
physical meaning. Equation (12.2) then becomes 


dx 
Te LE (12.4) 
This is sometimes said to be the “differential equation for SHM ”; every 
x satisfying it describes SHM. Its physical meaning is the following: 
eg acceleration is proportional and opposed in direction to the displace 
ment. 


It then reads = dz/di, so that d/d = v dv/ us 
T. à 
dz © e 
oF vds atie 


On integration this becomes 


1 =o 
2 F FPFE (12.5) 
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This is a i 
rather interesting r Tultiplicati iti 
de poe = result. Multiplication by m, transposition, 
Imu? + Ikr? = const 


Which is nothi 
But | hing other than the law of conservation of energy [Eq. (8.22 
et us return to Eq. (12.5) and write it in the form n 


d: 
v T 20 — wt? = 0 VA? — 2 


"di 


wher 
€ we have put 2C/w? equal to A’, another constant. Thus 
dx 
— = wt 
VA -— r? 


I 
ntegral tables show that 


Í dx 
MA? — 2? 


Hen 
ce we find on integrating 


sin? 4 aut to 


8 bei 
eing a constant of integration. On taking the sine of both sides there 


re 
Sults the final answer 


EM-———— — 
z = Asin (wt + ô) (12.6) 
banca n = 
Th " 
i aH quantities A and 6 are constants of integration and are therefore 
thitrary, 


1 
q. Ga moperties of SHM. When «€ 
ths uio ) is plotted, one obtains 4 
mde of Fig. 12.2. The name 
ed. cd motion is obviously justi- o 
mum yal e quantity A is the maxi- 
and ¢ ue of z; it is the amplitude 
quals x, in Fig. 12.1. Fra. 12.2. 


T A = 2% 

ee 

a FX hae of the sine curve on 
The E is called the phase angle o 
; Phase angle increases as tim 


int 
Sie, marked off in Fig. 12.2; i 
Ses by 2r radians. It is fou 


A 


Graph of SHM. 


at O is A sin à. The quantity 
M, and 3 is the phase constant. 
The period P is the time 
ch the phase angle 


the z axis 
f the SH 
e goes on. 
t is the time jn whi 


d by putting 


A 
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lolt +P) + à] — (wt + 8) = 2n 
2r (12.7) 
Therefore BSE 


w 


This looks very much like the relation between the period and the rn 
velocity in uniform angular motion [cf. Eq. (5.24)], but so far tha 
merely an accident. On using Eq. (12.3) we have 


Pide Jz (12.8) 


a very useful result since it allows at once the calculation of the period 
of the motion when mass and stiffness of 


the spring are given. 
The frequency f is 1/P; hence 


ale d. JE (12.9) 
2r Or Vm 


Here again, w appears as thou 
yet there is nothing rotating i 

One final point concerning 
This could be expanded to r 


gh it were some sort of angular velocity 
n the motion of the spring. 


the mathematical form of SHM, Eq. (12-6): 
ead 


z= A cos à sin wt + A sin ô cos wf 
Here A cos ô and A sin ô are just new constants that might as well s 
called a and b. Clearly, then, our SHM could also be represented by t 
formula 


z = asin wt + b cog wt (12.10) 
and, in special cases, either a or b may be zero, t 
124. Worked Examples. a. A Spring is arranged as in Fig. 12.1. I 


8 
torce of 2 Ib stretches it 16 jn, Find it 


From Eq. (12.8), P=% | Ib 
a bee) = 48 Ib/sec? = 0.32 sec 
f= VP = 3.13 seg 


s 
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Th R ? 
dn | ea and phase constant cannot be determined from the data 
cà ar available. They are iound from the initial conditions of the 
dis "m For instance, if the mass was released from rest at t = 0 with a 
oa of Gin., we find that A = 6 in. and ô = 7/2. For when Eq. 
it -6) is differentiated with respect to t, and then tis put equal to zero, 
reads 
T v = Aw cos à = 0 
Risschowa that a= x/2. ‘Boustion (26), witht = D, énormes 
x= Asin ô = 6 in. 
ae A =6 in. 
of 2 If the spring of Example a is hung vertica 
A oz, what will be its period of oscillation? A i 
^h ssume the spring to be so light as to have a negligible mass itself. 
in "s of 2 oz pulls it down 1 in. Hence the extension of the spring 
Y S neutral position is 1 in. greater than in Example a. However, 
as still the previous value, and so has m. Period and frequency are 


erefore th i 
e sare. 
awn aside 0.2 in. and then 


€. When th z , 
n $ e prong of a tuning fork is dr: l ir ) 
Pleased, it snaps back with an acceleration of 50,000 in./sec*. Find the 


lly and loaded with a mass 


r 
equency of the fork. b 
€ are told th 2 2 — — 850,000 in. sec? when z = 0.2 in. sing 
Eq. (12.4), Md H 
ot = Ldm/dm _ 50,000 in./see” _ 950,000 sec"* 
z 0.2 in. 
w = 500 sec“ 


Fro 
m Eq. (12.9), therefore, f = 500/2« sec’. M f - 
ee A body is known to describe SHM. Its amplitude is 1 ft; its veloc- 
while passing through the neutral point is 10 ft/sec. What is its 
Tent 
fx = x, sin (wt + 8), differentiation gives US 


y = zw cos (ot + ô) 
gh the neutral 


ay : 
be maximum speed, possessed when the body passes throu, 
Int, is clearly 
Vmax = Tow 
Hence Ü 0 10 ft/sec .. 10 sec™' 
and © = amplitude 1 ft 
f= 0/20 = 10/2" sec! 


12.5. TI iti angular velocit; 
:9. The Meanin 4 does the fictitious ang y o 
d piis vy the mass in Fig. 12.1? Suppose 


avi z 
€ to do with the to-and-fro motion of 


(Sec. 12.11 
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3 s w two 
To do so it is necessary to start with Newton's second law. There are nov 


: vould 
forces acting on the mass m; first the restoring force —kz, which alone ya 
give rise to SHM; second a retarding force due to friction, whose exact form m 


isties. The early researches a 
Russian Mayevski with rotating projectiles have shown that the force o 


esie UN Nei "4 


Damped oscillatory m 
resistance upon elongated missiles (the shape ig important in this connection) 
can be represented by the formula 


otions, 


where the exponent n an. in sin 

s z con: i t value! 
different velocity Tanges. At ordinary y E constant R, heva Sn = 2 from 
the lowest velocit; SASYGE, 


to 
970 ft/sec, and so on. The valu dine e Siu TAD, free 
interest us here, 

Returning then to our problem 
can write ie the frictional rete! uen AD bo 
that the force Opposes the directio 
from R. The differential equati 
becomes 


es of 


He 


ipt 1 
nceforth we omit the subscript 
on of Motion fo; 


" damped harmonic motion thus 
d'z dr 

eee Te RT (12.16) 

12.11. Solution of E 

is a solution of Eq. (1 


tions in physics is freq 


quation for Damped s; 
2.16) we substitute it. 


To see whether Eq. (12.15) 
uently done in this way: 


The Solution of differential p 
4 reasonable guess is made a5 
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n either substantiated or disproved 
his method will also lead to a knowl- 
n—in our case, Ao, b, and w. 


Lye form of the solution, and this guess is the 
y substitution. If the guess is a good one, th 
edge of the constants assumed to occur in the solutio 

Proceeding in this way we find from (12.15) that 


a = Ao (—c sin wt — b cos wt) 
a = Age *[(b? — w?) cos wt + 2bo sin wt] 


On putting these results, as well as Eq. (12.15), into Eq. (12.16), we obtain, after 


canceli 2 
celing A eX, 


[m(b? — w?) — Rb + k] cos wt — (Rw — 2mbo) sin wt = 0 


instant, the coefficients of cos wt and of 


Since this equation must be true at every 
= 2mbo, 


Sn ot must individually be zero. Hence, since Rw 


R (12.17) 


Putting this value for b in the equation 
m(b? — w°) —Rb+k=0 


LAE 3 f (12.18) 
w= Nm 4m? 


The interpretation of Eqs. (12.17) and (12.18) is rather interesting and con- 
E fully our physical intuition. The greater b, the more rapidly will the 
ek End —A of Fig. 12.7 approach 4, 
that b; axis, and Eq. (12.17) tells us 
forg is proportional to R, the frictional 

lie du unit velocity. If R were zero, 

Ia Ghat coon, ton voci avete 
e derived | w, too, would have 

ut it ve in Sec. 12.2, namely, V k/m- 
is die ana: is present, the frequency : 
fs aller and the period is longer. Frie- b.m 

"2 slows down the motion, as might 13. 12.5. 

*pected. friction is , P 

00 great, the pde ux Rt be periodic at all This epo ewe ri DL. 

at is, when R = 2 4/km. For this value of R the e is 3 x p a 
Peat, or critically damped. For it and all larger values of R, z simply falls to zero 


în the mann i i illating at all. 
" er of Fig. 12.8, without osc! f , f 
Finally it is to ite mee ers method does not determine Ao. This, too, is 


igni indi is constant. It 
Significant. for į vton's laws are indifferent to this consta. 
may have i hee one measure of the initial displacement—which may 


Indeed possess any magnitude we wish to give it. 


We find 
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12.12. Forced Oscillations, 


Thus far attention has been confined to 
the natural oscillations of an ela 


stic system, i.e., the oscillations that occur 
eleased. Under such circumstances every 
; Pendulum, all metal structures) vibrates with 
is wholly determined by the elastic constants 
For a mass m attached to a spring of stiffness k 
on force Rv this natural frequency is 


elastic body (tuning fork 
a natural frequency that 
and the vibrating mass. ` 
in the presence of a fricti 


wies DE s dee 
m dm? 


in accordance with Eq. (12.18). In the absence of friction it is given bY 


ous less artificial examples. There 
e rhythm of marching soldiers; the 
gular impulses of 2 
95 Which may be subjected to the 
The oscillations that 


The problem her 
solution is also of i 


Because of its generality 
and ask the student tO 


» in general different from # 
total force, including damp- 


"BÀ di^ kx TE, COS wt (12.19) 
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In : ere , 
je PUB this differential equation we allow ourselves again to be guided 
what we already know about the motion. 


E ewe of the Equation for Forced Oscillations. Our knowledge 
Um. o is: The mass will execute SHM of constant amplitude and with the 
Siben Ed b. the force. There are complications—so-called transient motions 
steady kd ds is first applied—but these soon. die out and the mass attains & 
lennon ation. We shall ignore these transient phenomena and confine our 
his oe the steady state, which usually results after a few initial vibrations. 
will not n y state, though characterized by the same frequency o as the force, 
iis ecessarily be in phase with it, nor can We Say anything about the con- 
amplitude of its motion. What we have just stated reads, when expressed 


Mat! i i 
hematically (we might also have chosen & cosine function!), 

à z= A sin (wt — a) g 
From this, we obtain 


z = A(sin w’t cos æ — COS c't sin æ) 


dz " d 
d T w'A (cos w't cos œ + sin c't sin a) 
oa — 2A (sin c't cos œ — COS c't sin o) 


dt? 
e with Eqs. (1.1) and 


d cosine in accordane 
we find, on collecting 


Wher 
e We have expanded the sine an 
uted into Eq. (12.19), 


(1.2 
iu en these results are substit 


Ln 
7?) cos o + Ro! sin a] sin w't + n 
[(mo'? — k) sin æ + Ra cos æ — (Fo/A)] cos ot = 0 
Agai n 
Fd this equation must be true at all times. Att = 7/2’, cos wt = 0 and 
— l. Hence the first bracket must 


Vani 
Dish. From it we ze 


mu" -k 


Sin a nok 
cosa = tan a = ea (12.21) 


AG tee n. 
the soca’ in o't = 0 and cos o't = 1. Hence 
cond bracket must vanish. It yields 


Fro. 12.10. Definition of o. 


FyA = 
~A = (ma'? — k) sin a + Ro! cosa (12.22) 


The 
meaniny is best 
g ol tho pine angle aaa Fig. 12.10. From it we also see that 


nstrated by means of the right triangle, 


—k Ro! 
sina = mo —t cosa = p 
Proyi 
ided that we denote by D the quantity 
(12.23) 


—B—Óásrd pi 
p - vs + Pa 


44 
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Equation (12.22) then takes the form 


Fo _ (mo? — k)? + Rw’? 
aa D z 
Fo 
Hence A= D 


ult 
When all these results are put back into Eq. (12.20), we have, as our final res 
for the displacement, 


-e 
z= Te sin (wt — o) (12.24) 
——E— € 
The quantity D is given by Eq. (12.23), œ by 
The phase angle a depends on the valu 
physical condition of the system. Bu 
when R is very large. This means tha: 
by 90° since the force is proportional t, 
the other hand, if friction is absent si 
The first is true for frequencies bel 
Hence z is proportional to sin (t 
or out of phase by 180? with the driving force " the 
12.14. Impedance, Resonance. In the Problem of forced oscillations d 
velocity of vibration is usually of greater interest than the displacement. be ar 
Work it is the current that corresponds to v, See Sec. 34.2) It is obtaine 
once by differentiating Eq. (12.24). 


Fig. 12.10. 7 
es of R, = k, and m, that is, on the T 
t, for any external frequency, it is uik 
t force and displacement are out T p 

© cos c't, the displacement to sin w't. i 
o that R = 0, a either —7/2 or dum 
ow resonance, the latter above ert 
"t + 7/2) = + cos wt; it is therefore in ph 


i i : ly 
The quantity D/o' is eal ical impedan and is usual! 
denoted by Z. From Eq. (12.23), Pedance of the system 


———Ó M 


Z = Ner + (mo Ry 
ay (ma E) 
In view of this, gum SL m 
ge 


[] 
v= > 


Z 098 (wt — a) (12.26) 


Rn e CRM 
We remember that o was 0 for large R. 


phase by 7/2. E 
The largest value of v during any Period of motion ; d is called 
velocity amplitude. We shall consid : motion is Fo/Z and i; 


c. For this purpose it is necessar 
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In that case Z = © for w’ = 0 and for 


‘a Assume that R = 0; no friction. 
©. It takes on a zero value when k/w = mo, that is, when o/ = Hs 


iso TS 
om uh solid curve). This, however, means ol equals wo, the natural 
and what thesystem. When this equality holds, the velocity becomes infinite 
catastroph, = called the “resonance 
SEE A e” occurs, It is indeed a 
of Pest condition, and the designer 
engineer x machinery and the airplane 
to allow es to be very careful never 
Mum ps cae Hroquenciss that are 
tural mig a frequencies of struc- Y 
e S. The phenomenon of res- jeu US 
ürge eed. ee is the excitation of 
m m itudes of motion or velocity 
applied Se small periodic forces h 
Said that b: * proper frequency. Itis Fro. 12.11. Variation of impedance 
€ feet 3 ES iay collapse under with impressed frequency. 
eir step ; marching soldiers unless — B 
ance of P is broken, An experience familiar to most readers will be the appear- 
rattles in an automobile at definite driving speeds. 


Tesona; sume that R is finite; friction is present. Even if friction is present, 
nce occurs, But the resonance catastrophe is now re t 
The value of w’ corresponding , 


Proporti 
pine v has a maximum but remains finite. 436 77. e 
Maximum is the one that minimizes Z and is still given by o! = wo as 


R small 


=| Amplitude of z 


7 


w 


m 


Fi > " 
G. 12.19, Amplitude of forced oscillations 2$ function of impressed frequency. 


Hence resonance does not 
which is given by Eq. 
e impressed frequency 


zero will show. 
ree motion, 


hen th 


diffe; 
entiati 
tak ntiation of Z and equating to 


e pl 
(15, P 2¢e at the natural frequency of the f 


8) wh à 
equ; en friction is present. It happens whe! E : 
Jean the natural "uh no of the undamped motion, given by Vk/m- The 
i curve in Fig. 12.11 represents Z as * function of w' when friction 1s present. 
resonance Z = R; and Fig. 12.10 shows that & = Hence 
Vres = fe cos w't 


Ihr N 
n Fig, 12.12 is plotted the displacement amplitude A =F/Dasa function of 


Sec, 12.14 
PHYSICS [Se 
198 


wi i The maxi- 
'. The smaller R, the steeper will be the maximum at resonance. 
ol. e 8 ; x 


Er t 
of A does not come at wo nor at w; the minimum of D occurs a 
mum 
Jk m 
m` mè 


Fig. 12.13 shows how the phase an 


le It is 
@ varie 0 to c. 

gl 8 88 w goes from 

zero at resonance, where o = Wo. 


+ 


NIN 


PROBLEMS 


1. Differentiate Eq. (12.6) with respect to £ to 
the acceleration a. Take A = 1 unit, » = 


against £ Observe that o = 9*2 at every t. ] energy’ 
2. Compute v from Eq. (12,6) by differentiation. and show that the tota 
that is, ome? + Yekz?, is constant, 
3. Prove that the potentia] ener, 
motion equals the kin: 
"4. Show that the 


et 
e to B 
get v; differentiate once on ws 
78007, § = 4/4. and plot x, v 


Ey of a particle in SH 


e 
: np of th 
M at the extreme point 

etic energy at its Passage throu 


gh the neutral point. a gH 
equation u = Asia satisfies the differential equation 
G = VTi). 
5. A mass of 20 


Bm executes SHM on 


ons 
amplitude of th 


illati 
pring completing 2 os of the 
- (a) What isthe vllo mas 
(b) What is the acceleration 3 What 8 
stiffness |; of the spring. ( 

the Vibrating mass? Lm 

* 8 shown in Fig. 12.1, When er of the 
: +20 ft/sec. The stiffness O^ 
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oo the following quantities when ¢ = 3 sec: (1) the displacement, (2) the 
anpli A ) the acceleration, (4) the angular frequency of oscillation, (5) the velocity 
8 eod and (6) the phase angle. 
- Show that the period of a mass executing linear SHM is given by 


P = 2x M —z/a 


ordi. D displacement of the mass at any time and a is the corresponding 
x eus à 100-gm mass oscillates with an a: 
s S aene s k = 10* dynes/cm. (a i 

at the p maximum velocity? (c) If 300gm i 
lames: of a swing, what will the new amplitut 

period be? 

Do An unknown mass, when hung on & light spiral spring, stretches it 18 cm. 
io mine the period of oscillation of the mass ifitis displaced from its neutral posi- 

n and then released. 

"Es =e Particle of mass m, free to move in the zy plane, is subject to a force whose 
w e Hu. are F; = —kz,F, = —ky, where kis a constant. The particle is released 
line 2y E : at the point (2,3). Show that its subsequent motion is SHM along the 
= 32, 

Fat & horizontal surface moves up and down in SHM with A amplitude rsen 
surface o 'àXimum frequency that this motion may have if a mass resting on the 

ce is to remain continuously in contact with it. | 
- An iron shelf is moved horizontally with simple harmonic 
vil wn sts on the shelf. It is observed that the block just begi 

ata aes has a period of 2.5 sec and an amplitude of 1.00 ft. 

4 x coefficient of static friction of steel on iron. 1 : 2 
fA Small 10-gm block rests against (but is not attached to) a massless spring with 
to 10? dynes/cm, The spring is compressed 10 cm from its equilibrium position 4 
Point C with the block still in contact with the end of the spring. The spring is 


;,91 sudden], RAE long a smooth surface into a second 
identical ly released, projecting the block along aon kn A. See Fig. 


2.1 
4. (a) What is the period of SHM 


mplitude of 10 cm on & massless spring with 
) What is the period of oscillation? (b) 
s suddenly added to the 100-gm mass 
de of oscillation be? (d) What will 


c motion. A block of 
ns to slide when the 


Stee] 
Compute from these 


Sprin; | ilibrium position F 
pring whose end has its muna ae block if it were attached to either 


20 cm 


10c 
[^ 


2.14. Problem 14. 


Fie. 1 
block in contact with the first spring? 


the two springs? (d) How long after 
the second spring? (e) 


the total distance traveled by 


complete a certain location on the earth 2 sim p 
thi € oscillations in 200 sec. What is the value 


18 point? 
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16. What must be the length of a sim 
execute 1 complete oscillation in 2 sec 
of gravity is 979 cm/sec?? f 

17. A circular hoop of radius 2 ft 


j.6., 
ple pendulum, if it is to beat secondi 
) at a point on the earth where the acce 


fre 88 
is suspended on a MS 
rque required to twist the wireis5 X 104dyne cm/r 


; iod ol 
on, what will be its period 


shown in Fig. 12.15. "The to: 
If the sphere is twisted sli 
angular oscillation? 


ynes/em, uming t es P 
M ed Now assume a damping force, R = 10* pm 
the frequenc: > W] d give or 
damped motion for this system? : SH oot E wo " if 
i 21. bens undergoes damped SHM given by the equation y = Ae sin a 
i» 10 cm, w = 9C ^ plot y against t from t = 0 tot i: E 
, ree to execute linear SHM, is subject to a restoring fo force 
of 102 dynes pe ( If a driving pe 
F = 104 cos 10xt) d; i i amt i i 
ee. E ) dynes is applied, calculate the amplitude of the motion an e 
*28. Caleulate the mechanical im ina 
ed. i à 
rection Pedance of the Mass in Prob, 22, Also, 
24. The path of a i 
metric equations: z = A cos wt; y = 
radius A with its cent 
Now assume that a 
and Fy = —ky, pet 
V (k/m) Ain the posi 
(Consider the T and y 


quency of oscillation 
(cm/sec), and again 


ng piti 
Plane is given by the following 7 e of 
Show that the motion is in a C! 


CHAPTER 13 
HYDROSTATICS 


ae Nature and Properties of Fluids. Hydrostatics is the branch of - 
ysics that deals with nonsolid substances at rest (Greek hydor, water; 
Slatikos, causing to stand). Nonsolids are often called fluids (Latin 
fluere, to flow); they include liquids, both viscous and nonviscous, as well 
aS gases, even though the popular use of the term excludes the latter. 
Liquids and gases have so many things in common that they require in 
any respects the same scientific treatment. A 
Like Solids, fluids consist of molecules. Democritus, a philosopher 
of Ancient Greece, thought fluid molecules were smooth while those of 
Solids were rough and equipped with interlocking mechanisms. Today 
i; know that the same molecules can, under different physical conditions, 
9'»pose a solid or a liquid or a gas. : * 
Molecules attract one another by forces that are different for the con- 
te uenis of different substances. In a certain range of pressures and 
€mperatures these forces are able to hold the molecules in definite posi- 
ions, permitting them only enough freedom to vibrate about these 
Places of equilibrium. ‘The molecules then form a solid. As the tem- 
Perature rises (and for a corresponding pressure change), the energy of 
Vibration of the solid molecules increases until the forces can no longer 
old them in definite positions; the solid melts or sublimes (turns into 
vapor). Usually it melts. The molecules are now in a au oi oho) 
SY move freely and yet have latent bonds that qu e a "idis 
Average distance between them. Hence the liquid has t YO iim " 
Just why liquids should exist, just why molecules shou ; bes onto 
© another in a manner to preserve à constant volume, instea "à oe 
apart as they do in a gas, is a puzzle frequently overlooked by " egm“ 
ner. In some respects the existence of liquids is still a mystery o! rel 
and a completely satisfactory theory of liquids has not yet been evolved. 
Svertheless their simpler aspects are easily ech TS 
n some instances the forces are such as to cause the ii th lled 
cules in a liquid to proceed with difficulty. The liquid 15 ien boca 
viscous, A trul Mrd us liquid, of which there is no actual example, 
1S called an pe liquid. It has recently been discovered that helium 


“comes an almost ideal liquid at extremely low ae pudissds 
€ nature of a gas is much simpler to understan’- 


ave gained enough freedom to move wherever they like. They collide, 
201 
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we e 
rebound from the walls containing them, and move through the whol! 
volume accessible to them. 


From the point of view of deformations, fluids differ markedly E 
solids: they do not resist a shearing stress. When they flow, a fini E 
shear is produced by a zero stress. Hence we may say that their she 
modulus is zero. m 

13.2. Density. Density is mass per unit volume. It is measured Hi 
pounds per cubic inch, grams per cubic centimeter, and so forth. - E 
density of liquids is nearly uniform ; it does not change from one point 
another. In a large body of gas such as our atmosphere, this is not true 


Density is sometimes expressed in another way by stating how rer 
times as dense a substance is as water. This ratio, the density of ic 
substance in question divided by the den f 


^ Sity of water, is called d 
gravity. lt is a pure number and has no units. Since the density 
water is 1 gm/em?, the sp 


| ecific gravity of all substances is equal, numer- 
ically, to its density in gm/cm?. Notice that 


1 
1 gm/em? = 9 n = 62.4 Ib/ft* 


Table 13.1, 


Densities of Various Substances 


s 
Substance Density, gm/cm? Substance Density, gm /0? 
Aluminum 2.7 Iron 
Brass,.... Una. eat in sind 71-7. 
CPOE [; MTM 7.8 
Dea E vn ance 11.8 
Um ON Platinum... 21.4 
BUFET aak i yea a 10.5 
i 7.3 
13.6 
18.7 


Fluids exert forces on all objects immersed in the? 


be we consider the motion of the mole 
about molecular motion later; here t e 
rtance: The motion is random in a double sens" 
olecules moving in one direction as in any a 
in unpredictable fashion from one molecule z 
e oe Collide frequently with one anoth® 
Vessel containing them, ing impact bo 
ro ually altered, ; and during imp: 

OW suppose an externa] Object to be ; š iqui Jt 
will be bombarded by molecules f. ‘denned in the ngos. 


Tom all sides and in all directions. 
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lar eri 
ia pcm the greater will be the number of molecules that rebound 
of the body pe ns bombardment produces a force on the surface 
l. The po : early, its properties must be these: 
every surface a sen to all immersed surfaces. This is because 
the iones saadi a great number of impacts from all directions, and 
2. The e ects of these impacts cancel each other. 
force is the same whether the surface is inclined at one angle or at 
any other. This again is due to the fact that 
molecules move in all directions. 


As a result of this the forces on the six 


sides of a cube are equal; the force on a 


sphere (cf. Fig. 13.1) is uniform all around and 
merely tends to compress it; the force on the 
left side of the object in Fig. 13.2 is greater 
than that on the right side. 

Simplest account is rendered of these facts 


if we focus attention on perpendicular force 


Fig 
. 13.1, P 
“Phere. oroe on 8 per unit aiet rather than on the force itself. 
is press The name for “pormal force per unit area” 
ure; the symbol we shall use for it is P, 
un (13.1) 


p 
Pre; ey 
tnt s is indiscriminate with regard to direction and is therefore not 
Orce Coed as a vector. Henceforth it will be understood that the 
Welten ved in p is normal to A, and the subscript .L on F will not be 
In ) iy 
uid, eit, p, while it is the same in all directions at a given point in a 
id notia vary from one point 
(13.1) ea In that case, Eq- 
ust be replaced by the 


More 
general 
Fie. 13.2. The same pressure produces 


dF 

p dA (13.2) different forces. 

Obyi F 
Des Dvious pressure units are the dyne per square centimeter and the pound 
ae ioe inch. One million dynes Pet square centimeter are called a 
13.4. Qnes/om* a millibar. j - 
in - Pressure and Density. TO 8° on with our study, it is well for 
re resent to dismiss from consideration the molecular aspects of pres- 
» Which served to explain the afor c nd to think of 
per unit area. It may be 


Tess 
Ure in j 
n its more ordinary sense 29 ^ force 


4 
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traced to two physical causes. 
somehow carry the higher ones, 
added pressure below. 


(1) The lower portions of a fluid a 
and this burden makes itself felt tea 
(2) The surface of the fluid itself may byt ee E 
to pressure, and this pressure transmits itself to the interior o 


; ] bodies 
A case in point is the pressure of the atmosphere, which acts on al 
of water exposed to the atmosphere. 


We shall first ignore the second caus 


There is a general rel 
p and the density, p. 
can derive by integra: 
formulas for p as a fune 


ation between 
From it one 
tion specific 


tion of height 
or depth. We first find this general 
relation, 
The flat cylinder 


shown in Fig. 13.3 
has a height dz, and the area of its 
top and bottom faces is A. 


surface inside a fluid of density p. 
under the forces ex 


con- 


Hence we may 


3) 
Fi + pgA dz =f; m 
If now we take the pressur 


j that 0? 
h © acting upon the upper face to be p, 
the lower face will be p + dp. Then 


s 
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for j i 

C e rate of change of pressure with distance. If we follow custom 
du ds the positive direction of z upward, a minus sign must be intro- 
: e in the preceding equation, for p increases as 2 decreases. Hence 
We write 


[; E 
zm gp (13.4) 
To i " " 
9 Integrate this equation, p has to be known as à function either of p 


um A ie requires further study. : 
(Ges th essure in Liquids. Liquids are very nearly incompressible 
appreso values of their bulk moduli in Table 4.1) and therefore have an 

Proximately constant density. Integrating Eq (13.4) for constant p 


we obtain 


Zz 
p = —gez + const 
id The origin is conveniently chosen somewhere in the 
d The constant is then the value 


surface of the liquid. 
of p at the surface, which will be called po. (Cf. 
Fig. 13.4) Our conclusion may therefore be 


stated: 
p = po — 992 (13.5) 
Wi Ordinarily po is the pressure due to the atmosphere. 
» ithout specifically asking the question how external pressures are 
o, mitted through a liquid, we have found the answer to it as well. 
ji " the result shows that po is simply added on, at every point of the 
quid, to —gpz, which is the pressure due to the liquid's own weight. 
ic 05 fairly obvious fact was first discovered by Pascal (1623-1662) and 
» nown as his principle. Stated in extenso it says: erp ans EM d 
wir petet equally to all parts of a fluid. An important application of it 
be given in Sec. 13.8. 


'6. Manometers. Instruments uy 
8J- 


easuring pressure are called 
The simplest type is a tube, 
th a liquid, usually mercury or 
[Sed (Fig. 13.5). Assume the left opening to be Deme D a space 
8 Which the pressure is p; the other end is exposed to rupto gem nw 

Ure po, Since the poluit A and B bave the same y o ts 7 i 
he same pressure. Hence P 7 n um we 2d 8 
easured on a scale S placed poca a pressure greater tx 


1 : ur: 
Qro 13.5 shows the instrument aay higher in the left arm than in 


e df : SES: 
the P < Po, the height of the liquid ; : 
€ right and } in the formula is a negative quantity: 


9 
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; tained 

But these external forces are in no way affected by bead A ora 

within the surface. If the latter were filled with another su rt it and 

lid body, the same forces would act on it. They will suppo t of the 

i e it Lies when the density of the solid is smaller than ge by the 
fuid, otherwise the solid will sink, but its weight is diminished b) 


: s’ principle: 
weight of the liquid that it displaces. Hence Archimedes’ E ii 
body immersed in a fluid is buoyed up by a force equal to the weig 
fluid that it displaces. 


13.9. Uses of Archimedes? Principle, Archi. 
medes discovered, along with hi 


8 principle, a Ereat 
number of ways i ich it could be employed to 
up " Hiero's crown” in any his- 
Later the Arabs (A.D. 500-1000), 


the density Fre. 139. Determin- 
of gems, Perfected these Procedures, de densities. 
To find the Specific gravity of an irregular object 
it is first Weighed in aj 


Spgrec T on 
Where w — w', the “ 
Principle to the Weig| 


If the body floats on the Water, the same 
with an added wei 


ght below the body; 
with the wei ed in the 
weight submerged. 


loss of wei 


des' 
ime 
ght in Water," is equal by Archim 

ht of water 


displaced. ed 
m! 
Operations may be pia r5 
and weighing takes pee ai 
Water, then with both body 


P ois an! 
: liquid one takes a body of mass is 
determines its apparent Weight in a liquid of known density po such * 
water. Let its Apparent, weight be mag 


j - Next the apparent weil 
T submersion in the liquid of unknown density and to 
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to be m’g. We then write 


(m — mo)g = mg 
a 
2 (m — m')g = V9 


On dicia i 
n dividing one equation by the other we see that 


po m — mo 

and need not be determined. 

o find the density of liquids is to 
floating body (hydrometer prin- 
Osinks to a depth a in aliquid of 
known density po. In the liquid of unknown den- 
sity it sinks to & depth z. Let both a and z be 
measured from the base of the cylinder, and let the 
weight of the cylinder be mg, its area of cross sec- 


m um of the body, V, drops out 
dee ed though less accurate way t 
ciple) k e depth of immersion of a 

- The cylinder depicted in Fig. 13.1 


A 


[7 


tion A. Then 
mg = Aap = Atpg 
tul and p/p = a/ 
l | The hydrometer used in determining the density 
Gz of the radiator fluid in automobiles works on this 
Me. 13 : rinciple. 
a hye à : orces, as is clear from 


Gases, too, exert buoyant f 
f 3 The density of the air, 


0.0 the fact that balloons rise. 1 
it 0123 gm/ cm’, is so small that in the measurements discussed above 


It 
may be neglected. 


Bae The Atmosphere. Air is not incom| 
atmos ie set p in Eq. (13.4) equal to a constan 
e iie The density is in general 8 Dem ls 

i : variation of p with p is not easy spe i 
mih the apts Kost as we proceed upward in the atmosphere. À 
o Sh idea of the actual situation can be formed if we assume the temperature 
* constant, which is, of course, not true. In that case, p 18 proportional to p, 


one May write 


tometer, 


pressible, and it therefore is not 
t when reference is made to the 
n of the pressure itself, though 
d depends upon the way 


if i 
*. Po and po are the known values of density and pressure at sea level. On insert 


1n 
E this relation in Eq. (13.4) we obtain 


dp P. 

r "D 
P dp | P4 

pw 
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When this is integrated, there results 


Inp = — OP 2 + const 


The constant is In po, as may be seen by letting z be zero. 


Hence P = poolo Poz 

Now . 
g F z arx o ea gem = 1.16 X 10-* cm~! = 0.116 

"Therefore P = pq-eus 


provided that z is measured in kilometers, er 
decreases by about 11 per cent, i.e., from 76 em to 68 cm of mercury, d values 
lkm aloft. This is not far from true. Table 13.2 shows some measure 

of pressure and temperature in the earth’s atmosphere. 


ssure 
According to Eq. (13.0) the pre go 


" Teights 
Table 13.2. Variation of Pressure and Temperature at Different F 
in the Atmosphere 


Pressure, Height above 


Temp, 
mm Hg | sea level, km *g 
——— | ae 
762 0 14.8 
677 1 13.6 
600 2 6.3 
530 3 1.0 
468 4 subg 
412 5 = 9.9 
206 10 —44.9 
177 11 —50.1* 
152 12 —52.9 
130 13 —52.8 
ug 14 —52.4 
a5 15 —52.0 
s2 20 —49.0 


p to 
js 

A typical engineering problem pe 
y the water. Assume the side of? 


pe 
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Oiss. Th 
5 en the force dF on a strip of width ds and length l at Q i 
pgzl ds. Buts = z/cos a; hence PS 


dp = Pg 
cos «a z dz 


We int 
and pee from z=0toz=h 


ree f’ l h 
tt [eae = Pa * 


Fic. 13.11. Force on a dam. 


But " 
LE (M). the pressure at the 
e - 
erefore /cos a = A, the area o! 


f thedam. The force on the dam is 


F = pA (13.7) 
applied from the right, would 


Le 
t us now find where a single force, 
this end we must compute the 


equili 
Quilibrate the force of the water. To 


or 
que of the water force about O. 

lz? dz 
dL = pgzl ds $ = Ea 


h 3 
umi d 
b= f, dL = cos? a 3 
Comparing this with our result for the force we see 
that 
2h 
=o 
L = 3 cos a 

Since k/cos a is the length of the slanting side, we have 
force established the result: The equilibrant of the pressure 
i must act vertically against the slanting side at à point two-thirds 
d, of course, midway between the 


lts le: 
ngth from the free water surface an 
s called the center of pressure. 
like that shown in 


fron; 

e nd back of the sea wall. This point is cal! 
Fig "ava now a canal of triangular cross section, © S 
: 13.12, and of length l. The weight of the water in the canal is 


Ia n 


Sin, 
i bp horizontal side of the triangle is ^ tan - In terms of W the 
on the slanting wall, given bY Eq. (13.7), becomes 
pel: W 
2 hltana 


W 


e 
A sin a 


2 
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ight of 
he weigh E 
is lly greater than t ME 
s the force on the dam is actua e—— 
a reum produces it. This is sometimes called the “hyd 
the water E 
: eram : For 
n there is nothing unreasonable about this spat o forósé 
i i ing to Newton’s thir d by 
ain at Fig. 13.12. According r pes 
kia body of water are equal and opposite to epos ratte 
the wd on the walls. The water is therefore subject to 


1 1 Al 
Fy = 5 Pohl Po= 5D 


8) 
y-l pihl tan æ d 
COS œ 2 ` 


+. the 
n PE” dint 
The last of these acts vertically downward and is not indicate 


izontal com” 
figure. If the body is in equilibrium, the sum of all horizont: 
ponents must vanish, and hence 


F, = F; cosa 


" rtic 
This relation is satisfied by Eq. (13.8). Resolving along the ve 
must have 


al we 
W — F.,sina aby 
x : ione! 
and this is also true. The fact that F» is greater than W is occasi 
the presence of another horizontal force, Fy. 
13.12. Flotation. It is not enou 


architect must also be able to predict 


navel 
gh to build a ship that floats; the 
The ship drawn in Fig. 


stably: 
in what position it will float, and fason 
13.13, when slightly listed, returns to its normal p 


(5) 
Fig. 13.13, Stable flotation, 


the 
» after a slight displacement, departs farther from 
vertical and floats on its larger face. 


Let us see why this should be. "ty dow 
In its normal position, two forces act on the ship (Fig. 13.13a)—gravity ane 
ward at the center of gravity G, buoyancy upward through the center of athe 8 
B (center of gravity of the displaced water). They are equal and oppo 
ship’s weight is equal to its water displacement, 
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" 
ih oe the ship be tipped as in Fig. 13.13b. The point B is not a fixed point 
ttiie ody of the ship; it moves to a new position. The two forces now form a 
ini p this torque restores the original position. The torque on the plank 
on 3.13b does the opposite: it urges the body farther from its original position. 
bod hether a body floats stably depends on the location of a certain point in the 
a called the metacenter. It is a fixed point through which the force of 
foray ney acts in both the normal and the tipped position. In Fig. 13.13a the 
n acts along the dotted line, in Fig. 13.13) along the vertical arrow through B. 
E intersect at the point called M, and this is the metacenter. 
otation is stable when M lies above G, unstable when M lies below @ (which 


's the case in Fig. 13.14). 


———— m " 
Fro. 13.14. Unstable flotation. 
NS distance between M and G is called the “metacentric 
8 ens boat is stable but stiff; if small the boat rides gent] 

uders strike a com ise between t 
promise etween : 
Poke generally the metacenter of 2 floating object is the center ^q idis a à 
€ curve on which B moves as the object is from its n p 


iom, Ap 
od s d 
Metacenters, y may have several stable post 


height.” If it is 
y but is unsafe. 


PROBLEMS 
2 and in dynes/c 


(Specific gravity of sea water is 1.03.) 
i 
ompute the pressure in the atmosphere 20,000 ft above sen level 
ng in cen 


3 i i i timeters of Hg between 
the bott hat is the difference in the barometer rrr um? for tach 


8 fora ar rubunigry at ne 50 ft below the surface of a lake, if its 
Urface i 


he o, ind the p m3, 500 ft below the surface of 
tl e ind t ressure, both in ]b/in. , 5 
$ Ocean, 


hat is the force on a diver’s outfit, 
ae 48 ft2? 
tively densities of air, helium, and 
feet diamo S071 1b/fts, 0.01114 1b/ft3, and 0.00 
Would beget a hydrogen-filled dirigi 
e “lift” if helium were used iste? 
12 g He swimming pool is 60 by 100 ft. The bottom poe 
m 

z normal fer end to the other. Suppo the bottom; (c) the force on 

th orce on the bottom; (b) the ver 


our sides, 


&mospheric pressure) are, respec- 
hydor py" What is the volume in cubic 
«dift? of 10 tons? What 
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E : + the 
*7, Calculate the moment of force exerted by the water on the ed 
deep end of the pool in Prob. 6, (a) about the upper edge; (b) about t ie "A vertical 
8. A cylindrical cask of height 5 ft and diameter 3 ft stands m = ins wal 
l-in. pipe, 50 ft long, is attached to its upper surface. What is the forc: 
of the cask when both cask and pipe are filled with water? . E re of. 
9. An automobile lift, operated as a “hydraulic” press employing ms P 
100 Ib /in.?, has a plunger 12 in. in diameter. What weight can it lift? jevator has h 
10. Water pressure in the city mains is 50 lb/in.? If a hydraulic elev: à 
piston of diameter 2 ft and an efficiency of 75 per cent, what load can it ue of its 
11. An iceberg, floating in sea water (density 1.03 gm /cm?), has nine-ten 
volume below the water surface. Find the density of ice. d; in oil 
12. A block of wood floats in water with two-thirds of its volume Rupee the oil. 
it has nine-tenths of its volume submerged. Find the density of the wood an 100 gm 
18. A piece of cork (sp gr — 0.25) weighs20gm. A piece of metal weighing ight is 
is fastened to the cork, and the system is weighed in water. Its apparent we 
found to be 20 gm. What is the density of the metal? pang 
14. A 400-gm cube of wood 10 em on a side floats in water. Neglect the cha 
water level, motion of the water, and friction. Use g = 1,000 em /sec*. (a at the 
much of the block is beneath the level of the water? (b) What is the pressum 
bottom of the block? What is the force exerted by the water on the bottom? md it 
side? (c) What force is necessary to submerge the block 1 em more; to subm' block 
z cm more? (d) What is the equivalent spring constant? (e) Will the 
undergo SHM? 


) sHM is! 
(f) What is the period of SHM? (9) If the amplitude of SHM #8 1 
em, what is the maximum velocity; 


S ota 
maximum acceleration? (h) What is the t 

energy of this SHM? 4 Find the 

15. A piece of metal weighs 250 gm in air, 210 gm in water, 225 gm in oil. FH 
densities of metal and oil. 

16. What is the buoyancy of air upon the brass weight of 1 kg? In y 

1T. Look up the Story of Hiero's erown (cf. Encyclopaedia Britannica). "e the 
opinion, what method did Archimedes employ in determining the composition 
crown? 

18. A sea wall, 100 ft lon 
20° with the vertical. 


e of 


ne? 
ig. 13.15), is constructed to p 
0 lb/ft, Assume that th! 


30° 


Fic. 13.15, Problem 20, 
is held in place by friction at its base, and that the e 
Investigate whether the dam is 


ion is 0.09 
3 oefficient of friction ! 
safe against sliding and 
exerted by the water. 


"oes 
or 
overturning under the 


CHAPTER 14 
HYDRODYNAMICS 


Son ee Flow and Turbulence. Hydrodynamics (Greek 
ad y er; dynamis, force) is the study of the motion of fluids under 
te P is a field of great complexity, yet of unusual beauty in its mathe- 

al structure. Physicists and engineers are at present devoting to 


it B : 
osa enthusiasm and painstaking effort, for from its further develop- 
will come an understanding of the conditions under which flight 

e here only the barest outline 


at very hi i i 
gh speeds is possible. We giv 
of the Subject. vid ‘ 


urbulent flow. 


Fro. 14.1. Stream line flow and t 
| ^ liquid or gas can move in two fundamentally different ways. Whena 


5 flows slowly through a pipe; the motion of its molecules is orderly; 
int inside the pipe proceed with the same 


Molecules passing a gi oi 
Velocity. ae e wholly predictable. On the other 
a when air rushes past an obstacle in & wind tunnel, & churning of ni 
MS n behind the obstacle takes place, numerous eddies are formed, 
"d the motion of the air molecules is unpredictable in detail. The first 
a motion is called streamline flow; the ame anne bns 
a ght st in turbulence arises from the disadvan! ges Pp A es 
urb its presence. Whenever & body moves through * e ub nee 
^ie snas in its wake, the resistance to its motion MR grea E = od 
Sha; n airplanes, cars, and locomotives are ` ree aro. 2 
inn e that will prevent turbulence 14.1). A = iscover the 
i On for streamlining of fountain pe es is left as an exercise 


Or the r 
ead. f turbulence eau: 
sm) Thesudden i ets airplane out of control. 


an 
T : p circumstances has throw? many a Past airplanes are a 
, eddies i “ing the wing HPS ast airplanes 
occasionally trailing ing YE turbulence. 


amiliar sji 
iliar sight to many pilots; they a 8i 
2 
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A his 
rbulence may occur even in fluids streaming through pipes. m 
i es d curs fairly regularly where the fluid moves with a 1 d 
pouce dera is called the critical velocity ve. Reynolds discov 
nin a given fluid at a certain pressure and temperature, 
" 


C (14.1) 
ve = d " 
ipe. 
where C is a constant peculiar to the fluid and d the ER ve 
For water, C = 0.0384 ft?/sec. Thus turbulence occurs at hig 
i w pipes than in wide. . m 
Y Oil is mum said to calm a turbulent sea. This, pape o. 
sense, is a rather remarkable misstatement. When an oil film ome 
the water surface, the wind, tearing at the oil molecules, sets Merit 
eddies, or vortices, in the water below the oil film and these 3 waves 
eddies prevent the formation of orderly br 
and their growth, which would occur in 
absence of the oil. id can 
Mathematically, the motion of a flui el 
best be described by making a sort of ko 
B dimensional map of the velocity of tue 
molecules at all points within the fluid. "^ 
in general the velocity v at a given point 2; Ae 
will be a function of the time; v will chang 


A ange 
‘A Vv time goes on. In turbulent flow this ch 
is erratic. i 
i n re sha 
Pis. 142. A streamline, In the remainder of this chapter we 
dismiss turbulent flow 


at 2 
from our consideration and assume that V 
given point is not a fun 

14.2. Streamline Flow. 


ig. 14 
be steady. Consider the point A (Fig. Mice 
at A does not change in time, every P™ 
arriving at A will pass on w 


eer) 
boundary of such a tube, consisting 
streamlines, is always parallel to th. i 
no fluid can cross the boundaries 
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at one end m 
ust leave at the oth 
6 ^ ean other. In steady flow the pat 
o the fluid is stationary in time. ee 
fuid cu 144 we have drawn a thin tube of flow. The velocity of the 
meande while everywhere parallel to the tube, may change its 
Bre tho es Suppose it to be v, at P, v2 at the point Q. If A; and As 
Bui. punt ss-sectional areas of the tube at these two points, the mass s 
ng across A; per second is APW that passing across Q is 


Q 


v2 


v 
Al 
Fic. 144. Equation of con- 


Fig. 14.3. Streamline pattern 
tinuity of flow. 


and tubi 
e of flow, 
fluid p; and ps, for 


or the density of the 
Since no fluid can 


A 
cipio provided that we write f 
Tears = also differ from point to point in the tube. 
rough the walls of the tube, 


Apt = Aspavs (14.2) 


flow. If 


This 
— T c 
ery important result is called the equation of continuity of 
= pr and Eq. 
s 


Aaa BE =. 
ca is incompressible, p1 
akes the simpler form 


Aw = Åm: 


It says: 
of flow Pi the area is large, the speed 
ot unlik small, and vice versa. A river 8 
Crease in e a tube of flow: an abrupt de- 
implies velocity without increase in width Jya. 
Nearly į increase in depth, for water 18 tion. 

14.3 incompressible. 

theorema ernoulli'e Equation. most useful and practical 
Tnoulli of hydrodynamics an was discovered by Daniel 
Second low 1738. It is very easil ated by applying Newton’s 
: ee to the fluid within a tu 
18. 14.5 r the portion of fluid in 
5, a part of infinitesimal length d 


(14.3) 


One of the 
d aeronautics 
y demonstr: 


be of flow. 
f the tube drawn in 


the shaded part o 
s and of cross-sectional area A. 
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ae right 
The pressure on the left face of the shaded portion is p, that on the rig 

i dp. we 
» MPO the force due to the pressure, there acts upon the a, 
fluid the force of gravity, which has the magnitude —mg in the ee a 
direction, y. The quantity m is the mass of the element of fluid. 


ty i ds). 
direction of the streamline the component of gravity is —mg(dy/ 
Newton’s law therefore requires that 


dv me e, dy 
ma = —Adp — mg ds 
Now since, in terms of the density p, 


m = på ds 
do _ do 
and a as 


we have 


vdv+ 2+ gay =o 


On integrating this we obtain 


4.4) 
ER FM a 

p 
"This is the general form of B 


ow 
P as a function of 


To use it we must Sie 
e indicated iater oË 
id, p constant, an 


t. 
noulli's equation takes the form Lg? + (p/p) = con? 
This is customarily written 
———— 
“ev +p =H qan 


n OL RN 
the right-hand sid 


à nt 
: € here being the equivalent of the former consta 
times p. 


14.4. Significance of Bernoulli? 
has the physical dimension of a p 


.5) 
S Equation. Each term in Eq. (14 
pressure head, or tota] 


; he 
ressure (show this!), and H is called t 
Pressure. This is 


therefore consider Fig. 14.6, 


be so wide that, in view of Eq. (14.3), 
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(14.5) then tells us that the manometers on I and IV read a pressure p 


which approximately equals H, the total head. The pressures in II and 
III are less because }4pv* is greater. 


When a liquid flows through the 
pipe of Fig. 14.7, the pressure at 
the constriction is greatly reduced. 
When the velocity in the normal 


Fre. 14.6, Application of Bernoulli's Fic. 14.7. Principle of the aspirator. 


equation, 
Part of the pipe is v and the area of the constriction is one-tenth the 


normal area, we have 

= Váp(100)? + P: 
= Mp X 990" 

1 ft/sec, 


or 
pi — Pz 


F 
or water, p = 62.4 1b/ft?, and with v = 


Pı — 
D» = 31. 3 2/sec? 
2 lb/ft? x 99 ft. ni 5,090 1b/tt sec? = 3,090 poundal/ft? 


— 96 lb/ft? = 24 Ib/in.* 

If E s ion of itis not a very good 
q. (14.5) is applied to the motion of gases it | e 
jPProximation to bo oae (since gases are not at all incompressible) but 
pM results that are qualita- 

ely correct, 


tun Venturi Meter and Air-speed 
occurring - The reduction in pressure 
number E at a throat in a pipe has a 
ciple it of Applications. The prin- 
d peg. in these devices is always 
(Eq. 14 E the equation of continuity 
9f the f 3) requires that the velocity 
sane at a constriction increase; 
V's equation (14.5) then shows 


Venturi meter. 


Fic. 14.8. 


at 
T pressure must fall. 
i enturi meter i inserted a 
M the fi E prise golpes ng the speed of flow of aliquid. Its 
Action OW pipe for the purpose of un Xo cu "i density p flows through 
F is reduced 


may be understood from Fig. 14- 

Sf normal era üoi 4. At the throat, where the area i 
ss secti : d and the manometer liquid (mercury or 

, 


a pi 
pi: 

t be 

> 2 manometer tube is attache 


O9 q 
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t may 
water) has a density p'. By applying Eqs. (14.3) and (14.5) the studen 

wi sity 

show that 


TOT: 14.6) 
v= a 20 = oak ( 


The volume of the liquid transported per second, Q, is 
Q=vA 


* wane Jected 
Usually a is about one-fifth of A, and for many purposes a? may be neg 
in comparison with A?, Approximately, therefore, 


Ra — p)i 14.7) 
o ans p)h ( 


: is principle: 
The air-speed indicator of airplanes involves an adaptation of this pr 


i ith their 
Two cylindrical tubes, attached near the forward edge of the wing with 


Fic. 14.9. 


Pitot air indicator, 


axes parallel to the f. 
14.9, 


als 
A equ 
les with a speed v that one i 
a, however, the air is stag 


an 
If we call the pressures inside the tubes Po 


P», we have, by Bernoulli's equation, ) 
Po + áp? = p, - 


‘pres? 

; therefore a is called the ‘ uen 

he leads from the two tubes are conne b is 

form of an p 
Í the barometer box, and Pa 

is measured. By Eq. (14.8) this is ap i i 

lápv*. This device, called a Pitot tub 
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Though i : 
mn a different purpose we mention in this connection the aspirator 
trated in Fig b = s the reduction in pressure at à throat. Its action is illus- 
stricted Words i . At the point A, where the water stream leaves the con- 
mospherie, a ; he pressure is lower than at- 
tube, The nd suction oceurs through the side Water 
sures as loy pumposa be used to produce pres- 
Caie 2s a few millimeters of mercury. 
fold of ar vapor finds its way into the mani- 
an automobile engine by throat suction. 


The nen of Efflux under Gravity. 
a as ween with which a liquid flows out A Suction 
Of approxi can be found to a fair degree 
Oulli's e à imation with the use of Bern- 
tainer E Assume that the con- 
to a hei oa in Fig. 14.11 is kept filled 
runs d à " above the spout while liquid 
Section; ii de stream has a varying cross 
contracta S sometimes called a vena f Wa 
nearly s ince it is exposed to the air, the pressure acting upon it is 
exactly mospheric. At the narrowest point of the stream it is almost 
Ad, Meet e (p = po). 
ibe of flow has been drawn 


Fic. 14.10. Aspirator pump. 


is tube comprises prac- 
tically the whole vessel and the spout. 
We apply Bernoulli’s equation to the 
liquid in this tube. At the point (1), 
where the tube is wide, v is practically 
zero, but p = Pe + pgh. At the point 
(2) in the vena contracta the liquid has 
but the pressure 18 po. 


in Fig. 14.11; th 


velocity v» 
Hence po Pgh = Po pv 
Pi Cem 
G. 14. d 
ll. Effiux under gravity. and v = V2gh (14.9 


wn as his theorem. 


i and is kno 
tandpipe 30 ft high 


Thi 
“Ss result was first found by Torricell ; 
as 


e 
Would ps of water flowing from the bottom o 
v = (2 X 32 ft/sec* X 30 f) = 49.8 ft/sec 
1 n 

lines x Lift of an Airplane Wing. Wherever, in any flow pattern, the stream- 
Bustos abnormally crowded, the velocity of flow is large. Hence Bernoulli’s 
aro ^ requires the rene to be small. Figure 14.12 shows the streamlines 
nd the wing of an airplane or 8 model of it (airfoil) such as is used in wind 
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i zi r than Py 
tunnels. The crowding of streamlines above causes p; to be greater tha 
he lift force results. I E. T 
pere a can be strengthened, and therefore the lift can be exor s 
tilting the tail of the foil downward, thus changing the " angle of attack. 


= 


Fig. 14.12. Lift on airfoil. 


: tain 
sure, this is practicable within limits. But for every air speed there is pe air 
maximum angle above which Streamline flow cannot, be maintained. he ait 
then breaks into myriads of small vortices past the edge of the foil, and t 


Drag 


11b 


Fro. 14.13. Air resistance, 


plane stalls. Even at the Proper angle of attac 
surface (ice) can cause turbulence and stalling, 


i d 

n 
k, irregularities on the W” 
As already mentioned, the drag d 
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a “teardrop” 
EN a i shape. In the first instance there is much turbulence, in the second 
ES the um ast none. Fora certain air speed, equal in the three cases, the drag 
Rapid! jects is listed in the figure. 
forces pe nt drops have the teardrop shape. This is partly because the 
if the dron pied the air on the falling drop produce that shape, partly because 
by turbulence not have this form it would not fall rapidly, or would be destroyed 

4.8. Limiti : 

Limiting Velocity in Air. The student has probably wondered about the 


So-called « 
ed “sound wall,” the mysterious obstacle that makes it so extremely 


diffi 
5 bd d an ordinary airplane with a speed approaching that of sound. 
Not allow st is given to a fair approximation by Bernoulli's equation, which does 
Let us reamline flow to exist at high velocities. 
consider the air as incompressible and write 


p+ 3p =H 


Assum i 
e the airplane to be stationary, and let the air 
oth for the stagnan 


tunnel. Thi move past it, as in a wind 
of the wih his equation must be true b air at the front edge 
liene and for the air rushing over the wing surface. Let the velocity of the 
stagnant ich is the velocity of the fiying airplane—be v. Where the air is 
"naar he pressure is approximately atmospheric. Hence, putting p = 105 
Or which and v = 0, we find H = 105 dynes/cm*. Now the greatest v 18 that 
ch p = 0. Therefore 

léápinas" = 105 dynes/em* 


For aj 
air, p = 1.2 x 10-3, and 


vag = EXTON ait TIE = 900 mess 
j 12 X 10 sec | 4x10 cm/se! 


aPproxi 
incompre ately . Actually, troubles start at lo 
elocity n The velocity of sound is 
ineo ii iy velocity of sound is called the M ach number. — 
mpressible without much error if the Mach number 1$ less than }4- 


PROBLEMS 


he rate 
he velocity 


At one place there 


of 20 gal/min. 
in ft/sec, at this 


. Ly 
is a co; ater flows through a 6-in. pipe at t 
Dti gh a 6-in. pipe 2 vat 
nstriction? of radius 2 in. What is t ico 
In i 
a: 1, the normal pressure within 
3 Cum at the constriction? 
a hej ulate the speed of efflux of 
qe: of 80 ft. x 
cire], PH andpipe is 40 ft tall d filled completely- At ha 
cs of radius 14 iu Ma) Hos much water will squirt out per 
i the stream hit the ground? down 
Plain why water flows as & continuous stream do' 


nti 
© drops when falling freely- 


the pipe is 1.6 atmospheres. What is 


tom of a tank filled with water 


the pr 
water from the bot! 
its height there is a 
minute? (b) 


a vertical pipe, while it 


breaks i 
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6. A river carries 2 million cubie feet of 


water per minute. It is dammed ay 
drops 40 ft. What is the maximum horsepower available for a hydroelectric plant 2 
this dam? 


*7. A Venturi water meter registers a 


pressure difference of 8 Ih /in.? between the 
constrietion, of internal diameter 14 


}4 in., and the normal section, of diameter 1 1n- 
How many gallons does it pass per second? 


8. A pair of Pitot tubes are to be use 
must they be arranged? What differ: 
flow of 3 ft/sec? What “head” 

9. If an aneroid barometer w 
to the wind direction, a correctio; 
Compute this correction for a w 


v= 


Fie. 14.14, 


Problem 10, 


; "OR m Joc- 
water at at. find from Bernoulli's principle the maximum velo i 
mospheric pressure can flow past an obstacle without bre? 


. :dicator 
two arms of an air-speed indica 


CHAPTER 15 
INTERMOLECULAR FORCES 


itus Origin and Nature of Intermolecular Forces. On many occa- 
the m. s this text, reference has been made to the forces that act between 
consi s ecules, and the time has come when these should be more carefully 
DN All atoms and molecules contain electric charges. If all 
e an excess of the same kind of charge, t-e., positive or negative, 
"e would be very strong forces of repulsion between the particles. 
Ss Rovere i ot the cso fhe ende o 
. From thi Just equal and opposite to the charg mea q 
intera is fact one might draw the conclusion that molecules canno 
cules = electrically; this would be erroneous. In fact, ben uc ica 
slight] Pproach each other, the charges n each are disturbed and depart 
aes between opposite charges in the two mo 
n ae between like charges. Attraction thu: 
j cere forces result. Because these 
Orces peg take place only when molecules 
spher oven short distances only: they ar 
Riven € of radius equal to the range of the forces, con 
molecule as center, is called a “sphere of action. 


© situation is different when the molecules come very close together, 
pel each other 


Ose that thei 
Str eir outer charges touch. T i ; 
8o mee for there is no way for the molecule to rearrange itself internally 
is this anul the repulsion of the closely adjacent ex' 
elasti repulsion on contact that accounts for the IE i 
r c, Dilliard-ba]l character of molecules. Were it not m its occ E 
throw k olecules could not rebound in collisions but would move rig 
8 each othe 
r. " 
Not hee intermolecular forces graphically it x Dow Er e a 
phas j f two molecule 
ee 4 The force F is related to the 


occur- 


Potential tee x, between their centers. 
al energy V by the equation 
dV (15.1) 
F--—x 
te J : 
quals the : <- allows us at once to interpr et the 
i of igalinmclopeae ts T nclebile be fixed at O. Then the 


V vs. x (Fig. 15.1): Let one 
225 


4 
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i vard 
other will be urged away from it where the slope of V is Sonano she 
it where the slope is upward. The range from O to zy is ue 
repulsive range of the force; that from Zo outward to eap 
the curve is practically horizontal and the force vanishes is t E SIM 
range. At ze no force acts between the molecules, for 


All 
The steepness of the slope is a measure of the strength of the tor ET 
this may be summed up by noting that a particle “slides down a p 

hill.” 


i] they 
centers approach each other m iant 
ance z’ from each other. This implest 
diameter of a molecule. For the si 


" te & 
ential diagram of Fig. 15.1 illustra 


2 inimum 
physies, sometimes called the principle of min 
potential energy. Tt Says, somewhat 

vaguely, that physical s 


ly this is 
but an immediate con- 


y li 
tenti? 
must be a minimum, The tendency Fic. 15.1. sese ae 
for V to seek a minimum is not (Dotted curve represents 14 
limited to 


: erly 
same distance, Small in all instances as to be utt 
negligible in comparison with the intermolecular forces. Because ES 
mass of a molecule i 8m) the intermolecular — 
i Eh to impart to it an instantan 


ler: 
cm/sec? However, these enormous putt" 
e short time, since one molecule moves dU 
out of the range of action of the other, 
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15.2. 

of the HE cm e Forces. Cohesion, or the “hanging together” 
Eo deerier x a solid body, is due in most instances to the action of the 
rigidity of ro * above. The fact that glass resists breaking, the hardness and 
By fitting Ses = elastic properties of solids may all be traced to their presence. 
the fact CP Wr er the pieces of broken glass no joint can be achieved in spite of 
de betara efore breaking the same molecules attracted one another strongly. 
liber io br e of the short range of the forces; it is impossible by mere mechanical 
achieved [mes all molecules back within their ranges of action. Union can be 
plates = em by fusing the pieces together. Very carefully polished glass 
together d ed “optical flats," when placed with their faces in contact cling 

Adhesion firmly that they are exceedingly difficult to separate. 
adhere to a the sticking of one substance upon another. Powder and dust 
E almost anything; water adheres to glass, oil to water, paint to walls. 
molecular oa of the more obvious examples illustrating the action of inter- 
another 4 neg The lubricating quality of oil, which creeps over metals, is 
ma " ul instance. When gases adhere to solids, they are said to be 
Bas tile charcoal surface attracts and retains upon itself great quantities of 
ecules. At low temperatures every metal surface exposed to gas is 


Cov h 
ered with a film of gas molecules. 


T * . 
able 15.1. Comparison of Intermolecular and Gravitational Forces 


Intermolecular force, dynes, Gravitational force, dynes, 
ration of 4 X 1075 cm 


Molecule 
at a separation of 4 X 10-5 cm | at a sepa! 


He 6 x 10-8 7.8 X 1074 
H: 43 X 1078 18310 
A 225 x 10-8 4,8. 107f* 
Na 215 x 10-8 3.6 x 1075 
Os 150 x 10-8 4.7 X 1078 
Co, 560 x 10-5 8.8 X 107 


he L "n 
i E Properties of a liquid cannot be explained without an understanding of 
Olecular forces. By virtue of their presence & liquid is prevented from 


ex : 5 
Panding into a gas, In the process of evaporation, certain molecules are taken 
ork, and it has been found 


Out of : 
the clutches of their neighbors; this requires v £ 
he same order of magnitude 


that 

be le free is of t e 
Again, the forces manifest themselves 
in the lowering of the freezing 


eign admixtures. Their 


e bi a EE 
ehavior of liquids at membranes, ! 
ling itself to the scientist, 


complex po raising of the boiling point 
e action in living organisms is gradually reves 
new science of biophysics involves them i 


Thr > 
i *e specific effects caused or greatly influenced b 
ing sections. 


ds would be 
but these forces modify the viscous 


treat viscosity in this chapter. 


153 
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i ce an 
In gases the effects of intermolecular forces are but minor. They mo E: 
additional internal pressure at high compression, when the gas d ond js tbe 
close together. This, however, can be measured with great ee lonis. 
experimental source of most of our present knowledge concerning 


jviding 

15.3. Surface Tension. Consider an imaginary surface S los. 

a liquid into two parts (Fig. 15.2). Since there are forces car pets 

between the molecules of the liquid, stresses must act across t * € 
the molecules on the left attract the molecules on the right. 


8 nding 
if theliquid were actually separated into two parts with S as the bou 
surface of one of the parts, work would have 


S — 
to be done. LA =e 
The only result of this work is the creation | — ———— —— 
of two additional surfaces of the Dud cat aay 
Hence we may say that the production of a — a -————À 
larger amount of free surface requires an — II um) =a 
increase of potential energy of the liquid. = ese! og 


ma 
And since the liquid, when undisturbed, seeks Fra. 15.2. orga 
to minimize its potential energy, it must take halves of a liq 
a shape in which its free surface is as small as YOK- f con- 
possible. Its surface tends to contract, and the measurable force 0 
traction is called “surface tension.” 


As evidence of th 


:auid, when 
is contraction we note that a small drop of liquid, 
falling in a vacuum and thus sub: 
between its molecules, 


i.e., the Shape of a Sphere. 


. wn 
If a straight line is dro. 
across each surface, e surface on one side of the line d is 
on the other with a force, F; for the liquid and F, for the rubber, tP uc 
proportional to the length of the line, d. In general F, will be ™ " 
greater than F;, but otherwise the situation is the same in both examp 
However, if the surface area is increased, let us say to 2A, F, will wie ge 
while F; remains the same. Stretching the rubber membrane incre jon 
the tension; increasing the liquid surface leaves the surface tens 
unaltered. 
As was noted, the force F, is pro 

imagined drawn across the liquid 
surface tension is not the total fore 


sa we 
portional to the length of the es 
Surface, "What physicists me# 


pid 
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Surface m 

Site Wii therefore, is not truly a force; it is a force divided by a 

em B. B hen thus defined, surface tension. is constant for a given 

To ens given temperature. 

dngwav: Kad surface tension one may apply this 

a thin, inn Lea i bent into the shape of an open rectangle (Fig. 15.3), and 

lien form T wire is placed across it. A liquid film (e.g., soap film) is 
ed as indicated, and the force is measured that will just keep 

the film from contracting. If the length of 

the cross wire in contact with the film is d, the 


surface tension is given by 


definition in the follow- 


Lr (15.2) 


the f 
actor . š 
or 2 being inserted because the film has two surfaces. This 


experi 
peed ey the advantage of conceptual simplicity; but for most 
Ment is not * m cannot be formed, and the present method of measure- 
Surface P In Sec. 15.6 we describe a more useful procedure. 
ension is measured in dynes/em. Some typical values are 


given į 
en in Table 15.2. 
Ta . 
ble 15.2. Values of Surface Tension for Various Substances 
p 
Liquid Temp, °C |^ dynes/cm 
Water... 0 75.6 
guag d wate os ENE ü AA 
90 62.9 
0 23.5 
30 20.8 
70 17.3 
18 520 
—269 0.12 
—247 5.15 
—193 15.7 


TOp is ure within a spherical 
two He oe than the pressure outside. Suppose the drop were divided into 
Zzero, the Spheres (of, Fig, 15.4). If the pressure insi i at outside is 
force that the upper hemisphere exerts on the shaded equatorial plane 

cting across the equator 


Since the drop holds together, surface tension act i 
the force per unit length and since the 


15.4, 


Pressure within a Spherical Drop. 


Must», 
len, 229 vi . 
eu de an equal force. Since ø i$ 
€ equator is 2zr, we must have 
arp = 2n 


He 
Bre (15.3) 
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E- rop- 
If the outside pressure is not zero, p stands for the excess pressure inside the drop 
The smaller the radius of the drop, the greater the pressure within. jiha | 
Equation (15.3) also represents the pressure within a gas Bilge anols bubble 
liquid. It poses an interesting paradox with respect to the quce Y ligi 
growth. For if, in the formation of a bubble, a very small cavity in I vai 
had to be formed first, enormous initial pressures would be required. 


the size of 10 molecules (3 x 10-7 em) calls for a 
pressure of 150/(1.5 x 1077) dynes/em? = 1,000 
atm, approximately. Itis likely, therefore, that air 
bubbles form on nuclei of impurities in the water. 

The excess pressure inside a soap bubble is also 


given by Eq. (15.3), but allowance must be made 
for the fact that the soap bub 


ble has two surfaces, 
80 that 
——— ". 
p = Fro. 15.4. Pressure in® 
d spherical drop. the 
e 
The same result holds for an inflated balloon, provided that c is taken to b 


(variable) surface tension of its walls, 


t connects them, th 
the smaller until the latter disappears, 
greater. 


the 
n 

If two soap bubbles are formed lu ol 
€ larger one will grow at the s bubble is 
for the pressure in the smaller 


ids- 

15.5. Angle of Contact. Liquids frequently “creep up” on d 

ZA5 To understand this we note that, while. uid, 

\ are forces between the molecules of the liq e 
there are also attractions between those ° 

solid and the liquid, and these latter maY 

either greater or smaller than the forme? 


ple, 
they are greater, it ig energetically on ay js- 
In the sense of the minimum principe 
cussed 


s 
in Sec. 15.1, for the liquid molec 
© near the solid surface or at least to 8 solid 
Compromise between adhering to the f 


su aicut urface 
Fre. 15.5. Angle of contact, dee and minimizing the free S 
e fluid. , tbe 


force 


This may be illustrated 
behavior of a liquid near a 
the liquid molecules to fo 
(a in the figure). Attracti 
on the figure). The actual behavior, a compro" 
between these two Situations, is depicted by curve c, The liquid C? 
up to the surface under a definite angle o, called the angle of contact 
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Table 15.3. Angles of Contact 


Glassswater ac-on-cceceu. doce 
Steel-water... 
Glass-mereury. . 
Paraffin-water. . 
Glass-ethyl alcohol 


Angles of contact have been measured for many solid-liquid pairs. 
heir values are not very accurate or meaningful, for they vary greatly 
with conditions of purity. A few representative values 
are given in Table 15.3. Liquids that "wet a sur- 
face have contact angles smaller than 90°. Clean 
wate. makes a zero angle with glass, whereas mercury 


with a contact angle of 140? forms a convex meniscus 


Q, 
in a glass tube (Fig. 15.6). . 
/ 15.6 Capillarity. The rise of water in tubes E small 
j e illaries" i illa, hair), is a 
f “capillaries (Latin capilla, p 
: e edm Fr Sap rises in trees partly be- 


well-known phenomenon. 

ion; through 
r " i action; water creeps UP 
dua crack Rene. ; g them to crumble when the 


“ry in gl csi ften causin 
as: cracks in rocks, ofte: ! n 
o water freezes i Unless soil is plowed, water rises quickly 


: i * H . 
: Tough its pores and evaporates, causing it to dry out. ; cepe MEN 
caused by the intermolecular attraction between liquid and soli 


à . 
EL one hand and by surface tension on the other. 


on e o! T i will 
depressi i f circular cross section 
of liquid in a tub à 


, Studied by reference to Fig. 15.7, which shows & liquid that 


à . . 
gt nte to an average height h above the Brus 
e Kori Surface tension acts along the junction r 
quid and the tube, i.e., along & circle of lengt 
ir the tube has an internal radius of 7 on 
cee A upward at an angle æ with the wal xs 
is ae force of 2rro cos a dynes vertically e 
li is just sufficient to balance the weight o 


Aqui, AES > ae 
hg » Which is r%hpg, provided that its density is P 


2rro cos a = whey 


a ADOBE (15.4) 
h= mome 
x = i 'u which makes an obtuse 
ter, cos a T. For a liquid like mere’ ry, ihe ü Sm 


angl = 
presa contact cos a is negative; D€ 
S eee in the container. err 

e E n R bine is d same method that the liquid wi 


cen parallel plates to a height 


hence ^ js negative, 
e 


betw 


1 
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2s cos a 
h = — 
apg 


amar 
: capillary 
if a is the distance between the plates. Observations on the 


] for 
: ractical method 
rise of liquids and on the angle of contact provide a practical 

measuring surface tension. 


jo of 
s as the ratio 
15.7. Viscosity. In Sec. 4.3 we defined the shear modulus as th 
shearing stress to shearing Strain, 


FA (15.5) 
Mz As/Ay Ay 

in the notation illustrated by Fig. 15.8. In 
was identified with the angle 6. If the 
cube drawn in the figure were a cube of 
liquid, the tangential force F would not 
produce a finite displacement As; it 
would, in faet, cause the horizontal layers 
of liquid to flow with varying velocities, 
If the bottom of the cube is in contact 
with a Stationary wall, 
shows that the lowest layer 
rest and the higher ones wou 
formly inereasing velocities wer ones 
theright. By virtue of its viscous behavior an upper layer drags the lov 
along, but the lower à 


g small, 


Sec. 4.2 the ratio As/Ay, bein 


observation 
would be at 
Id have uni- 


; ! ite quantity’ 
ess to rate of Straining, then it becomes a finite d 


1 
| anc 
yn. Let us write v for ds/d 
The definition of 7 is then 


F/A a50) 
77 Ww/dy 
The cgs unit of 7 is the poise, 
(10-? poise) and the micropois Values of 7 for various su 
are given in Table 15.4, Tt will be noted that 7 varies with the tempe™ 
increasing with T for Bases, 


A rou£ 
olume of fluid Q, passing thro 


> ; dose 
: nal radius r per second under a difference in pr€ 
Ap between its ends, is given by j 
4 15-7 
Q= Ap ( 
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Table 15.4. Coefficient of Viscosity 
Substance Temp, °C | », dyne sec/cm? 
Water. 
Sois mUEN IP ES ga erage 0 0.0179 
20 0.0101 
40 0.0066 
Bescon 60 0.0047 
eisuieivn vus eyaten E S T E T amy 0 1.68 X 107* 
20 1727X 10+ 
40 1.90 x 107* 
60 2.02 X 107* 
20 0.00155 
20 8.8 
40 2 
40 2.8 
40 4 


* SAE 
denotes 
a 5 
scale established by the Society of Automotive Engineers. 


This 

Fes provid 

liquids, Bine on excellent method for determining the co 
e a gas is compressible, Poiseuille's law nee 


efficient of viscosity for 
ds slight modifications 


When m 
itis appli 
à Nother poles to gases; but it is still essentially correct. 
eal drop ri a relation, which will not be derived here, is Stokes’ law. A 
Fi its radius mW in a viscous medium is retarded by 8 force that is proportional 
Peed y, ed to the coefficient of viscosity of the medium, as well as to its 
In view of F = ern (15.8) 
0 
Teaches a UE was learned in Sec. 7.4 [see Eg: (7.10), with b = 6rnr] the drop 
erminal velocity 
eB veh 15.9 
% = Gant ( ) 


re we discuss the electric charge 


hig 

Telati ; 

0j io i 

an electron. ill again be used in Sec- 25.12, whe: 


PROBLEMS 


1. How hi 

tog Ñ PA water rise in a glass capillary of inter 
eight of 9 j ed water at 30°C rises in ® glass capillar: 
ind the E Compute the angle of contact. . i ; 
* A mercu: epression of the mercury in & glass tube of internal diameter 0.02 in. 
t the to: ry barometer consisting of 2 glass tube filled with mercury reads 75.43 
ading pos its meniscus. The intern? ter of the tube is 0.5 cm. Correct 

lengip > bat fe apillay notion. . 
h 8 in, e in addition to gravity, 
alcoho Piece id upward through a wate! 
ol added of a matchstick of length 2 
on one side of the stick reduc 


nal diameter 0.8 mm? 
y of internal radius 0.02 in. 


] diame 


is required to pull a horizontal glass rod of 


r surface? 
cm floats 0n. 
es the Sur 


a water surface. A drop of 
face tension on that side by 
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jt and 
ill act on it an! 
8 dynes/cm. In what direction will the stick move? What force will ac y 
what will be its initial acceleration if its mass is 0.04 gm? — — 6x0e8 
*7. What is the diameter of a spherical drop of water in which the pi 
that on the outside by 4 atm? 
8. Two vertical glass 
above the water surface. 


ing 
s rotrudini 
plates are placed face to face in a basin of water, P' h 


in, How hig 
They are separated by a distance of 0.03 in. 


the 
etween 
will the water rise between them? Calculate the average p E the 
plates, and find the force with which the plates are pressed togethe 
plates to have a length of 10 in. (Fig. 15.9). 
—— 
Fig. 15.9, Problem 8, t has a 
; N ve ee e! $ 
9. An air bubble 1s rising in water, Three feet below the wai’ bubbles L 
diameter of 0.02 mm, What is the pressure inside it? Can pure ai iper 
extremely small size be formed in water? wat 
*10. Water at Toom temperature 


e 
ont! 
drains slowly from the bottom of fyithin E 
Y tube of length 15 cm and internal diameter 1 mame d 
container it stands 30 em high. How much water flows out in 1 min? spe? 
11. Find the viscous fo 


A ith & 
rce on an oil drop of diameter 107* cm, falling W? 
"* cm/sec in air, 


e 
i alculate e 
and viscous retardation, C 6 gm/0? ' 
he oil drop of Prob, 11 (Density of oil — 0.95 h 

in = 1.7 x 10-4 dyne sec/em?.) f Jeng? 
-2 dyne sec/om? ig forced through & tubs, will P! 
er à pressure of 80 lb/in.? How much oi 
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EMPERATURE AND THERMAL EXPANSION 


16.1, 
Temperature. If we are given a number of similar bodies each 


of which 
has been heated a different amount, it may be possible by the 


Sense of 
touch to arrange them in increasing order of hotness. The 
which is merely a number 


hotte 
on sag utn Ws higher its temperature, 
Although rbitrarily chosen scale expressing how cold or hot a body is. 
gh our concept of temperature is basically associated with thermal 
sensation, this sense is not very acute and its availa- 
bility is, of course, limited at both ends of the scale. 
It is therefore necessary to devise more accurate 
ways of measuring temperature, making use of some 
of its many effects such as the change in volume of 
a substance. Similarly, forces are measured by means 
of some effect such as the extension of a spring. Any 
instrument that measures temperature is called a 


thermometer. 
Galileo’s thermoscope, jnvented about the year 
1600, was the first thermometer of which we have 
t consisted merely of 


any knowledge. T his instrumen 
em dipping down- 


a glass bulb with a long, narrow st 
f water (Fig. 16.1). As the tem- 


ward into a vessel 0 
ises, the air within it expands 
and the water leve If the sca 
the wat, ture of the bulb drops, the contraction of the air causes 
Sion o ü to rise further in the stem. Because of the large thermal expan- 
less * enclosed air, this is temperature-sensitive device, but it is use- 
also ak Practical thermometer since variationsin theatmospheric pressure 
during x the height of the water in the stem. This was recognized 
been in he first half of the seventeenth century, and by 1650 there had 
Sealed Vented the liquid-in-glass instrument, with the end of the tube 
alcoho] ; This was the forerunner of the modern mercury-in-glass or 
E ad thermometer. 

ermometers. Changes in P 
are used by thermometers inc 
S of a substance, the pressure of a gas h 
Ps à bog ic resistance of a wire, the thermoelect 
hermon so hot that it is radiating visible light. 
eters are based either on the differential vol 

235 


Gali- 
cope. 


8 thermos, 


ies with tempera- 


hysical propert: : 
lude variation of the physical 
eld at constant volume, 


ic effect, and the color 
Common, everyday 


dre lax 
the Psion 
© electri 
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š while 

liquid and its container or on the linear expansion of a HER mi 
thermometers based on the other effects have special appli 
as the measurement of very high or very low temperatures. PEE i 

The common liquid-in-glass thermometer consists. of a Mercury 0t 
glass bulb from which a long glass capillary tube rises. ase in tem- 
colored alcohol is the liquid usually employed. With em sensitivity 
perature these expand much more than does the glass, and t! sealing 9 
is inereased by using a capillary of very fine bore. Before 


«as usually 
the upper end of the capillary tube the space above the liquid * be 
evacuated. The scale is either engraved on the glass capillary o 
on the baseboard. 


In the metallic thermometer, an example C 
of which is the oven thermometer, the expan- F 
sion of a coiled bimetallic strip acts through i 
a lever system to move a pointer over a scale, n ES 
Because of shifts in sensitivity this instrument 
must be recalibrated frequently, 

The constant-volume gas thermometer is 
illustrated in Fig. 16.2. 


The pressure of the g 
gas, usually hydrogen or 


helium, in the con- 
tainer B of constant volume i 


the temperature only. 

perature of B the mercu: 
the fixed point A and t! 
by adding the atmosp 
a barometer to the di 
two interconnected 


ry level is adjusted to 

he pressure determined a 
heric pressure given by stant-volu 
fference in level h of the Se ape eei 

mercury columns. "here, 895 taer 


her" 

or considering this instrument as the standard 
mometer with which other more convenient forms of thermometer 
be calibrated. nd 

Since the electric resistance of a wire is a function of its = ter 
(Chap 27) and is an easily measured quantity, the resistance ther™ res: 
is a useful instrument Particularly at high and low tempere. an 
Another type of electric thermometer makes use of the fact that two 
electric circuit formed of two different metals a current flows i e is 
junctions are at different, temperatures, "This thermoelectric € 
described in detail in Chap, 28. pot 

In the thermoelectric Pyrometer the total radiant energy from a m 
source falls on a thermocouple or thermopile (Chap.28). Since the 2.5) 
radiation from the Source is a function of its temperature (Sec ren! 
the heating of the thermocouple junction and hence the electric C% din’ 
in the circuit varies with the Intensity of the radiation, and the re? 
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of the milli 
temperature of the sore. circuit may be used as an indicator of the 
e opti . 
is based pne nicae for the measurement of very high temperatures 
its temperature act that, when an object is so hot that it is incandescent, 
sists of a telese may be judged from its brightness. This instrument con- 
whose TEN oc 2» whose iube are a red filter and a small electric lamp 
object, Pus current is adjustable. The telescope is sighted on the hot 
its te peal a furnace, and the current in the lamp varied until 
a calibration Lu to have the same brightness as the furnace. From 
match for hot ained by noting the filament currents to give a brightness 
to indicate th sources of known temperature the meter may be marked 
incandescent e temperature directly. Also the changes in color of an 
increasing fa object, going from dull red to bright red to white with 
o dae ee may be used to measure its temperature. 
exactly over gs of two different kinds of thermometer will not agree 
Parisons w any range of temperatures. But before making any com- 
ve should first consider the construction of temperature scales 


the 
general definition of temperature. 


3. T 
emperature Scales. In defining ? temperature scale two 
values assigned to these tem- 


Peratures must be chosen and arbitrary 
Ure unit This determines the zero point and the size of the tempera- 
temperat, or degree (°). For all scales the fixed points are taken as the 
Which BE of a mixture of ice and pure water and the temperature at 
re water boils, both at atmospheric pressure. On the Fahrenheit 

elting point of ice is 


Scale B 

wh NE. 

» Which is in common use in this country, the m 

r212. On the centigrade scale, 


esi 

whieh ed 32 and the boiling point of wate 
labeleq universally used in scientific work, these two fixed points are 
e Zero and 100, respectively. 
With hag Mh the value of t| 
“entigre ee is used in the construction 
100 itg e ai if we denote by Po the V 
ue at the steam point, and bY Pr 


he physical property whose variation 
of a thermometer. Then on the 
alue of P at the ice point, by 


its value at any other tem- 


Perat, 
u s; H 
Te t, this temperature is defined by the equation 
t p, — Po (16.1) 
(P100 ar Po) /100 


of the property P. On 


ar f unction 
perature 18 


his 

! re 

the p, Presents temperature as & line: 
g definition of tem 


Ti S) ond ni 
a enhei TTE: i 
it scale the co: Pp i 


— Ps 
ee oe R (16.2) 
t — 82° = pus — Po) /180 
ales, together with a third, the 


Co 
Mpari 
rison of these two temperature 8° 


63 
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lowest 
absolute scale, on which temperatures are reckoned i. i 2. This 
temperature theoretically conceivable, is made in Pa aed Lord 
absolute scale, which is also known as the “Kelvin Hr from thermo- 
Kelvin (William Thomson, 1824-1907), who suggested i redd 
dynamical considerations, uses centigrade divisions. ges Ern 
ice point and the steam point there are 100 centigrade 


B Jarge 
. es aS 
Fahrenheit divisions, the centigrade degree is 18% 00 or %, po scale t0 
as the Fahrenheit degree. "Therefore in converting from 0 
the other we may use the relations 


Kelvin 
Centigrade Fahrenheit 
C = 56(F — 32) ) 
16.3 i 
F=%0+432 | (163) Pal: 
Boiling point C £1£. 
where C and F represent corre- 


of water 
sponding temperatures on the cen- 


tigrade and Fahrenheit scales, Melting point 
respectively. For example, given of ice 
that absolute zero is —273°C, to 
convert this to the Fahrenheit scale 
we compute from Eq. (16.3) that 
F = (%) x (—273) + 32 = —491 
+32 = — 459°, the value given in 
Fig. 16.3. 

By using Eqs. (16.1) and (16.2) Absolute zero ||—273__.||—459..-~ 
any one of the various types of ther- 
mometers may be used to establish 
a temperature scale. They will all 
agree at the fixed Points, but the 


er 
à : H Fic. 16.3. Comparison of temP 
properties P are in general different 


R les. 
functions of the temperature, and "e 
h 


atur 


Y Points other than 0 and 100 ther- 


is 
m, for which the property P erature 
pressure p of the gas. With this standard gas thermometer, temp 
on the centigrade scale ig ned by the relation 


4) 
Bil P = py (16: 
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thermo i 

vei Ri scale (Chap. 21), which is independent of the choice of 
xe or of the substance. A comparison of the constant-volume 
Table 5 D with several other thermometers is given in 
C, 1. Note the close agreement between the air and hydrogen 


Table 16.1. Comparison of Temperature Scales 


lass | Platinum resistance 


Con 
tias hydrogen Const-vol air Mercury-in-g 
CN RC UAM | thermometer thermometer thermometer 
EE 
"in orc oc oc 
40 20.008 20.091 20.240 
60 40.001 40.111 40.360 
80 59.990 60.086 60.360 
100 79.987 80.041 80.240 
100 100 100 


Very nearly all solids expand when 
lly laid with small gaps between 
nd in welded streetcar tracks 
re changes. The expansion 
one end slide on rollers 
d on a wheel only when 


1 $ 
Dir en Expansion of Solids. 
eir ends Pie ted. Steel rails are usual 
arge ther o accommodate this expansion, 2 
of a steel stresses accompany temperatur 
9n the ab ridge may be allowed for by having 
Ot, its One If a metal rim can be placed on a wh 
ong ste. 8 inkage when cooled will result in the desired tight fit. In a 
Joints bars pipe, expansion and contraction are provided for by expansion 
example by a section of the pipe bent into a Uform. Many other such 
fa : i f thermal expansion might be cited. x : 
regular 3 has a length Lo at 0°C, while L, is its length at (°C, L being a 
Ship m unction of f, it is known in mathematics that any such relation- 

ay be represented by a series of the form 

ne + alt + E D) 
easurements are extended 
Eq. (16.5) must 
say 100°C, just 


th 


L,= Lol tat + (16.5) 


When the m : 
all the terms in 


differences, 


Wh 
ere T 
Over di. a’, and a” are constants. 
e mu ee temperature range 
ed. But for small temperature 


t 
he first constant o is sufficient, and hence 
he ¢ ud on 
8 fines, kee a, known as the coefficient of linear expansion of the sub- 
S the value 
(16.7) 


Lila 
a= Td 


16.4 
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: ure. 
It is to be noted that the dimensions of o are reciprocal meet 
Its value depends on the temperature scale used but not on tl eec us 
Which L is measured. Some representative values of this oe mer. 
given in Table 16.2. The value of o for aluminum of 23 X m at 1°C 
that a 1-em length of aluminum at 0°C becomes 1.000023 c wen 
and a 1 ft length at 0°C becomes 1.000023 ft at 1°C. A Hein equation 
of expansion between two temperatures ż and ts, defined by the 


ERIT (16.8) 
on Lit; — t) 


is often used. 


5 ifference 
In a temperature range of 100° about 0°C the diffe 
between a and 


1,2 is insignificant. 


Table 16.2, Coefficients of Linear Expansion 
(Approximate values) 
ee 


Substance (per °C) a (per °F) 
| a 1 T 
Aluminum. ssai iena sa sansan.. 23 X 10-8 13 x o- 
Brass,..... 1.9 Xxi* | 1,5 x10* 
Copper 1-8 XXr* | 9.4 x lo 
Pyrex glass 3.2 x 10-6 1.8 X aoe 
Ice (—10 to 0°C) 51 x 10-8 28 =X 107 
Invar......... 0.9 x 10-8 0.5 X 107 
Quartz, fused 0.40 x 10-8 0.22 X lar 
Steel.......... 10.7 x 10-6 6 x10 
Tungsten 4.5 x 10-6 2.5 x 107° 


Inspection of Table 16.2 shows th. 
solids are very small, being especiall 
From Eq. (16.8 


X 6 x 10-8 
110°F. 


Actually, 


borosilicate glass was used 
A bimetallic strip (Fi 


107 
in metallic thermometers and in ther. 
Stats. Owing to the larger c i 
bends when heated. The mov 
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"on die oh pendulum clock there must be some compensation to 

"ram i ective pendulum length constant in spite of temperature 

Sta Porte Ra method of accomplishing this is to construct the pendulum 

steel is ie of steel and brass bars so that the downward expansion of the 

the total le pasate by the upward expansion of the brass. To do this 

coefficient, ngth of the brass must be to that of the steel inversely as their 
sof expansion. In another method of pendulum compensation 
the bob includes a vessel of mercury. The expan- 
sion of the mercury raises the center of gravity, com- 
pensating the lowering of the center of gravity from 
the expansion of the pendulum rod. 

The successful sealing of the metallic wires into the 
glass of electric lamps, radio tubes, ete., is a matter 
of closely matching the expansion coefficients of the 
metal and the glass, since otherwise cracks develop 
when the seal cools. Inspection of Table 16.2 shows 
that pyrex glass and tungsten metal have coefficients 

\ of expansion differing but little, and hence this com- 
\ bination is widely used today in the fabrication of 


OAN vacuum apparatus. B 
S AN If a metal rod is 80 rigidly held that it cannot 
0, expand when its temperature 18 raised, a compressive 
From Eq. (16.8) the frac- 


Y 
stress is set up in the rod. j 
he rod if it could expand is 


ĀM 


tional change in length of t! 

AL _ a At (16.9) 
expand, and hence the com- 
t necessary to produce this 
^s modulus is defined by 


Pressive f But the rod is not free to 
Sama ico ee increase by the amoun 
actional change in length. Now Young 


y= AF/A 
ist = AL/L 
E therefore AR nz. 
Sin, 
€ Eq. (16.9) for AL/L we have 
AF = AYa AM (16.10) 


for 
the ; 
eng © Increase in the compressive f ded to counteract the tend- 


o 
expand. The corresponding 


orce nee 7 
thermal stress 18 


ar = Ya At (16.11) 
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16.5. Surface and Volume Expansion. Suppose a plane sheet of solig 
material to be homogeneous (consisting of the same substance pe 
out) and isotropic! and to havea Square shape. Let the side of the ky 
be of length Lo at 0°C and L at PC. Then, since L = Lo(1 + at), x 
area A = L? of the square after expansion is related to its area Ao E 
at 0° by the expression A = Ao(1 + at)? = Ao(1 + 2at + at). 
small term a? may be neglected in comparis 


on with 
2at. Therefore 


A=A)(1+ 220) = A1 + Bt) (16.12) 
where 8 = 2o is the co 


Fie. — 16.5. 


pansio: that 
re the heating, the frame would is the same as 


F tinuous 
e plate were continuous. There- of a con 


. hi d 
P gives the expansion of a hole in Plate of the 
a surface when the latter is heated. ni 
The expansion of a solid - 


: jon. 
-vlume may be treated in a similar pean 
e of edge Ly at 0°C, its volume V = L^ 8 


V = Vol + a)? = Voll + Bat + + + +) 


equals 3a, The value of y for nie 
from the linear coefficient, whic 
the only one usually tabulated, 


A cavity in a solid volume expands at the Same rate as if it were filled 
with the solid, Thus, a steel tank of Capacity 1,000 gal at 0°C will hav’ 
a volume of 1,000(1 + 32.1 X 10-5 x 100) or 1 003 21 gal at 100°C. 5 

16.6. Expansion of Liquids. mh performance of a liquid-in-l® 
thermometer is evidence that liquids such as mercury or alcohol bha” 


larger volume coefficients of ex - 
: pansion th. . Inge 
the expansion of a liquid may be re aie 


nate 
Te: appro? 
1 ti n soli " p: sented by the same 


but one usually observes only the differentia] expansion of the liquid and 
its container. y 


1 A mixture of flour and g 
ous but not isotropic (Gree| 
erties in all directions), 


ugar is not homo; 


N is homoge” 
a Beneous but isotropic; wood is ho 
k isos, same, 


juu 
+ trope, turning; i.e., having the same P' 
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Thi ; 

Sine usually consists of a glass bulb with a capillary stem 
ing that s o that small changes in volume become evident. Remember- 
e € volume of the bulb expands as if it were solid glass, let 

» vol of bulb = vol of liquid at 0°C 
y^ Z Vol of bulb at f*C 
! = vol of liquid at £C 
Yo F vol coefficient of the glass 
vol coefficient of the liquid 


= 
Il 


Vi — V, = VA d- vd) — (0 4-0] = Vol — Yot (16.14) 
— yg being known as the 
n of the liquid in glass. 
of the glass is known, 
Vo and ¢ yields 


This j 

815 the apparent expansion, the difference y: 
apparent coefficient of expansio 
If the volume coefficient Yo 
observation of the apparent expansion, 
the value of the coefficient y; for the liquid. 

As a volume of liquid expands, its mass remaining 
constant, the density of the liquid decreases. Sub- 
stituting m/p and m/po for V and Vo, respectively, 
we may write Eq. (16.13) in terms of density 

po 
PII | (16.18) 
ng and Petit (Prob. 17) the 
quid may be obtained with- 
nsion of the container. 
f value in determining 
cient of mercury, which 


By the method of Dulo 
expansion coefficient of a li 
out reference to the exp& 
This method has proved o 


accurately the expansion coefficier meena A 
is a substance much used in phy: sical experimentation. 


ae) If the value of y for mercury is known, this liquid 
Terentia 8.6. Dit. may then be used for obtaining the coefficients of 
a liqui jP^nsion ^ expansion of solids by some differential method. In 
“Etain; and its Table 16.3 are given t e coefficients of expan- 


16. sion for several liquids. : 
M Expansion of Water. Water has the anomaly of Jing a 
Vith Figs density at 4°C at atmospheric pressure. Above 4°C it expands 
ature creasing temperature, while below 4°C it contracts as the temper- 
Beca This anomalous expansion of water is plotted in Fig. 16.7. 
With “es of this behavior, when a body of quiet water cools from contact 
to the pa ir above the surface, the water that has cooled to 4*C sinks 
and te It is therefore the surface water that ES aed " 
Wate S ns to freeze, Were it not for this property Ü x ten we dw 


Would freeze from the bottom upward and 


he volum 


68 
[Sec. 1 
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Table 16.3. Expansion Coefficients of Liquids 
Substance y (per °C) y (per °F) 
is 61 x 107* 

I (ehh) oce is. 110 x 10-5 y. 
la = " 164 x 10-5 91 X aie 
Glycerin. 51 x 10-5 m x 
Niet RRND sas atest cue 18.2 x 10-5 10.1 X 103: 
Sulfuric acid. 56 x 10-5 ic e ae 
Water (20°C)... 20.7 X 10-5 Ts 


ice. Salt water has its 
degrees lower than this 


16.8. Mercury The 
Mercury is not th 
metric substanc: 
their compactn 


rmometers, 
€ ideal thermo- 
€, but because of 


Degrees Centigrade 


; o 

jon 
Fre. 16.7. The peculiar expans 
water, 


mercury thermometers are wi 


—38.8?C, its use for low temperatures is ]; 
lower temperatures, 


B 


-point borosilicate 
mercury filled with an j 


n 
the 
res 
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slight inclinat; z 
Eea with the horizontal, a small iron piece is pushed along 
ferent e E column and left when tlie mercury contracts. The 
Mere cole Hi iron piece then indicates the highest point reached by the 
mounted nearl Ja In the accompanying minimum thermometer, also 
index is dra T oeque alcohol is used. A suitably shaped light 
the loch pt own by the meniscus of the alcohol surface, but when 
indicates t ^ sequently expands it flows past the index, which thus 
he lowest point reached by the liquid meniscus in any period of 


Varyi es. 
ying temperatur . 
PROBLEMS 


1. Con 
v 
centigra de c nd temperature of 98.6°F and room temperature of 68 
- Writ 1 A 
changed cS equation by which any temperature in degrees centigrade may be 
Erade scal egrees Fahrenheit. At what temperature do the Fahrenheit and centi- 
E Lic es read the same? 
1774°q = nitrogen has a normal boiling 
od Andes nvert these temperatures to the F. 
its increase n steam pipe (a = 10 X 10-*deg C- 
5. Calcite length when heated to 100°C? 
ate the increase in length of 500 ft o 


chan 
ges from 15 
to 50°C. 
h we assume to be a simple pendulum and 


°F to the 


point of —196°C; platinum melts at 
‘ahrenheit scale. 
1) is 60 ft long at0°C. What will be 


f copper wire when its temperature 


we A gl 
Which Tider has a brass pendulum, whic! 
Or loss in ¢ S one complete vibration in exactly 2 sec at 20°C, What will be the gain 
of the clock drops to —10°C? 


cA du per day if the temperature ; 
Sionin lengthen or's tape correct at 65°F is used at 100°F. Whatis the percentage 
Wo s measured with this tape at the higher temperature? 
tungsten bi uminum bar 20 cm long and 1 em? in cross section is joined at an end to 
length E bs 30 cm long and 1 em? in cross section at 0°C. (a) What is the change in 
9f linear eal bar if they are heated to 40°C? (b) What is the equivalent coefficient 
ch bar? hermal expansion of the entire bar? (c) What is the change in volume of 
9. A 
D. A steel tine gin: : 
à iamete see in. in diameter at 20°C is to 
© shaft? 20°C. To what temperature mus 
0. A 
vaD ud 
9 the aia plate at 70°F has in it a cireular hole 10 in. i 
att is of this hole at 150°F? p 
led wi Yrex glass flask has a volume of exactly 1 liter at 20°C. Ifiti 
2. Ab mercury and then raised to 90°C, how much mercury will spill out? 
Will be ar of aluminum 2 by 3 by 50 cm in size is immersed in water at 4°C. What 
the water Change in the buoyant force of the water on the bar if the temperature of 
à er rises to 34°C? y: ^ 
Would oper bar of cross section 1 cm? is heated from 15 to 10 
ri bs nr Y to prevent it from exp: 
M of erossa uch force is required to preve 
. If atea nel area 8 in.? if the tempe i eps 
xe inereg rails are welded together and held so that no een (^ een 
q se in the stress in the rails when the temperature rises from o F? 
Tass bar 20 cm long and a steel bar 10 cm long, each 1 em? in cross-sectional 


n to a steel shaft 6.003 in. 


be shrunk o 
heated to just slip onto 


t the ring be 
n diameter. What will 


If it is completely 


0°C. What force 


anding? i 
nt the expansion in length of a 50-ft steel 
rature is increased from 70 to 110°F? 

le, what 
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; en 
area, are butt-welded together and then this bar of length 30 cm is constrained ers 
immovable walls at 20°C. Next the entire bar is heated to 220°C. (a) a e 
be the expansion of each bar if there were no constraints; total expansion? E: e 
force of F gm is applied at the ends, at a fixed temperature, what would the A how 
in length of each bar be; of both? (ec) If the bar is constrained not to expand, 
big must F be? (d) How far to the right or left does the welded joint move? 


H ser ends 

17. Two vertical columns filled with a liquid are interconnected at ellos p 
by a horizontal capillary tube. One of the columns is surrounded by a jacke! 

taining ice and water, while a hig 


igh’ 
h-temperature bath encloses the other. If the heg 
and density of the liquid in the two col 


et- 
umns are denoted by ho, po and hz, Pts Raye 
tively, show that the volume coefficient 7 of the liquid is given by y = (h — "^ 
(method of Dulong and Petit). 0.001 
*18. If a steel scale is to be ruled so that all millimeter intervals are correct to £ ture 
mm at the specified temperature, what is the maximum variation in the temper 
that may occur during the ruling? 


CHAPTER 17 
CALORIMETRY 


‘orm of motion is an old idea, 


el 

s irn by Francis Bacon, Boyle, and Hooke in the seventeenth 
Common] oward the end of the eighteenth century, however, heat was 
Passes cd believed to be an imponderable fluid, called caloric, which 
When its $ a body when its temperature rises and which the body loses 
terminol emperature drops. We have inherited from that period our 
ology of heat. Although we now know that a rise in temperature 


Mea, : 
Molen ees an increase in the kinetic and potential energy of the 
ules of the material, we continue to use the definitions of heat 
oseph Black (1728-1799), 


Quantit 

Pecan developed by Lavoisier (1743-1794), J 
In 179g enteen ih o scientists. l 
fled to E ount Rumford (Benjamin Thompson, an American Tory who 
€Xperim, urope at the time of the Revolution) concluded from qualitative 
the Ele ents performed while he was in charge of cannon boring for 
arge meigi of Bavaria that heat cannot be a substance. Observing the 
tool w mounts of heat generated in the boring operations, whether the 
motion sharp or dull, Rumford decided that heat must be a form of 
When ty Soon after this Sir Humphry Davy (1778-1829) showed that, 
Wo pieces of ice are rubbed together u ditions of no heat 
One ds from outside sources, enough ted by the work 

Still m, PRG the frictional force to melt the ice. Although the calorists 
idea 4 aintained for some time that their theory of heat was eet tlie 
establi z heat is a form of energy gradually prevailed and became m 
to 1878 ed by the long series of experiments of James P. Joule e k 
Se » Which showed that there is an exact equivalence of heat an m 3 

€ tra, experiments of Joule were careful, quantitative researches t w. p 
descen pi med work into heat in a large variety of ways: For n * 
eat p. 5 Weights caused various surfaces to rub against each por the 
oun, Stated being absorbed by give? quantity of Mem a rm 
9f heat, 9f work done against friction always produced the same quantity 


Sin, 
fa nce there is no evident change in the kine 
d, the energy 


a 
be ody as a whole wl NEUSS Í 
“Ane up by its ers These are in incessant motion at any 
> i “ature, but as the temperature of the body i$ raised not only do is 
Mg ules move about with increas translational speeds but also the 
brational and rotational energies. 


8 in ; 
the molecules have greater Y! 
247 


T 
h in Heat Is Energy. That heat is af 


tic or potential energy 
given to the body must 


2 
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uu there 18 
The expansion of solids and liquids with heating quede e ba 
also a gain in the potential energy of the molecules, Pi ita average 
done against the intermolecular e forces when i 

i etween molecules is increased. ; varme 

Boo ne of heat through a body when its p wc A null are 
is easily explained by this kinetic theory of heat. For parem molecules 
continually colliding with each other, and the slower mov notes ules. 
gain energy in this way in their impacts with faster ee container! 
The molecules of a gas in striking the heated walls of thei 


y 
Er I ed energ: 
rebound with greater velocity, and they pass some of this increas 

on to other gas molecules by collisions. 


1.005 
g 
o 
2 1.000 
2 
ó 
0.995 
o 20 40 6 80 100 
Degrees Centigrade 
Fio. 17.1. 


S. 
Relative values of the calorie at different temperature 
It is necessary to distinguish clearly betw. 
With a given gas flame i 

to warm up a pail of w 


same temperature. 


atu 
een heat and pou eat) 
twill take much longer (i.e., take much mo 
ater than is needed to 


o 
warm a cup of water © op 
The temperature of a b 


e 
ody is merely a awe with 

some arbitrary scale body is as ears ay 
Some standards, Heat, ; is a form of energy 9 f 
be measured in energy units. d 
17.2. The Unit Quantity of Heat. We use today the same he a 
employed by the calorists, the quanti 


Since the amount 9. pot 

ify 
peratures (ef. Fj Pag of 
temperature in the definition. The calorie is defined as the qua” mea” 
heat required to raise one gram of water from 14.5? to 15.5°C. TAS d 
calorie, defined as one one-hundredth of the quantity of heat requ ical 
raise the temperature of 1 gm of water from 0 to 100°C, is prac a we 
the same as the 15° calorie. This calorie is often referred ini the 
“Grem-calorie” or the “small calorie.” In deraa nd nn HE 
calorimetric studies the kilocalorie, larger than the gram calor! a he 
factor of 1,000, is employed. The British thermal unit (Btu) 


ti 
. e ^ 
ity of heat that will raise tP peat 
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quantit ] 
Mscugh ae required to raise the temperature of one pound of water 
drop the E Itis easily shown that 1 Btu = 252gm cal. We shall now 
term kil pre x gram in referring to the small calorie, while retaining th 
Usin pani for the larger unit. p 
to rais g ik. definitions of heat quantity, we compute, for example, that 
or 500,000 "i Es from 15 to 65°C would take 10 X 50 or 500 kcal. 
Tenn . Similarly, to raise 10 Ib of water from 60 to 200° 1 
QOO x MD. Lan D o 200?F would 


17.3. ; 
E Equivalent of Heat. 
at if a given amount of mechanical energy, no matter how 


Sener, 
e nien all transformed into heat in a constant amount of water 
of mechanic Qe rise of the water was always the same. The quantity 
emperature , ET that, if entirely converted into heat, could raise the 
equivalent of y unit mass of water one degree is known as the mechanical 
accepted v. eat. This is usually designated by the letter J. The 
alue of this important constant is 


J = 4.186 joules/cal 
d conversion to the English system of 


In Joule’s experiments it was 


Ther, 

inh 1 joule — 0.239 cal, an 
ids PM = HUN 

is brou "ss that a 3,000-Ib automobile moving with a speed of 60 miles/hr 

Ener ght to rest by application of its four-wheel brakes. The kinetic 

BY of the car is 


3,000 1b 
8,000 1b x (ss ft/sec)? 
8s ft/sec)? _ 14 616,000 ft poundals = 363,000 ft Ib 


This . 
1s " 
Per bog omisi into 363,000/778 or 467 Btu in the prakes, or 117 Btu 
17.4, H, 
* Heat Capacity and Specific Heat. The quantity of heat needed 
different for 


to T: H 

TR . " 

differ © one gram of a substance one degree centigrade is 
]l raise about 30 gm of mercury or 


e 
Platine Ptbstances, One calorie wi c 
€ heat or about 1014 gm of copper through one degree centigrade. 
to raise nia. of a body is defined as the number of heat units needed 
© is defin e temperature of the body through one degree. Specific heat 
‘S thus n as the heat capacity per unit mass. pecific heat 
Per degr € calorie per gram per degree centigrade or 
deg 1 ee Fahrenheit.! That is, the specific heat of ir 
the val and is also 0.12 Btu lb“ deg p- For water the specific heat has 
ue 1 cal gm-! deg C- only for the range 14.5 to 15.5°C. In Table 


"l weji 2 ar i 
list the specific heats of some common solids and liquids. It is 
us in the subject of heat, 


e 
n stati 
We atin, , 
buc llo te such cumbersome units, which are quite numero. : an 
S convention: a unit such as calories per Er8 will be written cal /gm; 
es we use negative exponents 


several entri 


for e de; 
: nomi 
Clay ominator of this fraction has 
footnote. 


ity, as; 
> as in the sentence following this 


4 
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F for the 
ify the temperature or the temperature range eb 
E e Loc for A general the specific heat of ay E E 
* eain with its temperature. We have already Heine en For 
variation in the specific heat of water over the range ang save rature, 
other liquids the specific heats vary appreciably bs t — 100°C; but 
Ethyl alcohol, for example, has a specific heat of 0.45 : ^ Wes th 
at +100°C this value has risen to 0.824. For most solid n 


z so 
: 0? K are 
variations of the specific heats with temperature if above 200' 

small that they may be neglected. 


Table 17.1. Specific Heats 
(Cal gm" deg C7! or Btu lb- deg F7!) 


Substance Temp, °C Specific m 
Alcohol, ethyl 25 n EP 
Aluminum... 20 3 092 
CODD ER osx EErEE e E 20 0. 540 
Glycerin : 0 ee 
Tees eae —20 to 0 0. 19 
Tron (cast). . 20 to 100 0. 
it en ea 20 dern 
C 20 0. 48 
Steam (atmospheric pressure 100 to 200 olt 
BD nies on a ve 18 a 
Tübgpiens cec eere a... 20 to 100 0.034 
pcc ae | OU. 


rial 
In an experiment to 


; of mate ifie 
measure the heat capacity of a specimen eci 
a finite range of tempi 


ae 
Q = mc(t, — ty) 


op? 
quantity of he, 


PETI 
This will also be the at given out by this mass if it „atut? 
2 down to f;. 


in temperature from ż 


er 
The specific heat c, at the temp 
t would be defined by the relation 2) 
a= 14Q » 
Tm di 3 
where dQ is the small quantity of hi 
m for an infinitesimal 
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If a 100-gm piece of cast iron is heated from 20 to 100°C, it will absorb 
ling from 100 down to 20°C this 


i: X 0.119 X 80 or 952 cal. In coo 
on will lose this same number of calories of heat to its surroundings. 


17.5. Internal Energy. Why should the heat capacities of various substances 
80 different, and why should all specific heats decrease markedly as the tem- 
irs drops toward absolute zero? At —953*C the specific heat of copper 
een ropped to 0.0031, that of aluminum to 0.0039, while at — 233°C carbon in 
e ^as of diamond has a specific heat nearly zero (0.0005). In seeking answers 
ie ese questions it must be remembered that the heat energy stored in a body 
Pe € total energy of all its molecules, which differ in mass for different substances 
Which ean move only in limited paths in à solid or liquid. 


The differences in the number of molecules that make up unit mass for various 
ll also differences in energy 


oie should affect their specific heats, 2s will es in 
tran ha the molecules. This “internal energy” includes the vibrational or 
of d ational kinetic energy of the molecules, the kinetic and potential energy 

e atoms and their electrons, which compose the molecules, and the potential 


e "n 
nergy accompanying the increase in the average distance between molecules 
f solids and liquids with 


wi $ 
Lm. the body expands. Because the expansion of i Y 
^ easing temperature is so small, the work done in the expansion against 

™ospheric pressure and the last-mentioned contribution to the internal energy 


may be neglected. 
he Ce strange observation was made in 181 
aw of atomic heats. They found that the pro 


stone e 

solid c weight, which has been named atomic heat cap 

e ae This relation is only approximate, , ep 
» excludi i atomic heat ca 

es eiue rag hemselves about a mean yalue 6.3. 


SS to 
This Me cal gm-atom-" deg and grouP : d elements indicates that 
bout their equilibrium 


ear constancy of the atomic heats of all the soli 
atoms 4 


8 by Dulong and Petit, called 
duct of the specific heat and 
acity, is the same for all the 
but for most of the solid 


© energy : E d A 
iti associated with the vibrations of the 1 
vip ions in the crystal lattice constitutes the main heat content of a solid. Such 

mponents along three mutually per- 


Vibrational moti : 
Pendioular ee p a ia ‘ f these directions has no 
ay Ponents in the other two directions. The atoms 1n & solid thus ne 
task, three degrees of freedom. By the reasoning of the en n ^ uon MA 
ato vibrational degree of freedom has 2 cal/mole associate i h $ m 
expan’ heat of a solid should be Ó csl gm-atomi™? deg ^, OF 08 
erimental value, 


1j 
Eure 17.2 shows the manner in 


any one 0! 


«oh atomic heats of solids fall off with 
creasing temperatures. The s all other solid elements lie between 
os for lead and aeons As the temperature approaches (ee n bid 
et Capacities of all solids drop toward the value zero. ue exp! ws e d 
with or is given by the quantum theory, according to yote dus E constant of 

^! & frequency of oscillation f is hf, Planck's wnt 


actio where h is 
un 
The characteristic frequency J 9' 


will not be excited at all unless 
t f an atom s 
he energy it receives from an impact equals the quantum nf. Furthermore, this 


6 
[Sec. 17. 
PHYSICS 


15 
k rature 
eS, a correspondingly higher tempe 
necessary to excite by impacts all the modes of vibration. 


Atomic heat 
w > 


400 600 800 es 
Temperature in degrees Kelvin approach 
f solids drop toward zero as the temperature 


e is melting or wat 
as does al 


z 3 consumed in working mene 
forces that bind the molecules close together in t F 
or liquid states, el 5 
The quantity of heat that is absorbed by unit mass of a solid to ei ie 
without change of temperature is called the heat of fusion. ke 
quantity of heat Q that will melt a mags M at constant temperatur? 


i a79 
=m 


solid 


js 
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w , 
ES à = the heat of fusion of the substance. For water under normal 
Spies ic pressure the melting point is 0°C or 32°F. One gram of ice 
while a deus these conditions absorbs 80 cal from its surroundings, 
That is = is of water in freezing gives out 80 cal to its surroundings. 
inthe re : ae of fusion of water is 80 cal/gm, the corresponding value 

Similaris a system of units being 144 Btu/Ib. 

liquid to z it quantity of heat that must be supplied to unit mass of a 
heat o Fup se ert it to vapor without change of temperature is called the 
tity of ee à ization. Equation (17.3) may be used to calculate the quan- 
eat of va Q needed for this vaporization process, if L now denotes the 
of 76 om a of the substance. At normal atmospheric pressure 
a gram of meronty, water boils at 100°C, and it takes 539 cal to vaporize 
water j water under these conditions. The heat of vaporization of 
s thus 539 cal/gm, the corresponding value in the English system 


r- 970 Btu/lb. 
ben Calorimetry. The Method of Mixtures. One of the earliest 
5 of measuring heat quantities is the method of mixtures. The 


Princi à 
ciple of this method is simple: if heat interchange between two 
lace in a thermally insulated 


o 
ene E A different temperatures takes P ` 
colder b NS heat lost by the warmer body equals that gained by the 
S fio Y. Such an experiment would be very simple, merely weighing 
for the odies and reading the initial and final temperatures, were it not 
eat lo necessity of taking considera ize or measure the 
interchan from the vessel, known as à calorimeter, in which the heat 
font ange takes place. The following example illustrates the applica- 
this principle in the determination of a specific heat: 


Wo, i ; 
zn ked Example. A copper calorime vs a^ gm SM 
unknown specific 


mA of water at 17°C. Small pieces o 

Water totaling 300 gm are heated to 99°C and then dropped into the 

leat k The final temperature of the mixture is 19.8°C. Equating the 
ost by the metal to that gained by the water and calorimeter,! 


ter cup weigh 


300 
X c X (99 — 198) = 250 x 1 X (198 — 12 + 200 : asa LAD 


= (250 + 18.4) X 28 
The product of the mass and the 
]/deg in this example, is known as 
which are cumbersome but 


the chapters on mechan- 
here and to verify their 


Bivin, 
& c = 0,031 cal gm-! deg ca. 


Speci 

ific 

heat of the calorimeter, 18.4 ca 

In thi 

nmp e, wil example and in others to follow, the units, wl 

Ses Dot be consistently carried through as WAS donem 
i nits every w 


zu B : 
niter, ent is asked, however, to insert u 
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z ji ise this 
its water equivalent. That is, a given quantity of heat Mero w-— 
lorimeter or 18.4 gm of water through the same o qe a metal i 
are apparatus for the measurement of the specific = vel tenpes 
shown in Fig. 17.3. The sample S is heated in a steam jac ye dropped 
ature but little less than that of the live steam. It akon equivalent, 
quickly but carefully into the calorimeter C of known wa : equipment 
filled with a known mass of water. Any additional piece o 


Iso 
i sti must & 
that comes into contact with the mixture, such as the stirrer, 

be represented in the heat equation, 


ls 
" meta 
Fic. 17.3. Heater and calorimeter for measurement of the specific heat of 

the method of mixtures, 


by 


f 

x use o 

The precision of such an experiment is ordinarily not high becaue” , 
heat losses, To minimi 


to 


ing? 
orbed from the surround! ce 


oom or but slightly mon 
of Mixture. The latent heat of 
e of ice, dried with a m i 
to slightly warmed wate 
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CM e From the minimum temperature reached by the mixture 
Sear, ost by the water in melting the ice may be calculated. If the 
SS the e quine tus of the water is about as much above room temperature 

Work E temperature is below it, the heat losses are minimized. 
bl wat Example. Dried ice at 0°C was dropped into a calorimeter 
snp. E equivalent 10 cal deg-! and containing 190 gm of water 
ck on - 'The minimum temperature reached by the mixture was 9.8°C, 
ee ge content was then found to be increased by 45 gm. There- 

Th 3 + 45 x 9.8 = 200 x 20.2, giving L = 80 cal/gm. —— 
Mbos eat of vaporization of water may be determined by injecting 
MD Steam into a quantity of water, below room temperature, in à 
ind di The initial and final temperatures of the water are noted, 
of th e amount of steam condensed is computed from. the gain in weight 
Seg contents. To the latent heat given out by this mass of steam in 
the ii at the steam temperature must be added the heat gained by 
mixta d water from this condensate cooling to the final temperature of the 
ure. The sum of these two terms is equated to the mass of the cold 


Water ti F 
*r times its gain in temperature. 


eat, ther with a liqui À 
en ns both are heated to the same temperature, the lengths of time for the 
tive p. cool down to the same lower temperature are proportional to their respec- 
ine, eat capacities, For the rate at which heat is given off from identical m 
Tate 78 of the two liquids at the same temperature will be the same. Hence the 
at which the temperature drops will be more rapid for the container of lower 
m; capacity. Natural convection currents in the liquids serve to keep the 
Peratures of the cooling liquids uniform enough throughout their volumes. 
up the liquid of unknown specific heat c has a mass m, its heat imd is - 
be Pose the mass of water in the other container to be w and its m. a ra A 
Th ty, Let the mass of each container be m' and its specific heat be i 
en if the unknown liquid requires t: 5e to cool and the water i» sec to coo 


etwee 
n the same two temperatures, 


mc 3 mie! t (17.4) 
a 
w+ me 2 
i : wh + mea — 09) (17.5) 
oe mtz 


first proposed by Newton in 1701 and 
verning the rate at which a hot 
ee cooling the rate 


T 


he; H x 
know, * 18 a useful approximate relation, 


wn . ) 

bo ever since as Newton's law of coolt 5 

$ d loses heat to its surroundings- ‘According to this law of Bao 
58 of heat from a body is proportional to the difference in temperature be 


Ody and its surroundings. If the heat capacity of the body is constant, then 


1N 
ote ; 2 * erature. 
that ie: thts seston t denota HMO 
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s 7 There- 
the time rate of cooling is also proportional to the temperature difference. 


fore, if T is the temperature of the body and T, that of its surroundings, 


aT (17.6) 
— a = MT — T) 


ing Ed 
ratin 
where k is a constant involving the heat capacity of the body. Integrating 
(17.6) we obtain at E 
In (T — To) = =k + C 
in which C is the constant of i 


f the 
ntegration. If at ¢ = 0 the temperature © 
body is 7, C = In am 


— To), and consequently 


T-T 


(17.8) 
0 
In TT, = —kt 


; ^g law 
A plot of In (T — To) against the time ¢ should be a straight line if Newton 


sa Jaw 
of cooling is correct. Actually = 
I | is a fair approximation only W "Ww g 
temperature difference T — To ens of 
few degrees. However, the na ts the 
the law of cooling in no way a of 
principle on which this met liquids 
determining the specific heat of lid 
depends: Eq. (17.4) is still true- od- 


17.10. Continuous-flow pr 


power z 


q the 
may be accurately measured 2D 


tric 
" ; it of elec 
Fie. 17,4, Arrangement for determina- relationship between the unit 
tion of the Specific h 


e plishe 
eat of a fluid by the energy and the calorie is well eee 

method of continuous flow using electri. — (Joule's equivalent). With ¢ 

cal heating, 


dV 

pe (T: — T) xci » 

where the product, volts X amp is the electric power. 

effect of losses may be calculated by using different ra 
in temperature always the same, 

The continuous-flow metho 

of gaseous fuels. The heat 


The 
in watts (Chap. ae rise 
tes of flow but with t 


s 
Eos] CALORIMETRY oe 


a of heat evolved per unit mass (or per unit volume of a gas) upon complete 
tor xL po A steady stream of water 15 passed through the calorim- 
is Shasibed is so arranged (cf. Fig. 17.5) that all the heat from the burning fuel 
tdem € . "The heat of combustion may be calculated from the steady-state 
iie fal mperature of the water, its rate of flow, and the rate of consumption of 
a eae ia ee of the heat of combustion 

orimeter. The specimen is place 


of a solid substance may be made with 
d together with oxygen under several 


heat of combustion of gaseous 


Pis 
17, . : 
fuels, 5. Continuous-flow calorimeter for measuring 


container Or bomb. The bomb is then 
ted by a wire made incandescent 


atmo, 
Spheres pressure in a stout-walled 
e water noted. In Table 


od df y set 
y ia is water in a calorimeter, the fuel is ign! 
3 E ectric current, and the rise in temperature of th 
re given the heats of combustion of a few substances. 


Table 17.2. Heats of Combustion 


Btu/lb Btu/ft? 


Substance 
1,456 


Cativlene 
oal, bi 
Cok itu 


minous. 


tion. In all chemical reactions heat is 
r of calories of heat absorbed or liber- 
d formed from the elements 


17. 
her 11. Heat of Formation and Solu 
evolved or absorbed. The numbe 


eit 
ate 
Per gram-molecular weight (mole) of compoun 
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Table 17.3. Heats of Formation and Combustion 


(keal/mole at 20°C) 


Heat of |Heat of E 
‘io’ 
Formula formation | busti 


310 
94 


341 
265 


or CO, and 2H;0 a 
We get for the hi 


t 
. hea 
nd then subtracting the 

eat, 


n this reaction 
— 20.3. = 210.9 Kilocal/mole 
of formatio, 


liberateg i 


the 
(heat is absorbed when 

€ Case o acetylene, the 

pi urmning, the hea 1 

as Well as the heat; 


: lly 
heat of combustion is ba 
iven out Includes this heat of form 
of combustion of the Mts carbon and hydrogen. rbed. 
en à compound dissolves į Solvent, heat is either evolved or abso mole 
his is called the heat of Solution, ang is usual} expressed in kilocalories ae s to 
9 compound at indicat, erature, T © number of water molecule! 
one of the ubstance is also Usually Specifieg. 
Stood to be such that an iti 
effects. 


ion js under" 
sand if it is not, the dilution is un 

ET itional dilu ion 

Concentrated sulfu 


ing 
"ees no appreciable ase 
dig Poured into Water, the Solution gets e 
olution is therefore Positive (17. ilocal at 18°C for 200 T 
f acid), qf € other hand, ammonium chloride is disso 89: 
Cooler, g he heat. Of so] ution ig negative (—3- 
T 200 water Molecules to 1 of the NHC). 


ren ee 
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PROBLEMS 


Conversi 

H ion fi P 

Wei: loeo 20 edil Bin e EP gt ni 4.186 
l/gm = 144 Btu/lb; 


Joules — 
= leal;1j 
heat of eius te ok = 0.239 cal; heat of fusion of water = 80 ca! 
TU tevin ary ca of water = 539 cal/gm = 970 Btu/lb. 
y calories are needed to raise the tempe 


from 
20 to 100° 
0°C? How many Btu's are required to r 


rature of 1.5 kg of aluminum 
aise the temperature of 5 ft? 


of wate 
T from 50 
to 200?F? 
erature of the water in an 80- 


- How m 
Ballon any Btu’s are needed to raise the temp 


+ An 3 

Tate of 1 j^ motor consumes 1 kw of power an 
li 1. A mass Wu sed Btu's are developed in the motor per hour? 
sud at 12°C, c 0 gm of aluminum is heated to 90°C and pl 

Ure of the id ca in a copper calorimeter whose mass is 30 g 
and ¢ quani rises to 42°C. Find the specific heat of the liquid. 
eu then drop y of lead shot weighing 480 gm js heated in & 8 
D of ped into 200 gm of water at 16°C, contained in & COP! 


8. Whe 
wyp ining po gm of an alloy at 98°C are dropped into 

at is the s gm of water at 10°C, the final temperature of 
fro How Mes heat of the alloy? 
S. 70 to Es heat is required to chang 

at will be th F? If the piece of copper i 
A cuanto final temperature of the water? 

tempe y of ethyl alcohol at 30°C was mixed with some W 
ter? rature was 20°C. What was the ratio of the mass o 


ture of 


e the tempera 
d into 1 


s then droppe 
ater at 10° 


10. wi 
- What i 
is 1. ree, result of mixing equ ce at 0°C and 5 
co ^ depth of P copper container, 
Dtainer and em with water at 20°C. (a 
Agua Parto: M How much 
With n ion | the wall of the container? 3 
Wate ater at ere weighing 100 Ib and at 1300°F was dropped in 
Were A F. The water temperature 200°F. How 
hat i 
m to B the conversion factor for ¢ 
120°¢ How Le per pound? 
Cand at ny Btu’s would be require 
0.44, ow man UHSH pressure? 
o c b alumina ch energy must be removed by 
ol the tray, tray containing 2.0 Ib of water 2. 
Asp. e a of ice cubes down to 12°F? . T 
fu ving B x ur emi in a certain city supplies ® mixture s 
p- eat of B 3. -watel 
fees AU of combustion of 800 Btu /it*. à 
*edeq s wasted, how much of this gas will be required to heat the 6 
Te bath from 55 to 105°F? d 
a flow calorimeter with electric-poWeT input of 200 


1a] masses of i 
10 em inside di 
) How m 
does the W8' 


rose to 


hanging & heat 


Per Es 
d to change 1]b of ice 9 


the refrigerati 
72°F to freeze 


ter is used, how many 
r to be 100 per cent. 
ical work at the 


aced in 120 gm ofa 
m. The temper- 


team jacket to 9 
per calorimeter 


mass & 
0 gm. What is the final temperature? 
a 100-gm copper calorimeter 
the water is 32°C. 


a 2-lb piece of copper 
Q 1b of water at 40°F, 


f alcohol to that of 


team at 100°C? 
ht 500 gm, is filled 


to a vessel filled 
many pounds of 


of combustion in cal 
t —10°C to steam at 


jon equipment from a 
the water and then 


oal gas and natural 


r system 0.3 of the 
ft? of water 


watts, it was observed 


260 PHYSICS 


that, with a flow rate of 1,000 cm? 

ature difference of 6.0°C existe 

the specific heat of the liquid. 
18. In a calorimeter usin 


/min of a liquid of density 0.9, a steady-state xe 
d between the input and output liquid. Caleula 


eighing 2 kg there are 2 kg of pe 
sing a rise in temperature of 1 HE 
vata te the heat of combustion of re 
Ms at a temperature of 60°C, while its surroundings are 4 d 
After 5 min its temperature is 56°C. When will its temperature be 54°C? 


CHAPTER 18 


CHANGE OF STATE 


of Matter. From X-ray 
he atoms are all located at 
s vibrate about these 
ing with the rise in 
curs at a fixed temperature 
litudes of the vibrations 


Ex 
stud; Solid, Liquid, and Gaseous States 


differ 
ave a each crystalline substance, the amp 
eat ener : so large as to disturb the orderly 
Overcoming’ absorbed by the solid during | 
creased g the attractive forces between the molecules and so producing 
X, tar molecular potential energy. Amorphous substances such as 
» and glass, as well as most alloys, ave sharp melting 


tate i 
uring f te is known as melting, or fusion; hange, as freezing. 
ave nd the molecules in settling dow? into their lattice positions 
Which is Ir potential energy changed bac 
. When eps as heat energy to the imme 
“ation, th, iquid changes to the gaseous sta 

tween key is a further, much larger incr 
this incre olecules, Heat energy is absorbe 
addition ase in potential energy, or internal energy, Y 
eterna), Portion of the absorbed heat energy is consumed in doing 

work in the expansion against the pressure confining the sub- 
kn Jie the reverse change from the gaseous tO the liquid s 
s i : iy energy to 
Urroun dis c debiti, energy must be given up as hea By 
e See 

Subj; aransition directly from the solid stat eous state, cal 
at on, also occurs. It takes place, t0 v y c 
Miis perio pressure changes to carbon dioxide gas 2: ou e 
h e liqui + tion there 18, O course, 

Sorpti iquid phase. To produce sublimatio c 
Of th, lon of peers s P both to increase the potential energy 
"C ud iori expansion against 


m 
the eg mm and to do the external work in the large 
185 4 "e of the atmosphere. , 
pure crystalline 


t - Melt; 
he u elting and Freezing. Every 
jc pressure 


k into kine 
diate surroundings. 

known as vapor- 
average distance 


d by the liquid to supply 
In 


solid has under 
a definite fixed 


Melt: Sually existi 

! 4 XIstin| m os heri: 1 f 
temp 8 point. Te condition of d and liquid remains at this constant 
i Miti heat from the surroundings if they 


atu i 
re, continually absorbing 
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are at a higher temperature, until all the solid is melted. When the pure 
liquid cools to this same temperature, freezing begins and the mixture 
stays at this temperature, giving out heat to the surroundings until the 
mass is completely solid. By placing tubs of water in their fruit cellars 
on cold nights, farmers sometimes make use of the fact that sufficient heat 
is given off by the water in freezing (80,000 cal/ kg!) to prevent damage to 
the fruit. As already mentioned, the amount of heat absorbed in melting 
or evolved in freezing per gram of substance is called the heat of fusion- 
This quantity may be measured by the calorimetric methods discussed in 
the preceding chapter. In Table 18.1 are given the melting points 2?! 


heats of fusion for a number of crystalline substances. Note that e 
ratio of cal/gm to the corresponding Btu/lb is 5/9 


Table 18.1. Melting Points and Heats of Fusion 
Melting point Heat of fusion 
G °F cal/gm Btu/Ib 
Alcohol, ethyl 
LU MN -114.4 | — 4 5 
ape c "me^ | Gate | vos | 2982 
roe sex 1,088 1,980 42. [i 
om 327 621 5.86 2 ‘08 
-3 - 
aoe M an nies : oo ir^ 
Platinum, : md = 202 3.30 " 
3,190 | 27.2 ri 
uya | eor | sie 
450 | 14.0 20: 
32 | 79.71 | 1# 


X-ray analysis shows that pe 
crystalline, while just after me en 


See, 18.3] 
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microscopic er 

c ; ystals. i 
ooled Aii Ae of very Ree solids, such as glass, are under- 
well ic, stalline substance is heated until 
emperature " melting point and it is then allowed to cool, a plot of its 
a Pure iron tori time is known as à cooling curve. Such a curve 
icated by th pes in Fig. 18.1. At 1539°C the liquid freezes, as is 
ut this is not 2. orizontal portion of the curve at this temperature. 
ure the solid e only transition point, for in cooling to room uper 
xa the iron in aria through four crystalline forms, or phases. 
à à rearrangem ing passes from one of these phases into the next, there 
i ent of the atoms, with accompanying evolution of heat, 
rved in a length of iron 


imilar ¢ 
o t] 

he heat of fusion. This is easily obse 
wire heated by an electrie current 


it is liquid ata temperature 


o 
c 
1500 UM 
5 Freezing point to a bright orange-yellow color. 
On cooling, 28 it approaches 900°C 
itis red in color, but at about this 
1000 temperature it suddenly brightens, 
indicating transition from the y to 
the 8 crystalline structure. Such 
changes in the arrangement of the 
500 atoms in their lattice structure have 
Fra. 1g Time been observed for many erystalline 
*181. Coolin; j solids from these transition points 
Bainera in the cooling curves. 


nd free from impurities may be under- 
mal freezing point without solidifica- 
difa particle of the solid 
f the liquid js agitated, crystal- 
en be such à rapid evolution 
will usually rise to à 
efore settling 


Any cooli 
hes _ liquid if quiescent a 
ou degrees below its nor 
liz, Ped sto: n is unstable, however; an! 
of E immedi e undercooled liquid or i 
tem, he latent [eed occurs. There will th 
ba erature eat of fusion that the mixture 

to th several degrees above the 

olidification bec! 

:ng Point. On & substance, 
nal work is done during 
his external work, 
wer tempera- 
ompanies the 
The effect of 
Melt: his ] nt of water is represented in Fig. 

mE poi owering of the melting point is not large, for to drop the 
his es 1°C the pressure must be raised to about 135 atm. 
€ represents the only conditions of pressure and temperature 


Melting 


i Ing, r solids, © 
the meltin 


1 
Nereage P 


4 
[Sec. 18. 
64 PHYSICS 

2 


Eis. x The 

hich the solid and liquid can exist together in T state, 
mider a this diagram to the left of the curve represents the erature 
region o Padi for any combination of pressure and ra liquid 
= a n ht of the curve the substance must be entirely ur t increase 
ae n the lowering of the melting point with FATO occurs 
oed. it has been found that a minimum value of "m Bridgman 
e ae 2,500 atm pressure. For even greater pressures " s again, an 
has shown that water is transformed back into the solid P e in at least 
at extremely high pressures he has demonstrated that ice ex 


t 
" : t abou 
five different forms. For one of these forms the melting point a 

20,000 atm is 80°C, 


If a wire with weights at each 
end is looped over a block of ice, it 
slowly melts its way through the 
ice, which freezes again above the 
wire. This process is known as 
regelation. The ice immediately 
below the wire, being under 
increased pressure, but at 0°C, is 
above its melting point. A little of 
it therefore melts, with absorption 
of heat, below the w 


I 
ire. This M EE 
Water at Slightly below 0c 


0 
flows Temperature °C 
around the wire, above which it 


Fig. 18.2. Effect of pressure on m 
freezes again because in that region point of water, 
the pressure is normal, The heat 
used up in melting belo: 
the water freezing aboy 
example of regelation, 


Solid Liquid 


Pressure (cm of Hg) 


eltin£ 


fusion of 
w the wire is provided by the heat of 
e it, 


n 
M are a 
* The formation and flow of glaciers 


5 om 
is lowered beyond its foin P Ie 
Y will at first freeze out of the solution, An antifreeze 


be 
If foreign particles are = in 
their presence will resu 


See, 18.5] 
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In an all 

o 
metal ioe of two metals the presence of small amounts of either 
melting point of the other, the drop in the melting point being 


Proportio 
nal to i 

the amount of the minor component, up to a cer tain limit. That 
ting point is called a 


mistu ; E 
re. Figure 18.3 is a plot of the melting point of solder, which is a 


lend.ti 

Fun 

eutectic one for various percentages by weig 

one started ae 181°C for the composition tin 63 per cent, 
ith a molten mixture of 20 per cent tin a 


400 
Finally, w 


300 E. EUN is reached, the residue would freeze, 
the temperature remaining constant at 
181°C until solidification is complete. 

an 80 per cent tin, 20 per 


Starting with 
cent lead mixture, the tin would begin 
at B, continued cooling 


ee 
s freezing out first 
L — Ir leading again to the same eutectic. 


Temperature °C 
m 
e 
eo 


By introducing & third metal, bis- 
xture a eutectic alloy 


muth, into this mi: 
int of 96°C may be 


100 Tin 

Yrs, 183. Lead S ris with a melting po j 

tin alloys, Melting-point curve for "e d made. With more constituentsan even 

W greater lowering of the melting point 

Nes metal may be effected. An example is 
hich metal (50% bismuth, 25% lead, 9.5% tin, and 12.5% cadam), 


ts at 65.5° 
5G; 
e moving incessantly 


s valu of velocities about a 
ta ace of € that increases with the temperature. If a molecule at the 
fs the Eds liquid has a velocity with an upward component normal 
Nds fto ace, it may shoot out of the liquid. Possibly the attractive 
ra i ip the molecules in the surface will pull it back into the liquid; 
“Bion a Velocity exceeds a certain critical value, jt will escape into the 
aol Ove the liquid and form part of the vapor. { the faster moving 

id, the average kinetic 
t be lowered. Now, 


eeu, 

ej es n 

m are thus constantly leaving the liqui 
the liquid mus À 

uid is proportional 

process of 


n a liquid ar 


18, 5 
ino Vaporizati 
na Porization. The molecules i 
distribution 


Tan, d 
om . ^ 
San manner with a rather wide 


As. Oft A 
5 Will be ee molecules in Piel 
e in Chap. 20 ture of the hd 
[5 av i p. the tempera 
vapo ae kinetic anergy of its molecules, and hence the 
b amon n must cool the liquid. This cooling effect is à matter of 
Y the pou inne, illustrated, for example, in the cooling of the skin 
, Poration of perspiration. 


Teek z 
U, 
» Well + tekein, to melt. 
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Table 18.2. Saturated Vapor Pressure of Water 


Temp Pressure, em Hg 
0°C 0.458 
20 1.751 
40 5.513 
60 14.92 
80 35.51 
100 76.0 
140 271.0 
180 751.4 
220 1,739.0 


If the space above the | 
of the vapor in their ran 
density of the vapor increases, the 
number of molecules returning to 
the liquid per second increases, until 
finally a state of equilibrium is 
reached in which the number return- 
ing to the liquid balances the number 
leaving. The vapor is then said to 
be saturated, and this maximum 
vapor pressure is ealled the saturated. 
vapor pressure, Values of the satu- 
essure for water at 
tures are given in 


lecules 
iquid surface is confined, some of uod the 
dom motion strike back into the liquid. 


160 


120 


Saturated vapor pressure 
(cm of Hg) 


0 
o 40 = a 12 
nditions under which Temperature, 


ted W8 
or exist together in Fie. 18.4. Pressure of satura 

gi 

f at any of these Vapor. 


ter 


Y 


Sec. 18.7] 

Eu CHANGE OF STATE 967 
t 7 

the ioa iue of this space is suddenly increased, as by raising 
its vapor in e eni ina cylinder containing nothing but the liquid and 
liquid to resto T eas (Fig. 18.5), the increase in the evaporation of 
mastantaneous] e vapor to its saturated pressure takes place practically 
etum of the ad If the piston is then suddenly lowered, the rate of 
© equilibrium por molecules to the liquid immediately increases until 
saturated vapor density (and pressure) for the existing 


Mpe: Seni 
ie nm s again established. 
ing. When bubbles of saturate 


& mags 5 
ass of liqui T 
cretion of a aie and have sufficient pressure to be stable, growing by 
E re molecules as they rise to the surface, the liquid is said 
bubbles in the interior 


to be boiling. These vapor 
Je unless the pressure of 


of the liquid will not be stab 
their vapor is at least equal to the external pressure 


on them, Therefore, the boiling point of a liquid is 
that temperature at which its vapor pressure equals the 


atmospheric pressure on Ihe liquid. 
ssure of 76 cm of mercury, 


At normal barometric pre 
the boiling point of water js 100°C; in fact, this is arbi- 
trarily taken as one of the fixed points of the ther- 
i ata lower temperature 


mometer scale. But it will boil 
surface is reduced. At 


if the pressure above the liquid 

an altitude where the normal parometer reading is 70 

cm of mercury, water boils at 97 7°C. From the data 

in Table 18.2 it is evident that, if the pressure above 

the water in a closed vessel is reduced to 35.51 cm of 
d vapor pressure 


saturate 
a boiling-point curve. The 


te 
d vapor form in the interior 


aci 


eu 
Cum, 29? boili : 
rve gu Oing will begin at 80°C. Thus à 


[7 Suc 3 
Sentia nins Fig. 18.4 may be said to be i 
Cong he one pak to obtain this in the laboratory iS sketched in Fig. 
feo aD “a is placed in the boiler B, which is connected through the 
Jap or 9 à manometer M and to a vacuum pump. The thermom- 
ma l O a the boiling temperature at any pressure should have 

hy E tee e but not in the liquid, for the temperature of the liquid 
of "s Urities y higher owing to the presence of impurities. 
Porti Oilin, "t general raise the boiling point of & liquid, al 
Nat, ‘Onal to at emperature being, for small amounts of impurities, pro- 
Poi T Taises € amount present. In cooking, salt or sugar added to the 
DNE * the boiling temperature somewhat. The rise in the boiling 
pe Qut 0.5°C for each mole of any nonvolatile substance dissolved 


18.7 7 of water, 
in Expansion. 


£ hiep eat 
Sat requin of Vaporization. Work Done 
ed to change unit mass of à liquid to vapor wi 


the elevation 


The amount 
thout change 
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be 

i he heat of vaporization. This quantity may e 

x n UM ceci ee methods outlined E Erte 

etermin Em 

in Sec. 17.6, most of the heat energy al the 

chapter. (Ace goes into increasing the potential mage: 

epee i.e., into work done against the intermolecular ee. 

molecul es, roducing the large increase in the average distance S init 

d A sizable fraction of this heat energy, however, Se 

entem] work done in the expansion of the substance against ye : heat at 
icc When the vapor changes back to the liquid state, 


_ 
to pump 


Fic. 18.6, Apparatus for determin, 
vaporization is 


ation of boiling-point curve. 


condensing that warms the radiators, 
The value of the he 


temperature at which t] 


In Table 1g 


b 
3 are given the normal n 
eats of vaporizati 
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Table 18 ri 
.3. Jor ili of Vaporiza 
Normal Boiling Points and Heats of Vap ization 


Boiling pt Heat of vaporization 
Ni. °C °F cal/gm Btu/lb 
Heinr yl... | : 
iene v es EIAS a li 78.3 109 2 
Bellen node oreet —268.6 | —451.5 É v 8 
357 675 65 17 
a 195.6 | —320 47.6 85.5 
ys —182.9 —297 50.9 91.6 
Ere 138 280 50 90 
LEE 212 539 970 


One 
wh Bram of w: 
eres vater at 100°C occupies a volume of approximately 1 em?, 
ature has & volume of 


Teas 1 
gm of saturated steam at this temper 

. Before computing the 

exact amount of work done in this 
expansion, let us consider the gen- 
eral problem of the work done in an 
expansion against à constant pres- 
sure. Suppose that the substance 
fills the volume between the end of 
the cylinder and the gastight, fric- 
tionless piston i 


ich has an area A. 
nt of heat is now 
this case, the resulting 
;n the cylinder. Since 


distance 7 M 
been constant and of value pA 


Work i 
is done by the expan- the piston, w 


porizati 
ization process. 5 EE 
certal 


Sup " 

Plieq 

Xp; ^» enou; . 

a gh just to vaporize all the liquid in 


the , won : 
in a En the piston through a 
"Bhout, th against the piston has 
» the work that has been done 1S 

oe mg W = Fr = pAt =P x (vol change) (18.1) 
On yn i 
Verted Lu compute the external work done when 1 gm piang d 
steam at atmospheric press 


W= 
à s x 13.6 x 980)dyne em? (1,67 
013 x 105 dyne cm~? 1,675 cm* = 


Since 
4.186 joules = 1 cal 
, 


ure: 
6- Dem? 
169.7 joules 


, _ 169.7 _ 1 
Wei 
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E lis con- 
Therefore, of the 539 cal absorbed by the gram of ome te: = 
al in producing the increase in molecular potential ene 

sum 

in doing external work. E. 
eae (18.1) holds when a substance, say a gas, eet, ae 
pana pressure. If the pressure varies during the expa 
Spear dW of work done for a small volume change dV is 


(18.2) 
dW = pav 


X 
] origina 

and hence the total work done for the finite expansion from the 

volume V, to a volume V, is 


W-["»aV  Qs3) 


To evaluate this integral the func- 
tional relationship between p and V 
must be known. Graphically, if the 
values of p are plotted against V h 
as in Fig. 18.8, the area under the v 
curve represents the value of the Yo 


epre- 
: be ded area T 
integral between the volume limits Fic. 188. The shade 


tance 
he subs 

A ts the work done by t| 3 
given. If the pressures are known Ded ding against the pressure 
from a gauge calibrated in Ib/in? and 

the vol 


con- 
in cubic feet, the gauge readings must ett 
y multiplying by 144 in order to give W in foot P vapo 
Finally, considering this work done in expansion as positive, if = does 
gas contracts in volume, then the external pressu 
we must regard W as a hegative quantity. 


- vapor 
he change directly from the solid to the 
State can occur under th 


equilibrium, 
curve.” 


5 t 
vapor phases can exist we jon 
Pt plane is known as the “sub 

fof 
' : s £0 
In Fig. 18.9 are plotted in one diagram the three equilibrium — Ue 
water. Each of the three areas of this diagram represents all the jer t$ 
tions under which just the one State can exist, The curve PA repre 


Stc 1g 
. 18.8] 
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, Je pressure- 
ex e-t i 
= in id uiia combinations for which liquid and gas ma; 
pi Dn er ely each other. Similarly, the curve PB gives all 
or which solid and liquid may exist together in 


equilibri 
rium, whi 
These three hile PC is th i ilibri 
thee aS e i» plot of the solid-vapor equilibrium conditions. 
a common point, where all three states—solid 
, 


» and va 
por— Re [ees 
must exist in equilibrium with each other, and this 


B 


Pressure 


Fi 
G, 
189. The ti Temperature, °C 
ree equilibrium curves meet in à common p 


e 
boilin Sole pressur, d ' 
e-temperature combination at which freezing, and 


can o E 
temp Or "Hn te simultaneously. The point P is called the triple point, 
subst ture of m rresponds to à pressure of 4.6 mm of mercury and a 
ig; ita is ver .0072°C. The temperature for the triple point of any 

y near its normal freezing point, since the change of 


ing po; 
point wi 
With pressure is very slight. 


oint, the triple point. 


PROBLEMS 
er freezes at 32°F? 


LH 
2. 4 OW mue . 
sf ice, piece rs eat is liberated when 10 ft? of wat 
Much jeg eSumin pper weighing 300 gm is heated to 450°C and placed on a large block 
of 3. s 2 mae all the heat given up bY the copper £065 into melting ice, how 
ice Piece of j 
Of ir xat E R 
f the es cooling to weighing 750 gm is heated to 400°C and is then place 
nt 0°C, the iron melts 420 gm of the ice. What is the spec 


0°C so that w! 
e melted? 
00 cm into & bath o! 
ated in the impact 

+ 232°F? 


d on a block 
ific heat 


hen it strikes & 


tarpai What 
d bullet at 6 


Bet ; mu 
a b. TUR «hel io the velocity of a lea 
toeg, ~ 80-gm Restle developed D thin the bullet, it will just b 
on Morne ee Hropped from a height of 1j 
ie OW much hi of the ice would be melted by the heat gener: 
thing pY, much eat is required to change 100 Ib of ice at 12°F ! 
anq ; pe Water mae 130°C must be added to ! kg of ice 9 
Ori: 
Phat Mb of i. eter whose water equivalent is 5 1b of water contains 35 Ib of water 
Vill be at 32°F. If 5 Ib of steam ae 212*F is now passed into the calorimeter, 


hi 
€ final temperature? 


f water 
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i m of 
T of an organic vapor at its boiling point (80°C) is added PL End 
e "C. Phe heat of vaporization of the organic substance is 204 cal/gr is 20°C? 
nee n heat if it is observed that the final temperature of the mixture 
: i ific heat of the mixture? . ies 
~~ etm the ice in an indoor skating rink, steam is poned trough = 
embedded in the ice. Calculate the number of pounds of steam at atmosp! 
sure required to melt 10 tons of ice, leaving the water at 42°F, E (gauge 
11. A pressure cooker is filled with steam at a gauge pressure of ite approximate 
pressure is the pressure in excess of atmospheric pressure), What is th 
temperature within the cooker? 


—— t 100°C: 

12. Heat is supplied to 1 kg of ice at —10°C, converting it finally to EE take? 
If the heat is supplied at constant rate of 3,000 cal/min, how long wi 

Plot a graph with time as abscissa a 


nd temperature as ordinate, b ed to ice 
13. How much heat will be liberated when 1 Ib of steam at 212°F is chang 
at 32°F? 


sing 
14. It is proposed to heat 5,000 gal of water per hour from 50 to 150°F by Phe 
steam at absolute pressure 69 lb /in.? (302°F) into a coil immersed in the wa Calculate 
steam condenses in the coil and is returned to the boiler as water at 152°F. 
the number of pounds of steam required per hour, becoming 
15. One pound of water is boiled at 212°F and atmospheric pressure, ounds- 
26.8 ft? of steam. Calculate the external work of the expansion, in foot P 
What is the inerease in internal energy, in Btu? 
osses, by how mu 
by the condensati 
be 0.24 cal gm-! d 


16. If there were nol 
7by5by3mbe raised 
specific heat of air to 
be 0.0013 gm /cm?, 


i. in a room 
ch would the temperature of the air px the 
on of 1 kg of steam in the radiator. density % 
eg C~ (constant pressure) and its 


onstant 


ssec 
point, explaining just what happens as the lines are bae 4 
nt temperature of —1°C, tur! 
1 a boiler 3 ft in diameter if the temper? 
e weight of the water.) s Tbe 
of ice skates has an area of 300 T ioa v 
the drop in the melting point, of pe^ 
the rate of 1*C drop for each 135 atm increase in p, C vë that 
AY ng point under the runner of this skate, Do you belie te and 
this is the main reason for the small amount of friction between the steel sk? 


: re ral 
eat of water in this temperatu nd 


re $ 
* deg F7, how equired to raise the temperatu eat? 


evaporate this water? How m: 
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& will expand so as to occupy 


19.1, B 
Oyle's Law. A gas is a fluid tha 
d. For gases, as for liquids, 


Complete] 
e shear moda volume in which it is place! 
ulus of elasticity is zero, a$ described in Chap. 13. In the 

present chapter we shall discuss those properties of 
gases that are temperature dependent. Since all gases 
may be liquefied, there is no real difference between a 
gas and a vapor. Below its critical temperature (Sec. 
19.9), however, a gaseous substance may properly be 
referred to as a vapor. But an unsaturated vapor 


does obey all the gas laws. 

Robert Boyle in 1662 discovered a simple relation- 
ship between the pressure and the volume of a con- 
fined gas. For a given mass of gas at constant 
temperature the product of the pressure and the volume of 
the gas is constant. For pressures above atmospheric 
Boyle used a tube of the form sketched in Fig. 19.1. 
Air was trapped in the closed end of the tube at V by 
mercury, and the pressure on this air could be varied 

ry in the open 


by regulating the height of the mercu 
arm. The pressure for à difference in level h of the 


mercury in the two arms is Boh where B is the 


ure in centimeters of mercury on the open end. If p 
then 


atm 
is th Pheric flne 


e 
Pressi 
ure and V the volume of a mass of B85, 


(for const temp) (19.1) 


Where th pV a 

a u ional to the mass of 
e of the constant C is, of course proportional to them 

of the gas under one 


Used 
Cong. Hf 
ati Pı and V d volume 
at On, : ; are the pressure an 
the odia. po and V; are another pair of values for the same gas 
© temperature, 
(19.2) 


i Carer j pV: = piVa (temp const) 
u 

pe ura o po urements show that this law is not perfectly accurate, the 
DN ral ecoming noticeable at high pressures (Sec. 19.8). For all 
fon Y pressures and at temperatures well above their boiling points, 
Ry nd Cony re law is accurate enough for all pract s is 

Ves asina to speak of an ideal gas, 90 ima as that obeys 
exactly for all pressures. his ideal gas bas simple proper- 
273 
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974 


and 

ies and is closely approximated by real gases at very low mee 
ties ene nd hydrogen even at ordinary pressures. From In 
m eto an ideal gas is one devoid of intermolecular forces. 
ee ins shall show that such a gas satisfies Boyle’s law. otie 
B TA Isothermal Expansion of an Ideal Gas. In Fig. 19.2 PE a 
the Ctm relations of an ideal gas for two nap aee reat) 
tures. These so-called isothermal (Greek isos, equal; i ^ perbolas, 
curves, or pV curves for constant temperature, are equilatera m than ds 
asymptotic to the p and V axes. The temperature ts is hig 
for the constant C increases with 
temperature. p 

When any gas is compressed 
rapidly by a pump, the gas is 
heated. A rapid expansion, con- 
versely, cools the gas. Most pV 
changes are therefore not isother- 
mal processes. To ensure the 
validity of isothermal relationships 
we shall have to assume, then, that 
the compressions and expansions 


12 
are carried out so slowly that heat h 
transfer to the surroundings can 
take place to maintain the temper- y 
ature of the gas constant. Fic. 19.2, Isothermal curve? 
Suppose that a given mass of an (pV = const) for an ideal gas- 
ideal gas at a pressure p and volume 


light 
V has its volume decreased by an amount dV by application of 2 "D is 
additional pressure dp. Now the bulk modulus of elasticity (ChaP- 


Where the minus Sign indica 


decreases. By Boyle’s law, 


olume 
tes that for inerease in pressure the V 
Hence 


= -plV 
P = C/V, so that dp/av = —C/V? = -P 


Sec 9 
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w= y: 
In view of Boyle’ Pu i a 
oyle’s law, p = C/V, and therefore 
W = 4 Vi d. 
C e Ys Ys y 
And since V2/V. pn "y piViln y, = ps In y (19.5) 
" 2/Vi = pi/ps, Eq. (19.5) may also be written 
W-pnhhab- B 
piViln, pV: ln 5. 
(19.6) 


On a pV diagram this work is 

represented by the area under the 

N isothermal curve bounded by the 
Y; and V: limits (Fig. 19.3). Inan 

y,» Vx and W is posi- 


js done by the gas), while 
2< Vi, so that 


pane a V; [2 i 
ansion is gi = done in toteama A negativi 
Work n by shaded area. an external forc 
exp ed Bx gas. 
the ES de eue: Two cubic feet of air at 
rk done rum atmospheric pressure 
i q. (19.6) 


Pta. 1 


e pressure 


100 1b/in.* gaug 
Calculate 


(15 1b/in2). 


= 115 lb /i 3 
/in.? X 144 in.2/ft? X oft? X In m 

= 3.31 X 10! X 2.0373 ft Jb = 6.73 X 10! ft Ib 

mperature Scale. 


and when heated, 


19, 
The 3. Thermal * 
xpansion of Gases. Absolute Te 
The 


hich a gas may 
y change 
however; 


exp, 9th. the 
pressure and volume mà 
‘the Yh 
avi ant pressure- ^ 
foung astang E g the gas in a cylinder close py a frictionless piston with 
Jd hist Bis irene atmosp fag ft p DA 1 
ig og? and to increase in volume is © tional to the original 
> the volu the temperature increase. nal iemperature 
me being V», then the volume y, at tC is given by 
(19.7) 


y, = Voll + Bi) 


for p = const 
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z ion of the 
the quantity B is known as the volume coefficient of e tk pres- 

ne This linear relation between volume and temperature, 
ah is shown in Fig. 19.45. a 
icem ne ns ed to as Charles’s law, in honor ae eens 
gud (1746-1823), who in 1787 discovered that all qe HR 2 first 
ansion coefficients. Actually it was Gay-Lussac who e showed 
published experimental results confirming this law. : Later by ndi still 
Tat the law is only a close approximation, just as is Boyle Ye all gases 
it should be noted that the volume coefficients of "* pushes at all the 
are very nearly equal, whereas for liquids and solids this is exhibit the 

case. The lower the pressure, the more nearly do all gases 


(a) (b) 
Fic. 19.4. Expansion of a gas at constant pressure. 


same value of 8 as well as conform 


n valu’ 
of 8 is 0.003660 de; 


to Boyle’s law. This puer or 
g C^! which may be taken as the volume cos americ?! 
an ideal gas. Since £ is expressed in reciprocal degrees, its 26 is ve 
value depends on the size of the degree. The decimal 0.00366 onstan? 
nearly 173, and so it may be said that the volume of a gas at © degre’ 
pressure increases by 7473 Of its value at 0°C for each centigrade 
rise in temperature, ; ted; its 
When a mass of gas is kept at a constant volume as it is ner gigio! 
pressure also varies linearly with the temperature. If the cis 
temperature is 0°C and th 


tt 
© pressure is po, then the pressure Pt 9 
given by (19-8) 
Pe = poll + Bi) — for V = const pol 
Where we represent the pres. 


See, 19.4] " 
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Giving 8 į 
E 5 
B its numerical value 1473 in Eq. (19.8) we may write 


= t 973 +i 
dnb: ( T =) d »( 273 ) (19.9) 


that we shall denote by qu 


The 
quanti T 

tity (273 + 2) is a temperature 
js zero point is called absolute 


Teferred 
t a 
zero, and th zero point 273° below 0°C. Th 
e 
&mperatures poene calculated from this zero are called absolute 
- The pressure variation with temperature of a gas held at 


Const, 
ant volume is then 
j 
P: po e (19.10) 


Where T 

o denotes the ice point on the absolute scale. The temperature 
scale based on absolute zero is com- 
monly known aS the Kelvin scale, 
the designation of a temperature 
An ideal gas when 


being T^K. 

used in & constant-volume gas ther- 

mometer (Sec. 16.2) should give 
Fre, 19 273° K the Kelvin thermodynamic scale 
Perature «AY 0° on th T— (Sec. 21-7) exactly. The precise 
Mien | e absolute tem- — value of absolute zero 3s —273.18°C, 

Tessure ideal gas would have value o 
` the lowest temperature that can 

Ra. The E possibly be attained (Fig. 19.3) 
te 77), and ( quation of State of an Ideal Gas- Equations -(19 1), 
e "perat 19.8) give the relations between the pressure volume, ani 
ONstany © of an ideal gas, in each case with one of these quantities held 
t three variables, P» V, and 1, 


int, nt. Tt; ; 
Sub, one m 1s convenient to combine & k 
ing wance ation. Such a relation is called A equation 2 i 
fue A Oyle's m an ideal gas we may derive such a> equation by combin- 
ND uin. Mdh (19.10) in the following mann 
top > Tes he temperature To (= °C), with pressur 
D the em Pectively. Then let the gas be heated at constan. í 
th E DT rye T (Fig. 19.6). By E (19.10) the press pi nae 
Y 9. N dE constant & , 4e 
md el Me temper y. By Boyle's law, 


Te; 
Dy Ssure-y, 
c= DE. olume values change from Ps `° 
between these t" 


By eliminating 7: 
pV _ pos = const a911) 
T To 
y to the absolute 


he 

te Valu 

M € of thi . = 
Perat, is constant ratio of the nea 3 a ond on the quantity 


Ure 
of the gas will depend on the 


4 
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equal 

it. Now according to a suggestion made in 1811 by lease sid 

m fd ifferent gases at the same temperature and pressure con es 

orden ea olecules. By this law a mole of any gas, which is p n ur 

pecie iui. numerically to its molecular weight (O: = ae ET d 
Heg ate), under standard conditions (p = 1 atm, ¢ = 0°C), 


= contains 
occupy the same volume, 22,415 cm’. Hence, if the volume y 
exactly one mole of any gas, we may write 


By = 
T 


— - d the gas 
where R is written for the combination p,V,/T, and is 2 nr 
constant per mole. Its constancy can be seen from the fact th 


(19.12) 
R 


Boyle 
m 
Gay- Lussac 


ToK TR 
Fic. 19.6, Combination of Boyle’s law and G 
atm, To = 273°K, and V, 


T°K 
ay-Lussae's law. 


eof” 
= 22,415 cm3. If V refers to the vol ation of 
moles of any gas, then we may write as the final form of the eg 
state 
-oee 13) 
PV = nRT (9. 
Ime 


d 
H H i i gor 
Avogadro's law is Strietly true only for an ideal gas, but it 1$ a P6 
approximation for real gases. 


S n 
To evaluate R in cgs units, take 
mole and assume standard con 


ditions, 
1.013 X 10° dyne cm-? X22415 cm? 1 mole 
gc 273.18 deg TE = 8314 x 107 ergs deg a 
38 
Worked Example. A tan! 


k of oxygen gas has a volume of 2 n 
Shows a gauge pressure of 150 Ib/in? at a temperature of 70 F. 
many pounds of oxygen does the tank contain? On taking 15 Ib/in- 
atm the gas pressure in the tank is 11 


atm. One cubic foot is 28-3 


ow 
ial 
Jiter? 
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and 70°F i 
is 27 
(19.13), 73 + (70 — 32) x 56 = 294.1°K. Substituting in Eq. 


_ 11 X 1.013 x 10° X 3 X 283 X m 
8314 X 10? X 294.1 or 38.8 moles 


Since 
one mole e E 
of oxygen weighs 32 gm, the contents of this tank weigh 


(38. 
TA 32/454, or 2.73 Ib. 
pecific Heats of a Gas. When any body is heated, part of the 
rk AW in its volume expansion 
body. Buta greater portion of 
to increasing its 
the total 


n 


kineti 
tic en s 
er 
gy of all the molecules, to which the temperature o 
toms within the molecules; and 


is 
Proporti 
E e is (2) the energy of the a 
olecules to ee energy of the molecules with respect to neighboring 
* conservati ich they are bound by (attractive) forces. Because of 
$ on of energy the heat-energy input should equal the sum 


e increm > 
ents in these several forms of internal energy, AU, plus the 
Stating this mathematically, 


externa 
l A 
work done if the body expands. 
AQ = AU + AW (19.14) 


se, all be 


this equati 
AU, oF AW may, 


in the same energy 
on is the first law of 
of course, be 


Wher 
e th 
e three terms must, of cour 


Units 
the. As wi 
Dermod ami be seen later (See. 21-1), 
Bative, cs. Any ofthe quantities AQ, 
bstance 88 the quantity 


In Ch 
o ap. : 
: P. 17 we defined the specific heat of a sul 
f the substance changes 


heat 

i abs I 

^ tettperatan a or given out when unit mass 0 b 

LAS d re by one degree. Similarly the molar specific heat of a gas, 
to raise one mole of the 


if AQ represents 


efine: 
d as the quantity of heat required 
moles while it 


the temperature, 


Bas 1° 
Si a 
ince specific heats vary with 
ut of a mass ofn 


pile 
Quanti 
a n 
A. ah temperature by A£, the molar specific heat at temperature ¢ 
s 
AQ 
Or ; TRES 
T, in diffe 
rential notation, 
ET. (19.15) 
n dt 


ure of a gas one 


g the temperat 
ressure iS held constant. 
= 0. 


Th 
de, © quanti 
tity of heat involved in raisin 
We therefore 


Ip ye de 
the bends upon whether the volume oF the p 


Vol 
ume ji 
e is constant, the externa wor 
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,, and the 

istinguish between the molar specific heat at constant ume diy 
i x heat at constant pressure, Cp. aspe y em gee l 
e ifi 1 if both p an are A 

f specific heats for a gas i : e TU 

ena ‘Kenting process, but these two are of greatest Lane sete 
solid Cp = C», of course, because of the negligible expansion = neat 
Ee ) Emp that we have n moles of a gas in a volume 
a 


ial 
T iti jn differentia 
sure p and an absolute temperature T. Writing Eq. (19.14) in di 
notation! we have for C,, since dW = 0, 


c, = 1(aQ\ _1au (19.16) 
~ n\dT)  ndT 

Cy 

But since, for the constant-pressure case, dW = 0, we have, for 6» 
7) 

l(dU , aw _ 1aW (19.1 

On EG +) - o 410M 
ideal g% 

Now dW — p dV, and hence, from the equation of state for an ide 

Eq. (19.13), we have 


—— 
Therefore, 


(19.18) 
C6 


its 
r e unl 
where the universal gas constant R must be expressed in the E molar 
used for the molar specific heats. The difference between the tv 


: ification® 
Specific heats should, then, be the same for all gases if the specific 
for an ideal gas were actually met. 


If C, and C, are determined ex 
forms a means for evalu 


A ; = 6. 
calculation of J in 1842. For example, hydrogen at 15°C has Cp ‘on 
and C, = 4.812, both in cal mole-i deg C-1 From the equati 
state, R = 8.314 x 107 ergs deg C-! mole-1 of Hy, 
ergs mole-! deg C-1 cal 
1.971 eal moles deg C-1 = 42 X 107 ergs/ 


Hence 
7 
J = 8314 x 10 


of its container, Fortunately of 
ratio y = C,/C, is easily obtained fro; 
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Sound in the 
mmm. odia a. 37.7), and hence C. may be calculated if C, is 
A Sone hests of P te (19.18) may also be used to calculate "c 
m urther S P common gases are listed in Table 19.1. i 
m nt of the kinetic abs the specific heats of gases is found in our treat- 
€ theoretical val eory in the next chapter. We shall there consid 
ues of the specific heats and the partition of the iieri 


ener; 
à 19.8, 95 Dolya tomio molecules. 
pam is sivas es Any thermodynamic change during which 
ies baio E MP (Gre s or escape from the substance is called an 
eel realized in CES (Gy not; dia, through; batic, marching). This 
Osure with practice either by having the process take place in an 
such well-insulated wa not transmitted 


cal gm~ deg e 
looge on. 
0.406 18.704 
0.2404 6.924 
0.5232 8.910 
0.1253 5.005 
0.1989 8.792 
3.389 6.783 
0.2477 6.941 
0.2178 6.970 
8.686 


Lr mE TE a RIA ose 


tween the pressure and 
a relation that is the 
rmal change. 

Eq. (19.14) in the 


(19.19) 


s the external 


ati 
Wor, © the 
k done, uus in the internal energy of 
rom Eq. (19.16), dU = C” dT, and thus 
s (19.20) 


5 C,ndT = —pdV 


Tom 
E 
q. 
(19.13), we have 
pdV 4 Vdp- nk aT (19.21) 
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Upon eliminating dT between these two equations there results 
P 


Opay +0) pay qp 


itutions in 
Now, R = C, — C, and C,/C, = y. Making these substitutio 
Eq. (19.22) and rearranging terms we obtain 


19.23) 
dp + d = ( 
p 
Integration of this equation gives (9.2 4) 
In p + 4 In Y = const 
(19.25) 
or pV? = const 


—————— 


" iagram as 
This is the equation of an adiabatic curve, Plotted in a pV diagr 
in Fig. 19.7 it gives a st 


han the 
eeper curve at any point such as A € 
isothermal that passes through the same 

point. 


A sudden compressio: 
an adiabatic process, 
the adiabatie bulk 
M= -Y dp/dV is 


n of a gas is usually 
If the strain is small, 
modulus of elasticity 


Obtained at once from 
Eq. (19.23). The result is 
M = yp ^ 
(adiabatic change) (19.26) Fra. 19.7, Anadisbatic a 
where p is the initial pressure of the gas. is steeper than i rg the 
E dashed lin 
19.7. Expansion ofa Gas. We have already Baie. E 
noted that, if there are forces between the mole- com" 
cules of a gas, the change in th 


panying an alteration in th 
in the internal energy, (Tt 


forces are appreciable, 
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and is greate 
elium are ihe lower the initial temperature of the gas. Even hydrogen and 
So-called “tem ed by expansion if their temperature is first lowered below the 
for heli perature of inversion,” —80.5°C for hydrogen and about —238° 
1 um. ydrog 8°C 
D an ide: 
al gas whose molecules are not supposed to exhibit any forces on each 


other, thi 
» this te: z 

mperature drop in a free expansion should not occur. The cooling 
effect in a “J oule-Thomson expansion 2 


found in real gases is employed in all 
methods of liquefying air and the other 
es that at one time were thought to 
+ gases. If the expansion 
d that a real gas, instead 


T, gus 
be permanen 
is so arrange 


AN G44 
N li Kd | N E of expanding freely, pushes & piston 
D Z 1 P, v, N against 2 ber esp pes sert 
hi LZ 77 too, must be supp! ied by the gas a! 
oan 8 OT, g v LLL the expense of the kinetic energy of the 
B5 is porous-plug molecules and à further cooling effect 

19.8, i results. 
holding E eviations from Boyle’s Law. If Boyle’s law were an accurate relation, 
Would be "od gases no matter how high the pressure, the plot of pV against p 
Ration of tho 4 ortal straight line parallel to the p axis. The first careful investi- 
and hig he deviations from Boyle’s law w8$ carried out by Regnault in 1847, 
d to high pressures by Amagat. The 
ases is sketched 


Variation q ee ements were later extende 
| Fig. 19.9 e prodit of g and Vioc given ma 
t oBen and a or all gases except hy- 
e EE ium the curves first drop 
T the kin, d eai that depends both 
am and then gas and on its tempera- 
ed Ve for stili higher pressures 
hor - "Phe cts show steady increase 
fi ie curves for hydrogen and 
TeSsy, an upward slope at all 


ss of several g 


p rer the aures 

tig, tures a a of pressures and tem- 

The of these = in Fig. 19.9 liquefac- 

Ume investi s does not take place. 9 p in atmospheres 

ligu relations E of the pressure-vol- Fia. 19.9. Deviations of a given mass 

onside © Point a gas at and near the of several gases from Boyle’s law at high 

Study. erable aa z matter of very pressures. 

(1 9f the li ortance, A careful 

igdi © liquefaction of carbon dioxide wee carried out by Thomas Andrews 

for faction in 1863. His results are typical of the behavior of gases near 
E » for similar pVT relations, but with different numerical values, hold 

i e next section describes Andrews’8 


Wor y gas P 
k, as it is being liquefied. 
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‘oxide was 
19.9. The Critical Point. In Andrews’ experiment, carbon eee 
contained in a glass tube. To measure the pressure required s tokio 
the gas to various measured volumes, mercury was forced in ration, 
The tube could be kept at a constant temperature during these xs from 
Isothermal curves obtained by Andrews in the temperature d ii esembles 
13 to 48.1°C are plotted in Fig. 19.10. The curve for 48.1 erature 
the typical hyperbola for a gas obeying Boyle'slaw. As the temp 


110 | 
90 [^ 
3 
2 Ls 
g E; 14,688 
E SA NUS 
* s. 
E ^ 
R o 
70 ! 481 
l D 
l K 
\ h 
C i B 35° 
i ZZ Vapor. 312* 
l A A 
50 
[i 135 
3 6 9 12 
V in cm3/ gm 
Fra. 19.10, 


Isothermals for carbon dioxide. 


ri 
} » and for still higher pressures the curv ip 
almost vertically, indicati 


$ ng that the substance is incompressible 
a liquid. 
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Pressure ; g 

iquid he ge point C is reached. Here the substance is all in the 
decrease in ihe ^ RE increase in pressure produces but a minute 
orizontal buc. S Mes The isothermal for 13°C has à similar but longer 
etween the li ed indicating that there is a greater difference in density 
e Pee e and its vapor at the lower temperature. In fact, as 
Portions of th cS raised to the critical value 31.2°C, the horizontal 
emperature e Keep get shorter, disappearing altogether at this 
Owever Rud iyi 31.2*C no liquefaction of the CO» gas is possible, 
eer e pressure is raised. 

of bei ature above which the gas Ca 
is fuk me alone is called the critical temperature. The pressure 
cient to liquefy the gas at this temperature 1s called the 


al 
Pressure. The dashed line through the ends of the horizontal 
itical isothermal surrounds an 


Portion, 
area cli the isothermals below the cri 
Vapor re ani, all the physical conditions in which the liquid and its 
dasheq ceu em equilibrium with each other. The highest point of this 
1s the Meri is called the critical point, and the corresponding volume 
critical hs al volume. The part of the dashed curve to the right of the 
int is called the saturation curve. Tt represents all pV? condi- 
iic volumes (V 


tion, 
S for 
BS Saturated vapor, and its abscissas are the spec 
the saturated vapor. The 


T gram 
Portion of the reciprocal of the density) of 
Curve Wh the dotted curve to the left of the critical point is the liquid 
Critica] ose abscissas are the specific volumes of the liquid. At the 
al point the liquid and the saturated the same density- 
j the substance is à 


IS possi 
s Sible to pass from a point such as 
te, by passing along the dotted 


i toa po 
e wr D, representing à liquid sta otte 
out crossing the dashed curve, ie. Without having the liquid 
ontinuity of state above the 


isting 

Stinct f 

Cra T : 

vitica] fee the vapor at any time. There is ¢ ity 0J 

perature; there is, in fact, y distinction between the 


tion nnot be liquefied by applica- 
that 
Critic, 


Table 19.2. Critical Constants 
Density, 
Fa Gas "C gm/em? 
a us 
legit": m d 
lig]. eei —140.8 37.2 0.35 
Armor ethyl ske i a pes SEE s a 63.1 0.276 
rcp ene RAA 11.5 0.235 
Ha Maggie ons ict E ES 73.0 0.460 
T deri berum esaet HE HA i 2.26 0.069 
Reese, em sedg dp e A —267.9 : j 
oogen, soe] T2969 | is 0430 
a Wis | =e on 0.430 
j 0.4 
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liquid and vapor states. All gases exhibit properties like this, but there 
is a wide variation in critical constants. Critical data for a few common 
gases are assembled in Table 19.2. 


19.10. Liquefaction of Gases. In order to liquefy a gas it must be cooled 
helow its critical temperature, and then by application of sufficient pressure it 
may be liquefied. As Table 19.2 indicates, air and some other gases have very 
low critical temperatures. The commercially successful method of liquefying 
such gases was developed by Linde in 1895, 


using the regenerative expansion 
method (Fig. 19.11). g the regen 


A compressor raises the pressure of the air to about 4,000 


Liquefier 


Compressor 


Vacuum flask 


Liquid air 


Fic. 19.11. & ; 
Ib/in2, the heat iit arrangement, of apparatus for liquefying aif. 
n e hea: : - 
cooling tanks, The tobe by the compression being removed in e p 
tubing in the li i Te air then pas ture 
in the liquefier, issuing at the bottom thro io Mes a valle 
ough an adjustable need? ple 


into a space in which p i 
e P 18 atmospheri i : 
cooling (0.25°C per atitiosphiere MER expansion produces à consid aegses 
coil 


with decreasing temperatur nn pressure, and this cooling ! 
y : 9), and the ai à q 
in the liquefi ne e air thus cool aa 
vc i er, thus coolii ng com Sed flows ks pe ener& ive 
s goes on, gradually pressed air. This reg kes 
place, until finally some of AE. temperature at which expansion 
below. es on expansion and flows into the 
The yield of liquefied 
3 : gas may be increas, ing t 
ed : ling 
compressed gas in some manner before jt enters the Horan Ww 9 e 
uefier. Fo 


flask 


he 
if 
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the coil i 

such as y 2 precooler is surrounded by a mixture of dry ice and some solvent 
i arbon tetrachloride, the high-pressure air is cooled to about —80°C. 

the precooling being accomplished 


th liqui 3 
quid nitrogen. Further cooling needed to reduce the hydrogen gas 
‘on. Liquid hydrogen 


elow it; iv 
S critical temperature is produced by the expansi 
ich is the most difficult of all gases to 


liquefy. p. Kani 
+ Kapitza has used a regenerative balanced-expansion method for 


liquetyi à 
Ying helium without the aid of liquid hydrogen. In Kapitza's apparatus 
hich cools it more. This 


e co; 
f d gas is made to do external work, W! T 
Joule-Tho, in addition to the precooling with liquid nitrogen and cooling from the 
Per hour Ios effect results in yields of as much as several liters of liquid helium 
e Present Se method of producing liquid helium is enjoying a great vogue at 
ime, for it makes possible many researches on the behavior of matter 


emper, 
Peratures near absolute zero. 


19.1 k 
our di 1. Equations of State. van der Waals’ Equation. 
; as that the equation of state of an 


ate the closer the approach to the 
iow a Two simplifying assumptions were made in the derivation of the 
Eenerg] aeons and these must be improved upon if we wish to obtain a 

old Rie ges that connects the three variables P y, and T and that will 
Tecogni; for a condensed state of a real gas. One of these improvements is to 
to allow f the existence of forces of attraction between the molecules; the other is 
Teduced or the fact that the volume available for the gas to expand into must be 
Of the 9.» 22 amount of the order of the actua ied by the molecules 
tha “hal Of the several improved equations f ich have been produced, 
The BEested by J. D. van der Waals (1837- he most generally used. 


van 
State, ig der Waals equation, applicable both to the gas 


Jt is obvious from 


19.27, 
(seq dco nang 


fre q 

and b ar : as. 
o are co i of each gas- i 
ii eer eke Waals correction to the pressure, it 


Wh, 


i expli: 
ig Plain sim 

ply the form of the van ; 
unb, © Boted ; -een the molecules constitute an 
Vist thoi fion DS pepe a slight addition to the 


Teed : 
Dress force directed into the gas and has the form a Jv? 


detaj ep. Embiri ; ti 

il Mpiri i this correctio: P 

Vol ed treatment jd it was found ri text, shows that the b constant is & 
, beyond the scope © Ü upied by the gas molecules 


Pack. 2bo É 
em it three times that which wd lot of an isothermal as 


m 

pven 7 ew closely together as in the solid state. À pl d edad di m 
in Pig, Youd (19.27) and corresponding to, Dna dirt ia 
Xtinu, 10 is given in Fig. 19.12. Between the points a d re 
Teal j "p cutting the experimentally observe! horizontal por * ara 
Pal in gp. © reason for this is that the equation is cubic in V, me " ae d 
Point t !5region, For th -ure p. and the temperature fe 9 he C L 
Tee roots = piae ei erii Above the critical point the 

e 
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y i rectly repre- 
tion has only one real root, and for large values of V and T it correctly 
equatio , id. a 
e that is nearly hyperbolic. : tondi 
a » dul excu impossible to reproduce experimentally the Pap cements 
In E Fig 19.12 lying between maximum and minimum, for this "A to bein 
Mir in volume with an increase in pressure. It is, however, possi 
i 


Vv 
an der Waals’ equation. 


Fic. 19.12. Isothermal according to v; 


experimental points on th 
side above B. The 
those above B repre: 


ight 
" the ng’ 
e left side of the curve below C and points eg while 
points below C are obtained by superheating a liq 
sent an undercooled vapor. 


PROBLEMS 


eter stands at 720 mm, 
2. Because of air in the space above t| 
he mercury stands at 68 em wh 


s 

n 

| , and its pressure gaug® if its 
2,100 1b/in.? 


i 
uld this gas occupy at atmospheric pressure 

temperature did not change? d 17°C: 
4. A tire is inflated to a gauge pressure of 9g Ib/in.? when the temperature ! of the 
While the car later is traveling at high Speed in the hot sun, the temperatur akag® 
tire becomes 50°C, nge in the volume of the tire and no le 
what is then the pressure in the tire? ratur? 
b. If a gas has a volume of 10ftèata Bauge pressure of 20 ]b /in.? and & temper in? 

of 60°F, what volume will it occupy if its gauge pressure is increased tO 35 
and the temperature is raised to 85°F? 
6. Some dry air oc 


cupying a volu 
pressure to 50°C. What is the new 


7. An oxygen cylinder has a v. 
this cylinder when 12 Ib of oxygei 


nt 
onst? 
me of 250 em? at 20°C is heated at C 
volume? 


olume of 2 ft? 


7 
b n has been forced into it at a temperature of ! 
8. What volume will be occupied by 5 gm of 


veigh 

methane gas (molecular W 

at a pressure of 2 atm and at 20°C? nei eas y 
9. How much external wi 

heated from 20 to 90°C at a 


z 
sure } 
What will be the gauge Pres 


Z0? 


Ork is done When 1 


Co! 


98. 8) 
0 gm of air (molecular weight 
nstant pressure 


of 75 em of mercury? 
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n initial volume of 2 liters 


10. A 
as ee 
gas at an initial pressure of 150 cm of Hg and a 
if the expansion occurs (a) 


expands t. 

o 

at constant | final volume of 4 liters. Find the work done 
li Wises MM (b) isothermally. 

17°C? pressure is exerted by 3 gm 
12. A 

Av ; 

Dected to = of 2 liters capacity containing ni 

e pressure ssel of + liter capacity containing 
3. aa the gases have mixed? 

e initial pr e the work done in compressing 2f 
Mes hee ee re being 76 cm of mercury. 
ask contains 1 s are connected by & small tul 
atm pressu liter of oxygen at 1 atm pressure; 
a Evae Both are at 20°C. (a) Wh 

e fi (b) If the stopcock is opened, inte 


nal pre . 
i would Pss x the system? (Temperature remain 
olum require to raise the temperature of this OOE gas to 100°C at constant 
ould be required to raise this gas to 


e? 
100°C at JD How much more (or less) heat w 
15. A ee pressure? 
Cross secti kg piston encloses 1 gm of helium (mol wt + 10°C in a cylinder of 
Will the Us 100 em?, (a) At what height (h) above the bottom of the cylinder 
(*) ber ston settle? (b) If the gas is heated to SUD, C pat will the new height 
evel as in ^ How much weight must be ing the piston down to the same 
ditio. An ideal Assume the temperature i 
Ion p, y, ia undergoes an adiabati 
v. ome air M sen the external work done 13 1/7 
jx lume, If "id C and 76 em of mercury pressure is a 
m Sure? [c p compression is adiabatic, what will be the new 
The) ombine Eqs. (19.25) and (19.13) to eliminate 
- 0.00% 


of nitrogen E83 contained in a 5-liter flask at 


pressure of 2 atm is con- 


trogen at & 
What is 


oxygen at ] atm pressure. 


t3 of gas isothermally into 1 ft, 


be provided 
the other 


= 4) a 


c expansion 


mperature and 
y, as the case 


191 & stants in the van der Waals equation for methane are @ = ooe ana 

3 a ‘or p in atmospheres and V in fts, If 10 ft? of methane at a ves 
Nch does it aie a aang to 0.1 ft? isothermally, ; pressure and by 

i er from that ith Boyle’s law 

Bon ind the density of w: mesure E 7 ure of 20 mm of mercury. 
NS) ow much h $ va er vapor a 

Prog "d p = 76 eavier is a volume of 1 

jure? cm of mercury than when 


what is the new 


°C and a press e 
€ wi = led with carbon dioxide at 
filled with hydrogen at 
tolum of air in the space above the mercury surface in & [oen Med. 
TER k is but 50 cm long and the space above the mercy d into imeni 

i iqui i introdu i 
the, 2t leve] er reads 75 em. Some liquid ether i$ then in suc e 
= will the mereury column fall? Take 


em 
and that of mercury as 1 10-5em o 


* B 
eren 


CHAPTER 20 
KINETIC THEORY 


erous 
20.1. The Mechanical Description of Gases. Wehave sa arte 
references to the molecular structure of matter and to the m cules as the 
motion of the molecules of a gas. The existence of mo en was firmly 
smallest entities characteristic of a given chemical compoun th century 
established experimentally during the first half of the eem t we now 
by Dalton, Gay-Lussae, Avogadro, and many others. W pn att 
know as Avogadro’s law, viz., that equal volumes of different : les, W 
same temperature and pressure contain equal numbers of mo! si dro: 
actually at the time (1811) only a hypothesis made by Avog' f the 
proof of this law came lat 


ios Oi "; 
er when it was shown that the ee of their 
molecular weights of various gases are the same as the ratio t 


er un! 
densities, which can be true only if the number of molecules P i 


: m ex 
volume is the same for all gases. There are departures from g the 
equality of these ratios for 


a ye ein 
all gases, however, the deviations b 
greatest for those 


J 
ros 
gases which fail to obey Boyle’s law. Avoga 

is also, then, only a good approximation, 
Just after the middle of the last 


f heat 
was firmly established, principally 


century the mechanical nature a of 
by the many accurate experi™ over” 
Joule. It then became evident that the remarkably simple lawa j^ the 
ing the thermal beh ideal gases could be explere eione 
mechanics of a simple model, The kinetic theory of gases was 1-1879) 
during the second half of the century by J. C, Maxwell (183 anche? 
L. Boltzmann (1844-1906), and others into one of the important br on the 
physics. The theory in its simplest form is based DP ior 
the gas molecules and their benenovi7d 
t a fixed temperature the molecules moving y 
er, so that on the average the number D? 


4. The impacts of the molecule: 
are perfectly elastic, If this Were 
the gas because of collisions of the 


drop in temperature. 


Is 
we 
S With each other and with the st bY 


OP", 
not the case, energy would bo suntin 
molecules with the walls, with 


"E 
tio? 
We have already seen that the second and third of these assumP 
290 
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les have different 
move with equal 
ule has a velocity 


€ach 
m 
olecule having a mass m 


Speeds E 
Probabii mE from zero to very 
y in all directions. If at some ins 


Va 
n, 
com: 
O B 
ponent velocities vz, vy, and vz along 
then 


v =v t v? dr v? (20.1) 


Of the N molecules in this box of 
me V let N. be the number 
having & velocity component Vz- 
Hence there are N./V of these per 
unit volume. Consider those mole- 
cules that are in a thin layer of the 
gas of thickness vat adjacent to 
wall B, which has an area A. The 
me of this layer i$ v,diA, and it 
tA : N/V molecules 


An ideal z 
gas is confined > with velocity components »,inthez 
f these molecules one- 


ular box, 

Tog direction. e ules o 

e oving to the left, one half to the right in the 7 direction. 
number of molecules dN striking the wall Binatime diis 


dN = Mot AN./V 


volu 
contains ¥ 


F G, 

S8. 20. 
A rectang 
h 

P Will be 
*refore th 


We; 
tig tify the 
© neglect of collisions betwee? these molecules py taking the 
ec. 8.16) there is no 
ponent will 
at wall (mvz) 
ence the rate of 
all of all these 


em 

chan, El t very small. 

Ee in the these perfectly elastic ¢ 
mig Eo a cha and z components of momentum 
chan, mimert, giver by: momentum after 
3 a um before (—m»;), and this is 2mv=- 

le mome N 2)! 3 4 h 

1 ntum involved in the collisions with the W 


es in th; 
this layer of the gas is 


aN _ my2N A/V 


Omi 
LT 


ollisions (8 
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ro the 
and by Newton's second and third laws of motion this d 
force experienced by the wall from these particular cut a molecular 
sent the total normal force F against this wall from oi 
bombardment, we must sum over all the existing values of vz, 


P=% Nyy 


Since the pressure p is this force divid 


: ve may 
ed by the area A of the side, we 
write 


ANIMA DNI (20.2) 
Nr eea LE em pus 
Ve 5 N 

where p is the density of the 
mean square value of v, 

It follows from Eq. 
directions for the velocit 
v= gy Therefore, 


. the 
gas and v? = (1/N) X Nu? is called 

for all molecules, = ince all 
(20.1) that y = 93 4 584 ve and p so the 
les are equally probable, y? = vj? = v; 


eam (20.3) 
P = Kp? 
m 
This is a most imp 


ortant relation 
related to properties of its molecules, 


:mplY 
A imp 
» for the pressure of a gas is here § 
the mass of the gas, Eq. (20.3) may be 


is 
If we set p = M/F, ners 4 
written (20. 4) 
PV = YME 
nergy of translati 
Pressed as follows: 
E = 2 Yme = Yam Dv = 
i i 


Now the total kinetic e 


: this 
on E of all the molecules !? 
mass of gas may be ex 


VmNyi = MV 
We therefore see 


this total kinetic e 
kinetic energy of 


of 
H irds 

that the right-hand side of Eq. (20.4) is are total 
nergy of translation, If we assume that, when eni 
the molecules remains constant, the temper? jneti? 


; “738 Just Boyle’s law. According to the e fou 

theory, this law follows directly from this assumption plus t 

assumptions enumerated in Sec. 20.1. to 
Let us therefore take the absolute temperature 7 of the £99 q tak? 

proportional to the kinetic energy of translation of its molecules, 2” 

V in Eq. (20.4) as the volume of n moles of the gas. (209 

Then My = const X T = nRT 


and Eq. (20.4) becomes the equation of state of an ideal gas, (20-5) 
PV = nRT 
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td is necessary to assume Eq. (20.5) in order to reconcile the kinetic- 
a ay result with the empirically determined equation of state. In 
| er Words, Eq. (20.5) constitutes the kinetic-theory definition of 


| temperaty Ye. 


» = N/V is the number of molecules p 


it volume, then Eq. 
(20. er uni ] 
3) may be written 


pole (20.7) 


_1Nms 
se 


w= 


mole- 


cule, p s E/N represents the average kinetic energy per single 
"Placing this value of p in Eq. (20.6), we have 

24vVE, = nRT (20.8) 

in a mole of any gas, Or 

x 10% mole-!, may be 

ts (Sec. 28.2). In 


Now 

MAL equals the number of molecules No 
m number, The value of No, 6.02 > 

terms of’ for example, from electrolysis experimen 


*; Eq. (20.8) may be written 


(20.9) 
24N E. = RT 
ee — 
or 
ES 3 ur (20.10) 
By =55 773 
mar. — 
Where 
k= m . y lled the gas constant per 
rolecule B/N, is an important quoe d the average kinetic 


Energ, ^, OT the Boltzmann constant. W given temperature. 


Th, am : for & 
e olecul the same 2 t 
* Ladhte of & is Peon X I0" ergs deg” mole'/6.00 X esta 
May pe X 10™ ergs deg C, Since this is the sa ee x T 
Hired one of the universal constants of the phys eti 
N — VY of Symbols Used in This Section: 
rs total number of molecules present in 885 
= Sia of moles of gas 
N, — ‘Umber of molecules per cm? ; ber 
5 E number of molecules per mole (Avogadro s number) 
M. P of a single molecule 
ey = total mass of gas 
B ss ss of gi 
i s4 ve density of gas 
Be ~ tal energy of gas 
0.3 = energy lecule i f the mole- 
" E gy per molec velocity of the 
les of Molecular Velocities. The mean-square By taking the square 


t &n . 
OOt of t Y gas may be computed from Eq- E js known as the root- 
mean-square velocity We ° 
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mean-square (rms) velocity. "Thus, 


và = Bo (20.11) 
p 


hould 
Because of the relatively small p the molecules of hydrogen d: vC, 
have the largest rms velocity. For hydrogen at p = 1 atm & 
p = 9 X 1075 gm/em?, and hence 


Vi 


3 X 76 em X 980 em/sec? X 13.6 gm/cm? 
F 9 X 10-5 gm/cm? 


= 1.84 x 108 cm/5°° 
# mole- 
The most convenient method of computing the rms velocity of the 


e leave 
cules of any gas at any temperature is to employ Eq. (20.9). W 
it as an exercise for the student to 


show that from this equation 


Vie = NA (20.12) 


where y is the molecular weight of 
the gas. It is to be noted that, 
according to this kinetic-theory re- 
lation, the molecular velocity would 


be zero at the absolute zero of 
temperature. 


Fraction of molecules 


123. ol 


saribution 
Fic. 20.2, Maxwellian distribu, ay 


12,078 
velocities for molecules of a g85* rithmeti® 
So far we have been concerned With 8 are ‘the: most probable, the a melo 
T 
mean, and the root-mean-squ? 


ties respectively. 


taneous value of the velocity might be nearly zero, or i& might 
larger than the rms value. 


NS 3 n 
statistics are applicable for dériving the manner in which the molecules ? f the 
tributed over the whole ra; 


at for the variation of the number of bullet pe ots 3 

» Provided that a large number % ities y» 
The distribution for the molecular velo such i 
first calculated by Maxwell and by Boltzmann. In Fig. 20.2 we plot gere” 
Maxwellian distribution for a given number of molecules for two í 
temperatures. i 


bet 

à r nm 8 
Since the two curves in this figure each represent the same total nd giat 
molecules, the areas under the two curves must be equal. Each curv" 


See, 9 

. 20,4] 
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O, passes thr x 
iar axis, As dogs a maximum, and then comes asymptotically down to 
a Probable des hey ie increases, the maximum, which represents the 
are many ni i Peel toward larger velocities. It js to be noted that 
ules at 373°K with velocities greater even than the most 
N 


Probable TM 
EN ai Es at 1273°K. The arithmetic mean of all the velocities Q/N 2 v) 
Y = somewhat larger than the most probable value, and ds Tus 
T d is still larger. About 0.6 of the molecules have velocities 
e fact that à small fraction of the 


ratures means 


most probable velocity. Th 
for moderate tempe! 


ecu 
that p. CS May have qui 
am * hydrogen hu : quite large velocities even 
i ecules high in the earth's atmosphere MAY frequently have 
11). 


es 
3 greate; 
erimental evi n the velocity of escape (Chap. 
ence for the existence of the random moti 


Bas 
1827. —. liquid i : 
in We is supplied by a discovery made by Robert Brown, à botanist, in 
e, colloidal particles suspended 


ed to dance about in & rapid, 


Of the ,, `e parti ed by the unequal bombard- 
e liga” Particles on different sides by the very much smaller molecules 
idal particles 


on of the molecules 


à Ure, 

fuss er evide; 

ditm of pe for molecular motion comes from measurements of the rate of 
the s Tate de olecules of one fluid through those of another fluid. The 
pends among other factors oP the relative thermal velocities of 


Equipartition of Ei f 
herical part 


Partia è Monatomi 
have Rig gas may be considered 3$ Tittle epi 
wis aig ore ned to move along a line, either straight or curved, is said to 
NE ca aha If the particle is restricted to move only on & surface, 
molecu ree-di bia degrees of freedom. If, however, particle can move 
“sition, eS = ensional space, it has three degrees of freedom. In general, a 
i any degrees of freedom aS coordinates necessary to describe its 
molecule & jatomic OF polyatomic 

f freedom 


Oleo, |" 8 
thay ule hag a Sak a, meets 
The © three ional possibilities for its motion, hent f 
(stie atomic associated with the translation of its center of mass 1! 
lis moi decti molecule may be thought of as à du a 
orgs cule ae between the two mass particles (Fig. 20.3). The rotation of 
» Bin Out its center of mass C may pe describ in terms of just two 
cher, ce there would be a negligible moi of inertia and hence 
$ Sue > associated with rotation about the line connectin, 
iss in With neue has then two degree of freedom of rotation 
Peg, Pace, meses degrees of freedom for 
© there is an five degrees of freedom in 8° 
S an additional rotational degree of freedom (three coo 
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; iatomic and 
used in describing the rotation), or a total of six. Also, in i bo atoms 
polyatomic molecules there is the possibility that the atoms or A uld be more 
Lat vibrate with respect to each other. These vibrations sho s of storing 
kii the higher the temperature. They form another mean : 
energy and constitute other degrees of freedom. kinetic energy of 

The total internal energy of a monatomic gas is just the airs are three 
translation of its molecules. For this three-dimensional motion dom, exactly 
degrees of freedom; and since the molecular motion is perfectly ran: of freedom- 
one-third of the total energy is said to be associated with each degree s that edt 
This is an example of the principle of equipartition of energy, which say: 


olecule- 
degree of freedom has associated with it an energy equal to J4kT per m 
Let us see how well these i 


deas agree with S 
the observed values of the Specific heats of 
various gases. From Eq. (20.9) we may 
write for the total kinetic energy of the mole- 
cules in à mole of an ideal gas 

— ee, 

NoE: = 3gRT (20.13) 

—————— 
For a monatomic gas this is the total internal 
energy per mole, and by the equipartition 


principle we have for the energy per degree of in 
freedom 


Je. 
«+, molec! 
A diatomic ™ 
HNE: = URE (20.14) Fig, 20.3. A di 
is 
Ten is pts molar specific heat of a gas at constant volume ! 5) 
BU 
c, = 5 (4) _ Lau (20 
'OnRMT) = aR 
Therefore for a mole of a monatomic gas " 
1 
C, = SRT) _3 (20. 
~ cuum 


73 E = 2.98 cal mole- deg"! i 

s equ' 
or close to 1 eal mole deg! for each degree of freedom. If one assume D 
partition, the existence of five degrees of freedom for a diatomic molecu e 
then indicate that a dia 


n 10h je 
tomic gas should have a molar specific heat of 5 09 ^. qu 


deg, Fora polyatomic gas with six degrees of freedom the theoretic? 
of C, is 6 cal mole-1 deg-!, 
ecifie heat at co 


In practice the sp 
measured, using the continuous-flo 


from the relation C- Gy 


ily 

sy sue t 

nstant pressure C, is the qumun we 
W method, and then C, is calcula i 


jne 
R or from the ratio Y = C,/C, as deter) 4 
und in the gas. 


S argon, helium 
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Water shi 
ould 
ory with a pe 33. Comparison of these th 
xperimental values at room temp 
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DiSpectio, 
n of thi 
this table shows that for the simpler 


etween 
tl 

More co; : 
With thi 
smaller th 


e t| ; 
a dinal and experimental value 
€ result gine some energy may go in 
an the th Both C, and C, may be expec 

eoretical values based upon the six 


s is excellent. 
to the vibrations of the atoms, 
ted to be larger and their ratio 
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eoretical predictions for C, and 
erature is made in Table 20.1. 


molecules the agreement 
For triatomic or 


degrees of freedom. 


Table 
20. 1 
retical and Experimental Values of C. and Y = C,/C. 
(e r 
Gas Atoms per| Degrees of cal mole! deg C 
molecule | freedom 
Experi- _ | Experi- 
Argon Theory | ment Theory | ment 
Helium a a 
Mercury | 77 2.98 1.67 
(55) Limit 
E H 3 2.98 | 2.98 1.67 | 1.67 
Ydro, — 1.07 
n à 4.95 1.401 
sen S tz. : 4.80 1.410 
tro | 2 5 4.97 1.40 
Carbon s À 5.04 1.401 
W dioxide 4.93 1.404 
Ate 6.75 1.304 
Ree " 
“ther (350 | ll ee 6 or more | 25.96 «1.33 
PO) 6.67 1.324 
ena 15 EET | See 21.83 | 1.08 


antum Theory. The 


20.5 
Bood gp Variati 
tio; " 
n of Specific Heats with Temperature. Qu d 
tal values of Ce 2 ordinary 


tem Éreement bet 
etween the theoretical and experimen 


(nad 
que 
eg On; Ures, 


fr, e 
action ed 
ai, 
qo Into vi 
dep, "die, : 
Br at 
ays of fhe 
80 
fop hat ali 
Even atomic ; 
Tha sve 
he aa ee 
T 


ave 


. edo 
S» € The specific heat of h 
(ee oe the number © 
nae for hydrogen has th 
is ce At this low temperat 
atiam Um degrees of freedom 
Ons of ae must receive à Cer 
e cla its rotational or vibration 
ssical laws of mechanics. 


atures 

Tat es diatomic molecules listed in 

liis he ee at 2000°C, hydrogen has 

Y one de ase in the amount of energy 
gree must be absorbed in 


these 
ydrogen has 
f degrees 


Ta 


for the 


e value 
ure the 


needed to 


to the vibrational d 


ual i 
nerease of the specific heat with tempera 


em 

t iei receive enough energy Jn 

Ga n. Also, the values of Ce 
hear room temperature 


their 
diatomic 


molecu 


activated. 
tain de! 


al degr 
T, classically, a 


ees 


disappears at high 
to 5.8 cal mole-* 
he temperature 
f freedom, 


le 20.1 


a C, equal 
raise t 


gure ind 
molecu! 
have no vibrational 


vestigated down to 


nin 
decrease, 


of energy in 
activated is 


body capable of 


finite amount 


0.6 
[Sec. 2 
298 PHYSICS 


quantized; i.e., they can be e 
exceeds a critical amount ch. 
light diatomic molecule lik 


and nearly 
ll have at 
onal energy, 
Path of Gas 
Tn its random thermal mo- 


en 
of 

out ion 
cylindrical volume swept iem oti 
the gas molecules in its ra 


he bro 
H hi 

Fic. 20.4. Illustrating t one 
gas through convection currents or tur- 


ithat? 


ü 
f 
go 
b pe 
derived as follows: 1 
t us assume that the cules are spheres of effective radius ur out a 
these molecules, traveling with an arithmetical mean velocity 0, swe k or be js 
1 sec a cylindrical volume 7725 cm’, but of Course this volume has a kin lect”, 
in it for each collision (Fig. 20.4), © average volume occupied per 901^, 
1/» em?, Now any molecules havin; i 


"T 
The mean free path des ol 
distance the molecule econd, 5 em divided by the num 
Sions in that same time; thus : 
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Since 
1 Y vari i A e 
tional to iiie directly with the pressure, the mean free path is inversely propor- 
his eal © pressure of the gas. 
culation is oversimplified. for we have assume 


ules exc 
iy ept the one are at rest. Maxwell showed that b 


fact th. 
Path spi i all the molecules are in motion with various spee 


d that all the gas mole- 
y taking into account 
ds the mean free 


be given by 
uF 
l = ——— z m (20.18) 
It is can Anar» V2 . 
chance B to see qualitatively that, since all the molecules are in motion, the 
d thus the value of las given by 


5s. (20.17) ots will thereby be increased an 
DY tw, ould indeed be somewhat lowered. 
Used to go © of the three quantities J, r, and v are known, Eq. (20.18) may be 
en id Ve for the third. The number v of molecules per cubic centimeter for 
divideg s Under standard conditions is Avogadro's number, 6.02 X 1075 mole, 
Bas equ Y the volume of a mole, 2.241 X 10‘ cm’, as determined from the ideal- 
ation, Therefore e, 2. à 


6.02 X 1075 L3 
= pF = 0” cm 
Thi » = soar sci = 208 X 10? c 


his ; 

18 of 
cat = called the Loschmidt number. 
onlttlate mi using the modern method of mo 
ducti irectly from measurements of t 


The mean free path may be 
lecular beams, and may be 
diffusion, or heat 
nditions l has 


Values etween 1 and 2 -5 irly g00 
M the eee pret gas as abd n methods gives one confidence 
vai Correctness of the kinetic theory. 
Vn m" of r may be determined from viscosity measurements (Seo TÉ 
an action Patterns, and molecular spectra and from the pes in 
Ordi; tent es equation. All these methods yield values of a dn ilio 
m Mary i h each other, with r lying in the rang? 1 to 3 eade 
w Te E 5. In this connection it should be mentioned Ded pm TEN 
[UM +) AE 9j spheres actually, it is difficult to say exactly wie? rather diffuse 
Ne S lon uter portions of all atoms and molecules consist oF * ] phenomena 
^is ned 9f negative electrons, and so the studies of the ee du of any 
hu Seule. may be expected to yield slightly different vanes e i data of & 
t is really very satisfying that the information front al interpre 
Meagy OU er unrelated types of experiment (plus their dot seas 
Roy ed ire ae molecules, which are 80 small that whey ite 
Mate, hy ad » 18 all quite consistent. 
tmy, Values a, n at normal atmospheric pressure 
$e, Te found:] = 1,42 x 10-Sem, 2r = 2- 


0°C the following approxi- 


and 69,500 


x 1075 em, and? = 


roperty that all 


ding P 
p rtant parameter 


ato . Th 
TS n ista. 
SS of an Atom. The outs en apa 


Sess: 
Sis that of mass. Massis, of course, 


8 
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in the study 
in the study of the motion of atoms by themselves, reps yeh d fluids. 
of the motion of collections of atoms, i.e., of soli Í quantities o 
Since Avogadro’s number is so large, we know that ecd Aor adro's 
materials contain very large numbers of atoms. Uy A is the atomit 
number the mass of an atom can at once be found. 
weight of a substance, then the mass m of one atom is 


9) 
(20.1 
mite 


No xi p^ 
= 1.6 n 
Thus for hydrogen, the lightest atom, A = 1.008 gm and m has twice ips 
gm. The hydrogen molecule, which contains two atoms)! 9.16 X 
mass. Similarly, for iron, A = 55.85 gm, and m= 9. 


p 

3 7 gnam 

gm; for one of the heaviest atoms, uranium, A = umi of atom? 
m = 3.93 X 10? gm. The range of masses is just the rang 
weights and varies 


t 
ightest t0 
by a factor of more than 200 from the ligh 
heaviest atom. 


20.8. The Size an 


logous ^ 
d Shape of Atoms. 


al e 
By a procedure exactly 27 a volo 
that of the preceding section the Size of an atom can be determined. e aver? 
of one mole of atoms is A/p, where p is the density of the substance. 
volume Y occupied by one atom is therefore " 20) 
2 e’ 
$ed. 
5 
or, from Eq. (20.19), Y. "m 
p 

The average volu: 


Jarg 
uch ne 
om is, of course, a volun rations d o, 
Volume itself unless, in the substance under gery an ^O 
er. Thus the average a, liters ^ 
2.24 X 194 
i 6.02 x 105 = 3.7 X 10-29 em: 


20). sei 
gen, therefore, in Eq. (2 m yore! 
ined to be p = 0,981 gm/em’, and hence, fot "rg /eft 
V = 1008/60 x 1023 X 0.081 = 2.1 X 10-23 em’, For iron, p = T ptit al 
A = 55.8 gm, and V = 1.18 X 10-23 ems; and the corresponding 48" ye s 
lead are p = 11.4 Em/em3, A = 207.2 gm, 


3. 
and V = 3.4 x 10-7 cm” 
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&xamine j 
une in mori S : 
e atoms. e detail later (Fig. 49.1) how V varies from the lightest to the 
o find the i 
e li pedis ^ 
aoe the shape zm dimensions of an atom from the volume, it is necessary to 
ae e spherical, ny a as well. If the shape of a hydrogen atom is assumed 
meter 3.4 xc 10-8 ion volume just calculated corresponds to that of a sphere of 
m. 


tis in 
H tere: i 
e sting to co 
Ireulatin tin, t C npare this diameter wi 


g el ; 
foung to be ape in a hydrogen atom. In 
Might be oo em and hence smaller tlian the distance 
ue to : 5 
the shape of the atoms of an element might be obtained from the 


Sym 
metry of crystals of the element. lron forms crystals with cubic 
symmetry, and the arrangement of the 


atoms within the crystal is indicated in 
The structure is called a 
structure. Sul- 
hand, forms crystals 
We cannot conclude 
er, that iron atoms 
whereas sulfur 


atoms are needlelike, since, if iron and 


sulfur are combined t 
UE Js, a new and com 
Meture g The b ture results. Some elements, more- 
pe eee is cubic over, form two kinds of stable crystal. 
i in m Carbon. for example, exists either as à 
; ence for & definite shape 


ith the diameter of the orbit of the 
Sec. 11.9 the orbital diameter was 
between atoms, 


ome c], 
orm and 


have 8 


dia, 

Ino; 

tha nd or , 

tue telae. Tus is difficult to find evid 

deg, € additi ic of an atom of an element. : 

E a 5 onal evidence on the shape and size of atoms can be obtained bya 

erento of E of the collisions in a monatomic 63° The value of the radius of 

pe? With Ls irad from the coefficient of viscosity agrees a ph 
at from ; indicated above- would be 

the simpler method inaen; ody where it is 


Close to however id b 
the 9 many r, that the shape and size of an atom in 8 solid bot ^ 
Mecha, a nae atoms might be different from those of an ene 3 "i Rec 

à most of the time far away from their se pe have sharp 


eory of atomi that atoms 
omic structure tells us much of its significance. 


20.9 les, and conse : 
toi ars in si Bist di Se p xol the discoveries of the past 
Neo Y the e tomic physics have been made with nigh-vacuum apparatus, an 
techn; ens, Anufacture of many articles such as incandescent lamps, Le tubes, 
Usua des cesi tubes, vacuum bottles, ete., require use of hig deri 
Y heated a large scale. During the evacuation Pro all glass parts - 
fpa uum to drive off occluded vapors #7 gases, metal fittings within 
8 the Ph be outgassed by high-frequency induction heating. In radio 
traces of gas are remov ed by 8 chemi cal “getters w 


Dounq, cal thi 
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i ine with 
some alkali or alkaline-earth metal distilled into the tube to combit 

idual oxygen, nitrogen, or water vapor. ing in? 
s mda mag pump usually consists of an eccentric rotor C revolving 
cylindrical casing (Fig. 20.6). Once each revolution 
the gap space between rotor and cylinder wall is con- 
nected at A with the vessel being evacuated and fills 
with air, which is then compressed and forced out 
through a valve in the outlet tube B. A plunger D 
is pressed against C by a spring and prevents air 
from leaking back from B to A. The pump works 
in oil, which acts as a vacuum seal. 
can reduce the gas pressure to about 10-3 mm of 
mercury. They are used as fore pumps to produce 
the preliminary vacuum for mercury- or oil-diffusion 
pumps, with which a vacuum of 10-7 mm of mercury — F!6- TU 1 
may be obtained. uum pump. Mercury js 

A single-stage mercury-diffusion pump is sketched in Fig. 20.7. uon a the 
heated in the boiler B, producing vapor, which passes up the tube, pr er to 
nozzle O, is condensed by a water jacket, and falls back into the ^i gir mole 
vaporized again. At O the fast-moving mercury atoms collide wit 


Such pumps 


o^ 
A rotary 1 


Fic. 29, . Si 

mercury aiden De siaga a Ec 
cules that have diffused b nian rat n 
exhausted. The air molecules set, which connects with bie dE "y 
and are removed through the outlet C Ae E downward "oit the: poti 
have two or three nozzles or stag i S ompun i 


Sec, 20:9] 
KINETIC THEORY 303 


Ultimate 

vaeuu : RO etre 

Organic Hsec S A trap T cooled by immersion in liquid air or ina dry-ice and 

ack toward $ ixture must be used to freeze out mercury vapor that diffuses 
evacuated apparatus. Recently fractionating diffusion pumps 


Operating wi 
g Wit y- 3 3 
h a low-vapor-pressure oil or 2 liquid such as n-butyl phthalate have 


Come int, 
o use bi d OE Á 
ecause for many purposes no liquid-air trap 1s needed to prevent 


these 
vapo; NE 
pors from diffusing into the evacuated apparatus. 
E lov o use & McLeod gauge, & 
, or an ionization gauge. A simple form of McLeod gauge is shown 


n Fig, 20 

. nen ea The gauge is connected at A to the app: 

mto the accu reury in the lower tube is raised, it traps E85 at the low pressure p 
Mercury earned known volume V from the apparatus. Further raising of the 
Pressure of PS ips ue this gas into a known volume of the capillary C. The 
fe and tics compressed gas is given by the difference in level of the mercury 
he in the parallel capillary tube B, which has the same bore as that of 


tube Agi. 
to minimize error due to capillarity- The original pressure of the gas 


tra 
Dped in y 
V may then be computed with the aid of Boyle’s law. 
dicate correctly the 


ne weak 
ness of the McLeod gauge is that it does not in 
e lowest pressures 


Pressu, 

re of 

e Pi... condensable vapors. For fairly low but not th 
yofa wire carrying an electric 


Irani " 

m ent in ped is satisfactory. It consists merel 
3 Te is propo low-pressure region. Since the heat conducted away from the 
{stance er rtional to the pressure of the £35; one need only measure the electric 
Ure of the oa wire, for this resistance jn turn varies linearly with the tempera- 
th tonizaty, ire. For measurement of pressures lower than 107* mm of mercury 
ermi on gauge is now commonly used. This is actually just & triode 
as a low-pressure gauge 


lOnie y; 
n current is pro- 


B 
nce the i acuum tube, which functions very well 


for fixed electro 


Port; ionizat; 
Srtional to epe current in the residual gas 
pressure. 
loq PROBLEMS 
Strik 1023 mol , ; 
ecules ing with & speed of 105 cm/sec 
per second of hydrogen moig ith ep exert on the wall? 


The m. M of 
$ wall at an angle of 45°, how much press 


ass of 
mere Caleulane Hz molecule is 3.32 X 1077 em 
uy atoms’ the rms velocity at T = 300° of (2) 03y! 


Bas p, vhat ig 
at 3000p; “he total average kinetic energy of th 


gen molecules and (b) 


e molecules of 1 gm of nitrogen 
(290¢ How 
Toy ^ Much slower does a molecule move at 4°K than at room temperature 
Dlet Two 
s S ans i i d together into & com- 
Mmi ev; of hydro lium are introduced toe à 
Par ture usted bulb of plur pm : iud the total pressure exerted by this gas 
del Mom he walls of the bulb if the temper: +. 99°C. (From Dalton’s law of 
i ures, t : ) 
êy, ne , total press ls sum of artial pressures) 
*Cuateg E ram each of d pe gt e te are introduced into & completely 
Ta e e 9f radius 10 iq What is the total pressure exerted by this gas mix- 
` al 1 t 
The ss of the bulb if the temperature is 20° E 
Socata OW st vacuum yet attained in experimen al apparatus is 
ed Yasi molecules of residual gas still remain in 1 em 


10-? mm of mer- 
3 at 20°C in this 
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z (—190*0) 
8. Compare the rms velocity of helium atoms at liquid-air temperature 
and at the surface of the sun (6000*C). ec, The 
9. Find the rms velocity of xenon atoms at 76 em of Hg pressure and o*c. 
density of xenon gas under these standard conditions is 0.0057 gm /cm?. T7 
10. If of 100 molecules 10 have a speed of 10 cm/sec, 10 have a speed of ‘ city an 
ete., with the last 10 having a speed of 100 cm/sec, calculate (a) their rms velo 
(b) their arithmetic-mean velocity. Note that (a) is larger than (b). fraction of 
11. Heat is supplied to a quantity of ether vapor (y = 1.08). What fra ; 
this heat is used in increasing the translational energy of the ether molecules ur the 
12. The diameter of the ammonia molecule (NH3) is 3.0 x 10-*em. Caleu 
mean free path of ammonia molecules under standard conditions. Jj 
13. At what centigrade temperature is the rms velocity of a molecule one 
value at 100°C? NM =: 
14. Calculate the mass in grams of an oxygen molecule. The atomic weig 
oxygen is 16. freedom 
oe greet Eq. (20.16) to the case of a molecule with f. degrees of Ed 
show that then y = 1 + 2/f. Cale i alue of Y 
(Table 20.1) the numb; P ulate from the experimental v: 


half its 


e 
circular path of diameter 75 ft, the gas Pr c 
mm of Hg. How many gas molecules are there ad if the 
1 : ath of molecules under these condi 
molecular diameter is 2.5 X 1075 em? 


CHAPTER 21 
THE LAWS OF THERMODYNAMICS 


21.1. The First Law of Thermodynamics. Thermodynamics is the 


: : * H 

OM that describes the changes occurring in bodies as they are haii 
9 external work, or change their state. Any of these effects may tak 

^ : f particular interest in this 


ES i 1 H "n 1 
Tespe Singly or in combination. Bodies o pru 
ct are gases, such as air; vapors, such as steam; or mix ] 


Baàsoline y% 
apor and air. n it 
© subject is dominated by two laws, the first of which has already 


d m in Sec. 19.5. Suppose that & body is beste, reed 
3 ing thi i y units of Worx. 
U heat. During this process it eae S nay express dió 


first js the increase in internal energy ? 
W of thermodynamics in the form 
(21.1) 

AU = AQ — AW 

Es o — 


a in thi ter, is 
agg entity AQ in this equation, aS everywhere else 3 m e 
Sm "ipis expressed in the same oM ape law says that the 
increase » ergs (calories times J). In words, ite Oe py the substance, 
lesg the m internal energy equals the al energy i5 nota 

etic energy of the 


dire Work done by the substance. 
9 y 


erus, the wee quantity, for it epe n ene constituents of 
the moj? the energies of vibration and rotation of the lecular forces. 


a m 
1 th eles, and the potential energy due to the m assert the validity 


A i bind Acus (ZLI) Shea e more m arises from the 
aet t] Ciple of conservation of energy- agha transforma- 
tion tpat à thermodynamic system, when taken pe y t ia eevee 


a E 
Es AU dt restores the original st Pd AW individually are not 
En. 7 0) despite the fact that Q an 


m the 
i, Dod E 3PDly the first law to a very simple pr piso ure Ty with which it 


is in Ot a temperature T nother, # oun 
Energ, fact, laris orsa dió hotter body loses 27. odes are insulated 
a Om thers” the colder one gains AU1, and num 
he "ied Surroundings these two quantities ies 
Vies "ia nge in internal energy of the D the 

ill equ 02tact) will thus be zero. Simi. AQ, + AQ 


= AQ 
at gained by the other, 50 that AQ 
305 
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21.1) 

zero. No external work was done during the process; hence Eq. ( 

is obviously satisfied, its left and right sides being zero. rotten toki 
But imagine now that heat, instead of flowing from the ho i tities 

colder body, had passed from the colder to the hotter. All q 


. (211) 
AU», AU, AQ», AQ:, would then have their signs reversed, and Eq. (21 
would still be satisfied. Such a 


r 
process, however, does not Mw 
nature, for heat of itself always flows from high to low ——— suffi- 
Hence the first law of thermodynamics, while always true, 1$ a place: 
ciently restrictive in selecting those processes which actually t& ;fies the 
It must be supplemented by another law which somehow speci secon 
direction in which heat changes occur. This is the function of the 
law of thermodynamics. 


21.2. The Second Law 


; al 
from lower to higher self-acting manner. The pe 
phrase "in a self-ac. is extremely important; for it iS 

to transfer heat fr 


om cold to hot p, 
The point is that this cannot be d 
work. 


t 
e 
The history of physics “struct 
laws of thermodynamics. Even today amateurs endeavor to © viol 
perpetual-moti i 


ssible 


S 
odies, as in a household m l 
one without the expenditure 


he 


à T 
are equal ATE . in €X', (gn 
heat from the vais. qually futile Inventions. For 


: d this pe 

| Tan engine would be cooling the water, 29 at t 

be achieved only by doing external work egent shows pi of 

second law is never contravened and is quite worthy of forming 

the pillars of Physical science, th s 
Strangely enough the seco i ee g 

à nd law h; ved fro e: 
of dynamics by purely logica] reas pb hog: 
the most Probable co 


ep o, 
oning. It can be shown s our 
not the only possi?" jo 


n 
al than that of Newt? 


"T 
p 
E M ed} 
To be more fruitful in application the second law 


See, 21,3] 
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Precise 

se mathemati : 

Physica] port way. This requires the introduction of a new 
y, called entropy, which will now be defined. 


21.3. Th 
tr e Meani 
Bier taking ma. of Entropy. We consider again an example of heat 
4 Ve shall call th stween two bodies in contact (Fig. 21.1). They constitute 
eat dQ will b e “thermodynamic system.” If Ta > Ti, a small quantity 
e transferred from body 2 to body 1 in some small interval of 


time 
* Th z 
d „~he ratio di ; 
namics, For Anc T will be seen to have a peculiar significance in thermo- 
present we note that, during the transfer under consideration, 

e ratio dQ/T while body 


body 2 loses th 
1 gains dQ/T, The system therefore 


dQ 
gains 
© Q 
TI^ d. 
xd r T This is & positive quantity. If heat 
.214, 99 _ 4Q s flowed from body 1 to 2, it would be nega- 
Fo Ti T j tive. Natural processes occur in such 
We d this reason ii ig; a way as to make this difference positive. 
efine it is indicated that the ratio be given ® name and a symbol. 
— 
dQ 
== 21.2 
T dS (21.2) 


and dS the change in 
In our example the 


bein 
entr & the ab 
9 solute temperature, and call S the entropy, 
—dQ/Ts; 


entropy 
inerea, „Used b 
and w SE enitrom, the transfer of dQ at the temperature ” 
® have week of body 1 is d$; = dQ/T1, that of body 2, d$: = 
that the entropy of the system, 


dS = dS + dS: > 0 
toa simple i 
always defin 


nstance is actually a 


Vem, ot has 

ty he s 

; Ben re been illustrated by reference ra. (212) f 
y Eq. (21.2) for 


an eral si 

Infip; Siti : 

thema, hitesima] proca the increase in entropy, 

POLT process, is found to be positive in all processes that occur of 
surroundings. When 


in 
© tr — ut of bodies that are insulated from. their i 
heat over a finite range of temperatures takes place, Eq. (21.2) 


Seneralized to aed 
(78 (21.3) 
AS = Jp, T 
transfer of heat considered in the 
slowly that the system is always in 
t interest in thermodynamics; 


Eval, Only with 
ing, lation e 
the “nal equi th 
d are o ilit 
o illu, e 
st 
lige Lu the use of Eq. (21.3) in à 
€ mole of an ideal gas undergo 


Ones 

B on ennt: proviso: the 

Hc gral must take place 8° 

2 Such processes are of grea 
Quasi-static. 

different way We ". 

es in an expansion 


e calculate the entropy 
from volume Yi 


4 
[Sec. 21. 
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$ ; hence 
to volume V; In every part of the process the first law is obeyed; 
dU = dQ — aW 


dence 

o depen 

But for an ideal gas, unless the temperature changes, there serbe Therefore 
f U on volume—there are supposedly no intermolecular xz thug 862 that 

aU = 0, and dQ = dW = p dV as was shown in Sec. 18.7. 


av (21.4) 

p 

ia 

Now, for an ideal gas, pV=nRT (2.8) 
dV Vs 

and Eq. (21.4) becomes AS — frr y "^R In y 


tions, 
P condens® 
Again we see that AS is positive, for V, > Vy. 5 


for which AS would be negative, do not take place. 
We are now in a 


amice 1” 
Position to formulate the second law of agree systems 
the following simple way: In natural processes taking place in iso 
the entropy never decreases, 
There are Processes, 
system) is zero,. as, for example, 


Spontaneou: 


1 lated 
an iso 
to be sure, in which the change in entropy (of 


20 
35 which d 7 
2ll purely dynamical motions in which, To 


eversible- ing 
and many thermodynamic changes. Such processes are called 7 elti 
give a numerical example, 


; the of 
We compute the entropy increase due to t 
of 1 gm of ice, In this p 


[2 
tent 
rOCeSS, T = const = 273°, and 80 cal (la 
fusion) is taken in. Hence 


pee Q 80 = 1.23 joule/de£ 
sul TP E TT j 


fo he?! £ 
ecl 
On the other hand, when a substance of mass m having a constant SP 
is heated fr 


om T to T, degrees absolute the entropy change is 


vd gor. NUN det 
amm 1 the 18% T 
21.4. Entropy and Probability. From its definition [Eq. gui lity 9 
would hardly suspect the entropy to bear any relation to the pro in np 
system’s state, Yet it is possible to show, by considerations given a 
statistical mechanics, that eniro 


ment of molecules to wi 


tr 
cards in a deck. If they are eee! p 
that each Player will receive all the s 


in wi 
available to the molecules of a gas, the state "s 
€ uniformly is more Probable than the one in whic 


Sec, 21,5] 
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crowded i 
nto ; " 
Dart of it. For this reason the entropy of the ideal gas after 


expansion j 
E n is gr A 
Section, greater than before, as indeed we found to be true in the preceding 


The 
Mol 


quantitative r ` 
tive relation between the entropy S of a system containing N 


ecules and 

the probability w for the arrangement of molecules is 
S=klnw (21.6) 
(21.3); although it cannot be 


This may be 
21.6) agrees with Eq. (21.5). 


one i 
n 
Whic| 


this ty S be equivalent to definition 
was Arad , ut we shall prove that Eq. ( 
un neta or the expansion of an ideal gas. 
a Bi le oues about the position of a given molecule, then the probability 
Sis Chance or f und in a volume V is proportional to V; the greater V, the greater 
V is nding it in V. Hence the probability of finding a single molecule 


Where ¢ į w = cV 

i s 

imultaneoueh: constant. Now the probability 
y in V is the N-fold product of w1; 


*Cordin = (cV) 
g to E w = (cV) 
Eq. (21.6), S = EN(Inc t ln V) 


that W molecules shall be present 
in other words 


aand a state of volume Vi 


; 1e diff, 
ls erence ; 
therefore ce in entropy between a state of volume V 
S = kN(In c + In V2) — kN (ln c + In Y) 
Va 2 
=kNin= = E 
In Yi nk dn, 
Cine exactly with Eq. (21.5) bees R = Nok (ef. Ea. 20.100) 

a is quite general and shows the meaning of entropy in terms of 
Bren iS asse; ith this new meaning of entropy th r of ther ad 
i ater Drab, rts that every natural system changes toward states of greater an 
in n Vd —which is not particularly surprising: Heat flows ae high 

ic ratures bi pular y eal temperatures are equa Mos 
h ecause the state m which om d is more probable 


moleeu] :netic energy, ! 
targ, "Y o ules have the same average kinetic energy, ) 
rq ther, The second law holds for the same reason that a new deck of 


Pre en sh 

lr | Shuffled, takes dom distribution. ee 
th !8 point / on a random CS i impossibility! 
h 3 of view iolati d law 1s not an imp 

view a violation of tht gut cards may return! If we 


Wap + dec 
i loj 18 shuffled 1 

ong enough, order among à k . 
Fi the molecules of a gas might temporarily all i Be one a 
x ummer . 

Unha “Be e water in a gl: ight suddenly freeze on a hot s 
belieyąp 2 Pabilities for i ge n ted, they turn out to be 
Uni Y Small, so small i x ri far longer than the age 
mall in fact that à P^ hould once take place. 


erse 
must elapse before such freak phenome 


are compu 
‘od of time 
nas 


iti variables, such 
f uantities OF variables, 
eec id to define the thermo- 


b. 
as Dres. Thermog 
T, are sa 


ynamic Cycl 
re ycles. 
D. 
» Volume V, and temperature 
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& 5 ink of 
dynamic state of a system. In the present section it is well is 
the system as a gas or vapor enclosed in a container of varia another is 
such as a cylinder with piston. A change from one state ies Such 2 
called a ‘thermodynamic process,” or ‘transformation. 


; y plot f$ 
change can be represented in a number of ways, of which the p 
the most common. 


An illustration is given in Fig. 21.2, 
which a gas is taken from a state Y 
Pi, Vi to another whose variables 
have the values T» Va. The tem- 

EMT Me Pi 
perature T will in general have 


different values at different points of Pz 
the path. 


The work done b. 
the passage from A 
to Eq. (18.3), 


Wi ES n" p dV 


and this is e 


ss in 
cess 
Which represents a pro 


y the gas during 
to B is, according 


Fig. 21.2, pV diagram 


qual to the shaded area in Fig, 21.2. 
A transfo i 


da 
+s calle! 
urns the gas to its original state is o P 


ts a cycle, the gas being taken from 


rmation that ret; 


cycle. Figure 21.3 represen 


and back to A. 


r 
work equal to the area UD. n on? 
lower eurve. The net le jg the 
by the gas during the CE END osed 
area on the pV plot that M ous? 
by the cycle. Ina cycle origin? 
the substance returns to oe ot 20° 
State, the net work done 15 53 nas 
The reason is that the E i the 
received heat while perform ans” 
cycle and this heat has be 
formed into work. 


and vice versa, 
the work done 
enclosed by the Cycle is 


c 
under the upper curve, and + dom 
on the gas during the 


h: 
© work done by the gas ap 
n general, then, if a cycle © 


no longer th 


e 
Cycle. ih 


Sec. 21.6 
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agram is His 
y the — sed in clockwise manner, its area represents work done 
negative work ; x it is traversed in counterclockwise manner, it represents 
external Pri ogy by the system, i.e, work done on the system by 
on; D m 
ded infinite variety of possible cycles, 
le ical interest, and one of these will 
e ar eration, 
not be a d p Cycle. Let the 
S enclosed but will here be assumed to be one for t 
in a cylinder with a piston. The pist 


Breat several simple ones are of 
Specia first be singled out for 
“working substance,” which need 
he sake of simplicity, 
on and the vertical 


Working 
substance 


at 
temperature 


T 

Infinite 
heat 

capacity 


(c) 


(a) di 
Fra, 21.4. Assembly for Carnot cycle. 
s of 
un pan Cylinder are made of insula ], but the base 1s 
b se (Fig. 21.4). In addition to the cylinder assembly we assume 
2 dy à im of three bodies, all shown in Fig. 21.4 The first is a large 
b finite emperature T, a body that for practical purposes has an 
Sdy wi ran Capacity. The second is & nonconducting slab; the third, a 
of 5 its rm ite heat capacity at 8 temperature T: 
Will S 21, " State the working substance js represente ws 
1 i: a E is then subjected successively 10 Tour process 
Subst, 9 Place d TNT 
ue Ps debe expan fiu Lue the course of this expansion 
Sen Tesery, : € at temperature T. ; and it will take in Q» cal of heat from 
ted p or. Tn the diagram (Fi 21.5) this part of the cycle is repre- 
the isothermal AB Hi pi gas were an ideal one—which we 


ting material 


2. 
d by the point A 
which 


eat reservoir @ and allow the 


Sec, 21.7 
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= RTs; 
are not assuming—the curve AB would be represented by pV 

‘ it will be different. . P con- 
PUE cylinder on the slab b, which seals it seat ben. ARN : 
duction, and let the gas expand farther to the point C 35 $ d have the 
BC is an adiabatic curve for the gas; for an ideal gas it w ad from 
form pV7 = const, as was shown in Sec. 19.6. During Ad es work but 
to C the temperature of the gas drops to 7’, for the gas do 

receives no energy from the outside. 

3. Put the cylinder on reserv 
isothermally. In this process, he 
because work is being done on the ga: 
unaltered. This corresponds to CD i 
chosen that it can be connected 
with A by an adiabatic curve, 

4. Finally we return the cylinder 
to the slab b, and compress the gas 
adiabatically until the initial point 
A is reached. The cycle is now 
complete. 

21.7. Efficiency of Engines; Ab- 
solute Temperature, The Carnot 
sycle typifies the acti 
engines, althou 


` iven 0 
at in the amount of Q; cal is BIVe" , 


s hile Ha temperature v 
n Fig. 21.5. The poin 


rele. 
gh the actual cycle FARR, See a 


i hig 
2 cal of heat is taken from a reservoir 9 n dense" 

temperature T2; Qi cal is given off to another reservoir (the n heat 

of a steam engine) at a lower temperature Tı. In return for josed 

received the Working substance Performs work equal to the area € 

by the cycle. at 

We may apply the first law 
AU = 0. 


tas nth 
ng 
(Eq. (21.1)] to this cycle, noti 


a5) 
RN. ye the 
Further, Writing simply W for AW, the work done by 

and putting AQ = Q, — Qi, we have 


gun 

Q: oa Qi =W t 

an equation that directly expresses conservation of ener gy P 
By the “efficiency” of an engine i 


eem to be Q, — Q. 
18 usual]: 
Hence t 


o 
As a matter of aet a 
Y not retrievable and should ‘ther 
he efficiency of à heat engine 1s 


als? 


W 
Be 
Q: 
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at 
8 becomes, by virtue of Eq. (21.7), 
E = Q: TA Qı 
E aa (21.8) 


Now 
there a 
re two remarkable things about 2 Carnot engine, the first 


Proved b 
y Sadi 
Am on (1796-1832) himself, the second by Lord Kelvin 
ne is that the efficiency calculated from à Carnot cycle 
attain. It is an 


Is the 
gre: : 
Upper (mp deis efficiency which any engine can 
e efficiencies of real engines. The other is that the heats 


t and Qs are i 
i; rather unex the same ratio as the absolute ‘temperatures Tı and Ts. 
ind Ormulate oe fact is of very great importance and has been used 
pendent of th etermine absolute temperatures jn & manner wholly 
a Carnot ¢ 9 properties of thermometric substances, the efficiency 
tilizing eo being the same for every working substance. 
e second fact, expressible in the form 


Q Ts 
E Qi d 
" " 
Y rewrite Eq. (21.8). 
Was Ti ii 
a (21.9) 


No 

he 

te at engi 

Per erature at can have a greater efficiency than this. Only if T, the 
cent, t which heat is rejected, is zero can the efficiency be 100 
and discharges 


or 473° abs, 
reater than 


an efficiency 8 


n Ste. 
Its am engi 
e gine that takes in heat at 200°C, 


aust o 
at 20°C, or 293° abs, cannot have 


473 — 293 _ 0,38 = 38% 

Ven if ita 473 

21.3. wi mechanically perfect. 
TStood tiie The basic principle of refrigeration js easily 
tray, a cycle d with Fig. 21.5, which, 88 y stated, repre- 
ie in re or an idealized sort of heat engine. When the cycle is 
ha eme it becomes a refrigerator cycle. Ak 

age from A to D the gas expano adiabatically, lowering its 
ds isothermally, 


Wit, ature whi 

c draw € while doing work. m D to C it expan 

to ig Q; cal f, E Pos 1.4 The compression from 
rom cin Fig. 215 

reservoir c in 16 In this latter part of 


the is adi 
e labati 
sho, lle, Q, m that from B to A isothermal. mf Tig. 214. As 
S given mer reserve arial 
up to the war losed by the 


Se 
©. 21.6, the work done on the £99 js the area ene 


9 
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e: (1) & 

Carnot diagram. The effects of the cyclic process are ere hotter 

moval of Qı cal from a colder body; (2) a transfer of Se substance. 
rs dy; (3) an expenditure of mechanical work on the wor ae 
In con the system has fulfilled the function of a regre — Eo 

From an engineering point of view, of course, this rel erento : 
sisting of the assembly drawn in Fig. 21.4, is most erm of ice 
more practical arrangement, used in the commercial mai "ch (working 
(working substance NH;) and in electric household refrigera: 


a nstroke 9 
substance SO2 or C;H;CI), is shown in Fig. 21.6. On the dow 
the compressor piston the substance, 


existing as a vapor in the cylinder, 
is forced into the condenser coils on 
the right, where it becomes a liquid. 
The latent heat of condensation is 
carried off by the cooling water, 
which continually flows around the 
condenser coils. In passing through 
the throttle valve V the liquid ex- 
pands, aided by the upstroke of the 
piston, so that in the evaporator the 
substance becomes a Vapor again. 
The heat needed for expansion, and 


also the latent heat of vaporization, " heevapo 
is withdrawn from the water or brine in a tank surrounding th! 
coils, 


Fig, 21.6, Refrigerator 


rato" 


f the 
. " res 0. ^, 
This process, it will be observed, contains all the essential e " n 
Carnot refrigerating cycle; differences are that the substance | othe G à 
state and that the contours of the diagram are not exactly iS has 


under : n 
and adiabaties, Also, the real cycle is not truly reversible 9 
lower efficiency, 


e 

i n WhO 
21.9. Other Cycles, The working substance of a steam engine is wate te fro™ 
cycle differs appreciably f, 
liquid to vapor in the proi 
Steam engine is re 


m 8 
2 : t ible, 2 ur 
Since water is nearly incompressib there p 
change in volume takes place in this Process. Between B and C d 
an isothermal vaporization (boilin, 


ater; this 


from the water. The work done is ag 


: to 
requires removal of an amoun 
ain the area of the cycle. 


See, 21.9] T 
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In 
Practic 
can e the Ranki ° 
S p traced ar ae y des is, of course, not realized. But the actual cycle 
ae rein the cylinder y RA diagram, in which is plotted automatically the 
RAR he:reau]t eiie he position of the piston, the latter being proportional 
curve in Fig 21 aput the Rankine cycle, as shown qualitatively by the 
ernal- Wes 
al-combustion engine, used in Intake —> dÈ 


automobi 

biles, ai 

nu airplan 

num ; airplanes, and so forth, has & vans 


ber of 
haa cyli 
n Fig, 2 Ylinders, one of which is sketched 


A 
complete cycle consists of four 


‘Crank 
Fig shaft 
+ 217 
Cycl 4. Ranki 
Stroke, s ankine (steam-engine) Fro. 21.8. Internal combustion 
; engine. 
e to the Otto cycle drawn 


in po ds acti 
n actio : 
n can be illustrated by referenc 


Valy, 21-9. 
e 3$ 0 
This c n the first downward stroke, 


e of 


fuel enters thr 
e Otto cycle, AB, 
pressure. On the upstroke 
compresses the fuel, closing 

This process corresponds 
from B to C. 


Orri 
esponds to the intake part of th 


he fi 
uel i . 

increases without increase M 
the piston 


Volu; x 


explosion occu 
he cylind 
withou! 
(part CD of the Otto cycle), and an 
is taken in. The 
Fi y to go down again; 
ONT the hot gases and (power stroke; 
in Otto Y portion DE of cycle) nearly adiabat- 
Ri the E. (gasoline engine) cycle. At the end of this stroke the 
rd winder dr exhaust valve opens, and the pressure 
tust e by d nearly to atmospheric 85 indicated by EB. Here heat Qz is 
e ey ortos are exhaust gases. Finally on e fourth stroke (upward) the 
si now pushed out of the cylinder, £ process that corresponds to BA. 
completed and about to repeat itself. 


read; 
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d 
The heat pump, a modern device for cooling a building during the enn Á 7 
heating it in winter, is a gas engine operating between the temperatur ee 
building and that of the ground. One set of coils runs through the form à NI. 
set is embedded in the ground. During the cold season, gas is comprans then 
the house coils, where the heat of compression is released. The same gas E m 
allowed to expand into the ground coils, where it momentarily ae Hs m 
perature lower than that of the ground and thus absorbs heat from it. o forth- 
cycle starts over again, the gas being compressed into the house toils, and $ doll 
Inthe warm season the cycle is reversed: gas is compressed into the groun = 


se 38 
and expanded into the house coils, so that the ground is heated and the hou 
cooled. 


ive 
Before closing this chapter we pee 
hermodynamies. To some philos tropy 
bodes a future state in which the ratur 
all things are of one common tempa owa 
parts. Indeed this is the condition 7. 
verse, a condition in which life is To remove 
“heat death” of the universe. E not 9 
ave claimed that the second law “patteri 


y for inorganic and not for living ptrop??i 


t there are a few general observations th? 
properly be made concerning it, 


with its unh. ) à 3 
certainty. PPY Prospects for our beloved universe, is therefore by ™ 


z ime it eXP oss 
fives 50 cal from a burner. At the same tim 015 b 
pressure of 1 


atm, its volume increasing from 


P dé 
ge In internal energy? xp? 
3. A gas is heated and receives 1.2 B Ed ime it 9 9 ft^ 
E -2 Btu f tim 9 
against a constant external rom a burner, At the same 0 


increasing from 
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4 Ana 
* utomobi reli "E 
obile traveling at 45 miles/hr is stopped by application of its brakes. 
‘ormed into heat in the brakes. 


Eight 
y per 
2 È car walhe ud total energy of the car is transf 
3 s 3,6 - 

akes rise, if th , lb, the brakes 45 lb. How much will the temperature of the 
* 5. Four pullos. m heat is 0.2 Btu Ib7! deg F?? ^ 
5 sti so : z : 

Stirred for 5 min b. water, enclosed in an insulating vessel of negligible heat capacity, 

y means of a }4-hp motor. How high will its temperature rise? 


6. Why i 
Y is the entr E 
entropy change in & (reversible) adiabatic process zero? 
That is its efficiency? 


T. AQ 
A Carno í 
305. A Carnot A ad works between 430 and 20°C. W 
st cent, What ie has its low-temperature reservoir at 50°F, and its efficiency is 
efficiency were on the temperature of the other reservoir? What should it be if 
. 4 per cent? 
Pre: steam engi Spies eee T 
Ssure of 99 9 gl anie (considered ideal) receives saturated steam from a boiler at a 
n and exhausts it into the air at a pressure of latm. What is its 


Sficien 
cy? 
*19 Y? (Consult Table 18.2.) 
Calculate (a) the entropy 


of y, onside: 
ine lb of ice pesi, of water at 32°F to be zero. 
deg F=1), (c) th (b) the entropy of 1 Ib of ice at Q*F (specific heat of ice is 0.5 Btu 
; he entropy of 1 lb of water at the normal boiling point; (d) the 
nswersin Btu/deg F abs. 


ep, Express your 8 
purposes may 
d. Compute i 
for one mole of 
correspond to P 

the work done in 


trop 

* Yof1] 

ne iat Ve at latm and 212 
ands slowly ir (which for the present 
temp, Ot an BEA edes its volume is double 
B to "Aures 300 ‘arnot cycle on a pV diagram 
"atm, C and 100° abs. Let the point 4 
E Jompute, graphically or otherwise, 


be considered as an ideal 
ts change in entropy. 

an ideal gas between 
= 1 atm, the point 
this cycle. Take 


> 


Yal 


CHAPTER 99 
TRANSFER OF HEAT 


" ure 
22.1. Types of Heat Transfer. Wherever a Hea on war » 
exists, a flow of heat energy occurs from the region of hig R the heat 
lower temperature. Sometimes the engineer wishes to bet er boiler or 
transfer, as, for example, from the firebox to the hot water in a In other 
from the motor block to the circulating coolant in a hot motor. ty alls 
instances the problem is to minimize the heat flow, say through iur. ae 
or roof of a dwelling or through the insulated sides of a refrigera’ e of the 
all cases of heat transfer there are involved one, two, or all thre 
following processes: convection, conduction, and radiation. either 
Convection is heat transfer by the mass motion of fluid nM c fiui 
liquid or gas. It is brought about by the changes in density rait in 
caused by heating. Familiar examples of convection are the corne! 
stove, the warming of all the air in a room by a hot stove in one 
and the circulation of the water in a hot-w. 
Conduction is the transfe: 


motio? 
of the matter itself. 


a fires 
makes 


b 
are 8° 
molecules of the iron at the hot end 


r m 
ause of the strong forces binding 5 gr the 
cules together this Increased motion is passed along successively uctor? 
other molecules down the length of the rod. The good com ject? 
of heat are the metals, and of these the metals which are the bes uctio? 
conductors are also the best heat conductors, Since electric COP it 


met? 
ns, more or less free, through leet ible 
Se electrons is in good measure T 
for the conduction of heat. 


See, 99 
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eac and all th na 
h other Sonia: Mendes within are continuously radiating energy t 
is ^ Convection kc at the same or different temperatures. EA 
AN easiest to underst the three methods of heat transfer, convection 
jaa nics. The hous oy for it involves only the usual laws of fluid 
a “he sea a Net 5 old water heater provides à good illustration of 
P es heated by co d The water in the copper coil C (Fig. 22.1) 
nduction through the metal pipe. This hot water, 
d water from the 


Ing less 
dense, ri 
e, rises to the top of the tank, while col 
bottom of the tank enters the coil 


and is in tum heated. Thus by 
convective circulation all the water 
in the storage tank becomes heated. 

All heating systems for dwellings 
make large use of convective cir- 
culation for the distribution of the 
heat. The draft in a stove OF 


chimney is produced by convection. 
ed air in à chimney, 


buoyant force, 
medes’ principle. The draft is bet- 
ter the taller the chimney; for the 
greater the pressure difference be- 
tween the top and bottom of the 
chimney, the greater this buoyant 


a greater 


In cold weather the surface water 
Watan le Gas in a lake is the first to cool, thus 
Tina Conveotive rodau becoming ;er than the warmer 

by Ot-water ri ut of the ]gyers below. This surface water 
consequently sinks and is replaced 
is then cooled, 


sing lighter ub 
i er from below. This new surfac ; Mae 
„ater from below. us by 


Conve, and is re 

Which qon nl by more of the warmer v 
ti atep, Waterh ole body of water is cooled to 4°C, the temperature at 
ive gin 6s it li na it maxitonmdensiiys DOSE eooling of the surface 
Mari "culation ighter, with the result that i i d all convec- 
ima] Nes es. It is the surface th eezes first, 80 that 
"io tan ice in pr otected and rivers in ¢ 
© Gu Currents a ding up from the bottom. i 
tream nd winds are often large-scale examples of convection. 
and the Japan Current are at least to some extent 
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rae ing near 
caused by convection, the warm surface ocean currents peti: 
the equator being balanced by a return cold current near i V tmon ie 
Land and sea breezes are local convection currents in the r-by water, 
During the morning the land becomes warmer than the E because © 
both because it absorbs the solar radiation more rapidly an expands, 
its lower specific heat. The warmer air above the land pec? e es its 
rises, and is replaced by the cooler sea air. At night the ud return 
heat by radiation more rapidly than does the sea, and hence ample We 
current of cooler air is from the land to the sea. As a final ae within 
should mention the trade winds, which blow steadily in regions 


:ng of the 
a few degrees of latitude of the equator. The considerable heating 


son and the 
atmosphere near the equator causes this air to expand and rise, 3D ", 


t. 
` lace ! 

cooler air comes in from north and south of the equator to rep 
Because of the rotation of the earth the: 


deflected from the north-south line. difficult 

The analytical treatment of convection currents forms a T: ather ensin£ 
branch of hydrodynamics and will not be considered here. ae 
with approximate analyses we shall limit our discussion of oe the 
the few examples cited above, which should serve to emphasize 


5 
H n roces 
convective circulation of fluids is a very common and important P 

in the Physical world. 


a 
mew! 
se return currents are 50 


[qu 

The amount of heat that is transferred Dy ure 

duction between two Surfaces, one of which is at a higher temP filling 
than the other, depends greatly on the character of the substanc? good 
As already mentioned, the metals are t 

conductors of heat energ, 


al 
É tors; 
y. Poor conductors, or good heat insula’ Jas 
nonmetallic substances such as dr 


gradient along the entire bar is 50^ gjen 
(s — T:)/L, and at any Particular section the temperature 8" jel 
is the ratio of the temperature difference dT between two oh? 
sections flanking that at i 


^ t ra 4g 
Finally it is obvious P^, it 


‘ond 
a ar should be proportio 
cross-sectional area A. 


ow 
: of 
Denoting quantity of heat by Q, we may then write, for the rate 


S 
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of hi 
eat through any section of area A, 
r1 A (22.1) 
di -KA dz 


w. 
Pe ihe factor of proportionality K is a constant called the thermal 
low d tivity of the substance. The minus sign indicates that the heat 
Derat Q/d is positive, i.e., from left to right in Fig. 22.2, when the tem- 
"re gradient dT/dx is negative in this direction. If the rate 


e cia heat is in calories per second, the area in square ck Ex 
f Perature gradi i i rees per centimeter, the units 
Or th gradient in centigrade degrees P Ed artes 


entirata duetivity K are calories divided by (second-cen 
Speaking e). Engineers in English- 
Sus uitkies often express the 
Tees hone gradient in Fahrenheit 
» and xd. the area in square 
e rate of heat flow in 


7 


eg 


. U per 

8 the p hour. With these units K  ~ ith 
ducte ‘umber of Btu that is con- pro. 22.2. Heat flow along & mri 
of E. pe hour per square foot end temperatures T, and Ti(Ts > ^Y 

wi Ta) : : 4 

vith One inch in thickness, difference of one degree 


e 
n two surfaces at a temperature 


. enhe; 
tiviti heit. In Table 22.1 are listed averag 


e values of thermal conduc- 


les f 
9r several materials. 


ry Temperatures 


Thermal Conductivities at Ordina: 


0.26 
0.26 
0.29 


o 

Spec eA. is 

Pecime Pena the thermal conductivity of a The surface 
Ould be in the form of a rod OF bar. 


4 
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3 


" Heat 
be well insulated to prevent heat losses to the we s. d 
must be d electrically at one end, and in the steady state the few ota 
ete edi may be determined by having a aa set and its 
a 
i ith the end of the bar. If the rate of flow o: un this en 
ER rise are known, the quantity of heat NUR ed is best 
e be computed. The temperature gradient pee bar at known 
measured by thermocouples buried in small holes in atts divided DY 
intervals down its length. The input electric power in w. aiie heat 
the mechanical equivalent of heat, 4.186 joules/calorie, en is shown 
input in calories/sec. An arrangement for such measurem 
in Fig. 22.3. 
Essentially the same procedure 


ent of the 
may be used for the measurem 
thermal conductivity of a heat-in 


w 
the lov 
sulating material, but because of 


ZA 
Metal bar 
T 
| IDE. 
:adicates. P 
Fig, 22,3, Disi of Garis AA of a bar. T indich 
thermocouple for temperatu 


re measurement, 


a sh 
conductivity it is necessary to have the specimen in the form pe ara 
or slab of fairly large surface, Conductivities of liquids or & T 
measured only with difficulty b 
minimize conve 


eet 


era" 
temP dy 
22.4, Heat-flow Calculations, € may apply Eq. (22.1) to get he a ster t 
ture at any point along a bar (Fig. 22.2) when the heat flow has reac! ce the 2 
state and assuming perfect insulation along the sides of the bar. Sin 
flows at a constant rate, 


We set dQ/dt = H , à constant. Then, 222 
m. a i 
dz © — KA 
and since H/KA is independent of z, we obtain, by integration, 223) 
cem 


H 
KAtt+C 
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where C j 
18 a co. r ; 
nstant of integration. To evaluate this constant we take z — 0 


at the h 
t 
ane ot end where T = T. i 
rina a s nc Le end, z = L, T = T. Upon 
.3), C = Ta, 
H 
There Toup vi. 
ei 
Ore Eq. (22.3) may be written 
H 
On Solvi T occum Ta ee 
ng E, 
q. (22.4) for H and substituting in Eq. (22.5), there results 
pean, — m9 


showing that the temperature varies linearly with 
distance along the bar. 
T, A more complicated case is the important one of 
/ heat transfer through the cylindrical wall of a pipe. 
F Suppose the pipe of length L to carry steam at & 
nS 224 temperature Ta, with the outer surface at tempera- 
eat through o duction of ture Ta, the inner and outer radii being r» and rw 
Sectio; & pipe wall, respectively (Fig. 22.4). Take 
en nal drawin : cylindrical surface, such as th 
imu g of Fig. 22.4, to ber. Then, in EQ. 223), A = 2rrL, and 


May wi 
Y write the steady-state equation of heat flow 
— — (22.7) 
T. dr ^ ^ 2nrbK 
Tntegrati aT =- zt (22.8) 
bi in 
be, E between the limits of T and r for the inner and outer surfaces of the 
We hy Ti IT = H (ae (22.9) 
ye T: = —9sLK Jn T 
t 
Theres T.i AR na (22.10) 
ore t 
he rate of flow of heat radially out through the pipe wall ist 
(22.11) 


2xLK(T: — T) 


i H= 
ade in (ri/T9) 
may conveniently be used to 


1 adi; 

I al 

Mai MM flow through cylindrical walls "od 
lon K cannot be used in the ptu's of Table 22.1, secon: part. 
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be heated 

tivity K of the walls. The inner surface may eam or 

rare: XE i n py itself may carry the electric current. E Me these 

electrical vs and liquids are in contact with the pipe walls, thin P 

pue i REDE: adhere to the walls. Such films have rather low t medium. 
abes and hence definitely affect the heat flow to the surrounding 


^ heat, 
22.5, Radiation. The radiant energy emitted by a ge E A heat 
but upon absorption by another surface it is converted “i like light, 
energy. Heat radiation is, in fact, electromagnetic prie as reflec- 
radio waves, and X rays, and it exhibits such optical properti Electro- 
tion, refraction, dispersion, interference, and Samra vue 
magnetic waves consist of an electric and a magnetic id n, an 
periodically and directed transverse to the direction of propag ad e 
the transmission of such disturbances is a property of empty Space. 
experimentally produced radiation Spectrum 
extends in wavelength from roughly 10-? mm 


Z 
(hard gamma rays) to effectively infinity (radio pera 
waves from a slowly oscillating charge). The 2 B 
eye is sensitive merely to the short range g 
from about 4 X 10-4 


mm (violet) to 7.5 X 10-4 
diation comprises the range 
nger than 7,5 X 10-4 mm, eg 
hence infrared (Latin infra, below), merging A body P i, 
at about 1 mm into the short-wavelength limit  FY6- As box E 
of the so-called “microwaves,” which may be An equilibrium 
produced by electric circuits, the walls. 
Suppose that the 
walls maintained at a 
it, successively, 
surfaces, others with dull 
tures T^. i 


mm (red). Heat ra 
of wavelengths lo 


SSSSSSSSS 


d insidi 
tin! 
M reflet" 
cts, some with well-polished, er 


mperature T, 
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Poor abs 

ES ae must be a good reflector. Therefore a good reflector isa 
ni r 

1804 em ctive experiment corroborating thi 
Polished a John Leslie. A hollow metal cube with one side highly 
white paint other painted with dull black paint, another with a mat- 
Same ae is filled with hot water, thus bringing the whole to the 
ap. 31) xtc When each face in turn is presented to à thermopile 
, Which connected to a sensitive galvanometer forms one of the 


t radiati 
i ation- : a exe ? 
n-measuring devices, the surfaces exhibit marked differences 
largest current in the 


ea 
thermopile. br of radiation being emitted. The 
Showing th alvanometer cireuit is produced by the dull black surface, 
Polished or while it is the best absorber it is also the best emitter. The 
“on it Iur. e, on the other hand, reflects most of the radiation incident 
Wave are into the cube and emits but little 
Walled vac many practical applications of these facts. In the double- 
uum, or Thermos bottle, the space between the two walls is 
These 


ted ane t 
to eliminate heat flow by conduction and convection. 
e emission of radiant energy- 


yer of smooth, nontarnishing 
e heat transmission 
d hence low 


s was first performed in 


to the thermopile. 


®Vacua, 
terio 


r wal l 
A th lls are also silvered to reduce th 


e wal a 
th Ot ae ine and refrigerators a la 
e rough the will aid materially in reducing t 
itting poy wall because of the high reflecting power an 

sts. dy jen of the shiny metal surface. E 
id Ting it į ving a black surface that absorbs perfectly all the radiation 
^ie di called an ideal black body. dy would also be an 
oe at si and would therefore emit mor 
in lampbis ven temperature. No actual surface SP“. 
th Ing his sie reflects about 1 per cent of radiation : 
(la total m on experiments by John dall (1820-1898) concerning 
bo 35~ 893) lant energy emitted by 2 hot pl 
dy i ; in 1879, conjectured that the total ra 


A f ls Pro è 
ew portio j its al 
nal to the fourth power ° 44-1900) showed. that this 


e radiation 


whe e wW =o! 
it area. If this 
1) c ee cm^?, and 


as the numerical value 


5.7 JS Bivenj 
e In watts/m? (mks system of units), 7 
face We should w 


22.13 
mal (22.18) 


5 
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value of 
eei issivity of the surface. For copper, e has a va “aid 
fant 03. y eme to Eq. (22.12) a black body at 300°K ne 
a 462,000 ergs sec"! cm. At 1000°K, when the body p times 
apod sit a dark-red color, the rate of emission is about 
greater than at room temperature (300*K). 
As we have already seen, a body 
with its surroundings. If a bod 
walls at a temperature T, 


= jation 
is continuously exchanging E by 
y at temperature 7’, is surrou 
the net energy radiated is 2 
(22. 
W = ec(T4: — T 4) 
Further discussion of the 


sers newil po 
emission and absorption of radiation 
found in Chap. 48 (Sees. 4 


8.5 to 48.10). 


PROBLEMS 


ed to 
e assume, 
1. An icebox has an inner volume 3 by 5 by 2 ft, and the walls may b i 
be made entirely of cork 2 in, thick. 


F if th 
How much ice will melt in 1 ei the ¢ 
is to be maintained at 40°F while the outside temperature is 70°F? Take 


ed to ij 

n area of 15,000 em? and may be uen p tem 

How much ice will melt in 1 day if the oC 

perature is 41°F and the outside temperature is 77°F? ide is at 15 b 

i a cross section of 2,000 em?. One sid h the § ck 

and the other side is at 90°C, What is the rate of heat transmission Mone in. of e 

4 A room 12 by 18 by 10 ft is completely insulated on all surfaces by ai mp? a 
wool. If the te is room is to be maintained at 70°F while cor 


as 
E 
on through the walls? in. ft ge 
- Window glass has a thermal conductivity of approximately 7.24 Btu dow who 
deg F-1, Calculate the amount 


rindo 
t of heat conducted in 1 hr through a wit 1 
glass measures 3 by 5 ft and is 1$ in. thick. he gla5? E 
6. A glass window pane 3 mm thick has an area of2m?, One side of t 
60°F; the other is at 30°F. How man 


m 
Y calories are transmitted per second in? p 
T 3 em? in cross Section and 50 cm in length t the sid, 
er end is in a mixture of ice and water. Assuming tha mp 
ar are perfectly insulated, find 


the t€ 
i the rate of heat flow in the bar and pits 
at a point 15 cm from the hot end. if it trans" 
8. What temperature gradient exists in a Piece of aluminum metal if Ï 
10 cal sec-! em-2? 


ture 


9. The bottom ofa copper kett], 
the kettle is boiling at 100°C and t 
much heat is conducted thr 
mum amount of wai 
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Cuter surf, 
ace ; i 
hour, of the jacket is 25°C. Calculate the heat lost through the jacket per 


* 
12. Cal 
i cul " : 
late an expression for the rate of flow of heat through & spherical shell of 


inner radi 
adius R 
S Ry, outer radius Rs, and conductivity K. 
em thick and of thermal con- 


A com: 
Activities OL ud wall consists of three layers each 3 
Onducti: , 0.02, and 0.04 cal cm~: sec! deg C^; respectively. Calculate the 
at will transmit the same heat 


vit; - 
rt i a single layer of material 3 cm thick th 
m En pUEEE difference. 

eal black b e energy per second in watts radiated per squ! 

15, CTAN at 2000°C 

3 A 

Dper at a k power in watts radiated per square centimeter by & block of 
; 19. Hoy and at 900°C. 
in di W maj . 

diameter at ny calories per second will be emitte 

a temperature of 800°C? 


OW fo; 
are centimeter byan 


d by & spherical black body 10 cm 
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METEOROLOGY 


23.1. The Atmosphere. Meteorology, the study of the Mee E 
one of the most recent branches of physical science. Its desean y 
has been retarded, not for lack of interest—this being prov an 
present among all peoples and at all ages—but by the difficulties i 
beset this science. Meteorology involves a thorough investigation 9 
earth’s atmosphere, an extremely difficult subject. ; 


n 
: J à : Lm unde 
If a uniform gas is enclosed in a vessel, its behavior is easy tO ; 


eee 1 
stand in terms of the laws of fluid mechanics (Chap. 13). If it "d 4 
formly heated, the laws of thermodynamics (Chap. 21) enable cul 
predict the changes in temperature, pressure, or volume that we 
The situation is less simple when the heating is not uniform; ee 
convection currents will be created. A further complication arises E 
the walls of the vessel are not smooth but irregular, so that e 
the walls of the vessels. All these "o no 
ith those which arise when the gas itself, ally: 
ns condensable vapors, like water. 
essel with its contents is in a state of 7? 


js 


when 
ents 
]ties 


he atmosphere on their way to the e to 
r energy is absorbed, the remainder ue p darilY 
h. The atmosphere is then heated s€€07. . jt 


radiation emitted earth, of Y P. 
absorbs about 90 per ce: ed from the , phous 


: Jas8 
ause of its similarity to the action 2 form 


he atmosphere, instead of being of th? 
takes on the local temperature panier yos 
it covers. Tropical air masses are USU 


a greenhouse. As a result t 
heated by the solar rays, 
portion cf the earth that 
polar masses, cold, 


respect to conductivity and th 
is much better than that of 
exposure to the sun. The tj 


ater 
x ast 
rock; hence water takes on heat : 


e 
hermal capacity of one cubic centi? 
328 
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Sub: x 
eee is the product of specific heat and density. For rock, these are 
ximately 0.15 cal gm-! deg C-! and 2 or 3 gm/cm'; for water, both 


Value: : 
5 are 1. Hence water, while conducting heat more readily, also 


Tequi 
it m more heat to be in thermal equilibrium with land; once heated, 
ae ave its temperature reduced. 


more calories than land to hi € 
and the sea has & tempering 


ater 
effec piston acts like a heat reservoir, 
ES Coastal climates. i i $ 
shade, | "teal height of our atmosphere cannot be specified since 1 


es : r 
said th dually into the interplanetary vacuum. Nevertheless m can 
®arth’s hat the air column standing above every square inch of the 
e ere constant an 


its valu rface weighs 14.7 lb. If its density W : 
ab © at sea leve a ! «tend only to a height 
P. sea level, the w here would exten! only x 
[9 , whole atmospher M res tie ae ity) of air 


miles. Actuall d 
y the pressure (an 
: Sec. 13.10. N 


eCren. 
for each 1 ,000 


Ses j . 
Surface ¢ in à manner roughly described in 
Nerease į © pressure drops by about 1 in. of mercury 

© in elevation. 


Verr: 
Proceg ae in temperature is § 
Sere, ward from sea level, T drops by abou : i 
about Se at this approximate epee EUM continues until an gan s 
3 snl is reached. ‘The temperature has here attained a Và 
: it Stays ' i r sev 
Porat Part of pes denis this valve à d miles, where the tem- 
ii osphere below a heig «short, the weather 
e 
boq 
to ye tro 3 pe directed mainly 
th Posphere, and our interest will henceforth oq that other 
have been 


th ve the stratosphere. 
€y are important in explain 
23.9 nd the curved surface of the earth. PM 
things * Meteo based o 


i, 


Nay VR; 
aroy 


namh LEE Measurements. Wee 
€ knowledge of the condition 0! > 
and an understanding of physic 


te is determined by e pom s ee 
e discussed. Until the last decad? heric conditions 
of atmosP t of the air 


W 

as 

y ii e earth’s surface, so that knowle eh the conques 
eat an hag Argely to the very lowest stratum E Tapia 
per ne the possibility of an analysis of 2. bs p thus attained an 

Casti ; : a s 
®ceden, i: qe has become threc-dimensiont . planes to carry measuring 

aloft ;, “CCuracy. The use of balloons # 


Is ny 
OW very widespread. 


2 
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he various 

i the meteorologist js the pressure at t mr 

Seo pe on ag ene knows that a falling ae Ea dat 

e s i rain, and this chiefly for two reasons: (1) Water vapor indicate its 
pes an dd func is lighter than air; hence a low pressure may bs. 

pecu d am the probability of precipitation. (2) Air masses i conditions 
sions df low pressure, and their coming invites turbulent, hig. n on 

seo rain. Instruments used for measuring pressure are the 

the aneroid barometer, which were described in Sec. 13.6. humidity, is of gai 
The quantity of water vapor present in the air, or mei Pun a fiat T! 

importance, and its determination Will be explained in the 


ot be 
nd need n 
temperature is, of course, measured by means of thermometers a 


eter, 
s qs thermom' 
discussed further, except to point out that the maximum-minimum 


E 

ing. Contar 
described in Sec. 16.8, finds much application in weather im mE 
ously recording thermometers are in constant use. The “mea 


er 8 
: i erage OV 
as the term is used by the U.S. Weather Bureau, is not the time av! 


for 
ge erature 
day but simply one-half the sum of maximum and minimum temp 
the day. 


radient P 
Much attention has recently been paid to the vertical temperare ai n 
the lower atmosphere. In certain parts of the world, notably in sions of ue 
regions of California, there occur abnormalities and local ps the clim? 
gradient. These have been found to have a remarkable effect ks 30 
of that region, and incidentally upon the propagation of radio wav! ity bya a y 
The direction of the wind is determined by weather vanes, its velocit a 
known as a “ 


ui 
É eral (usu! al 
Cup anemometer.” This instrument consists of sev tic 
three) hollow i i 


miles per hour, 


ane ind velo 
gears, which directly indicates win 
The customary 
British admiral, § 


É ise: 
scale of wind velocities is se e " 
ir Francis Beaufort, in 1805; it is given in Table 


Table 23.1, Beaufort Scale of Wind Velocities 
Ns NIME SN AEN 
0 Calm 1 Smoke rises vertically 
1-2 Light breeze m Leaves rustle ais? 
3 Gentle breeze 8-12 | Twigs in motion . dust i8” 
4 Moderate breeze 13-18 Small branches move; ve 
5 Fresh breeze 19-24 | Small trees sway trees 7? 
6-7 — Strong wind 25-38 | Large branches, whole 
8-9 Gale 39-94 | Tree limbs break D 
10-11 Whole gale 55-75 Trees uprooted reciate 
12 Hurricane >75 (Must be seen to be apP' ad 
SPP, My 
Rainfall is recorded by means of a rain gauge, a tiny bucket that 7. ics! 
time Moo in. of rain has f 


; che 
allen into it, the number of tips being ™° 
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Counted, Th 3 
A ere $. B " 
is also an instrument known as a sunshine recorder. It is essen- 


tially a 
black- 
Contact wh bulb thermometer, the mereury column of which closes an electric 


enever i 4 
ver it reaches a height which it attains only in sunshine. 


23.3. A. 
ospheric Humidity and its Measurement. The maximum 


amoy; 

E nt 

n of water vapor that in ai d 

. can be present in air corresponds to satura- 
n increasing function 


At s : 
of the E cmon the pressure of the vapor is a 
Tawn the rature, as was shown in Sec. 18.5. In Fig. 23.1 we have 
so-called '*vapor-pressure curve” for water. 


nder org; 
Present is a inary atmospheric conditions the amount of water vapor 
ss than that which would be present at saturation, and it 


2 
9 50 

40 
ke 
NS ^ 
£ 30 ez 
S = 
$0 ge 

cE 


29 


40 —897— 897 70 | 7 BUT es 100 'F 
turated water vapor. 


Fr 
G. 23.1. Density and pressure of 88 


m, 
Xy » es Nec 
One K cani to define a suitable measure, 
ls ater : i measu 
ing „. SPO content of the air. Two sue 
th a Biven ma of as absolute humidity; it is the actual mass of water vapor 
be Unit ed 9lume of air and is expressed in gm /m^, 0T more commonly in 
ote? to pl States, in grains/ft®. Absolute ity varies e 
Ae 8 i tem is not a very significant Bei f ndex. Mor? 
i lative humidity, defined as the ratio of the à 
of 8 ratio Sent in a given i fps of air to that present at saturation. 
hese t mm Pressed in per cent. An example illustrating the meaning 
pr a e given in Table 23.2. 
rag Ona] ee temperature the density 
turg stio of a its pressure, relative humidity m8 als 
^. a. vapor pressure to saturation press 
"uui in B MS it at e A while saturation 


er-y. 
apor pressure were represented by 


2 T 
water Vapor is very near 
5 o be taken to be 


at the tempera- 
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" of 4 
corresponds to B, the relative humidity would be the ordinate ; 
ivided by the ordinate of B. s inedi 
A is a simple experiment by which this ratio can ee. 
Assume that the point A represents the humidity, the bero luster on 
85°F. Place a thermometer in a metal cup polished toa higl e into the 
the outside, and filled with water. Now drop a few pieces of "indicating 
water, so that its temperature will fall. Suddenly a haze No the 
condensation of vapor will form on the outside of the cup. d at 60°F. 
temperature at which this happens. Let us say it occurre tempers- 
This temperature is known as the dew point of the air; it is the Mem d 
ture at which the air would be saturated under the circums 
humidity actually prevailing. 


Table 23.2. Relative H umidities 


m" 
Temperature, °F | Abs humidity, grains/ft? | Rel humidity, 7% 


40 100 
60 51 
80 27 


19 


a 
‘cates that 
; , : es 

Translated into terms of Fig. 23.1 our experiment caa curve H 
horizontal line, traced from point A to the left, intersects t i 
2 


te 

ature 
60°, the dew point. But we see that at this temperature the 5 
vapor has a density of 


density of the vapor. 
per cent. 


he a¢ 
5.7 grains/ft?, and this must therefore s e or 
Hence the relative humidity is 5.7/12-9 


instrument, is whirled 
cloth takes place, Thu 
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in ny 
merou 
Ww S wa, : 
eather house Ys, such as the emergence of different figures from a toy 


234. yi 
brought i ^ 


ibili - : 
isibi); nto d and Ceiling. The prevalence of air transportation has 
lity i mon use two meteorological terms, 


visibility and ceiling. 
bjects on the ground, 


is th 

cl e grea 4 
CM bui ie distance in miles at which large 0 

ility ig sns can be seen. In aviation weather reports the number for 

i the obstruction to vision. 


Th su 
By 4 fle low by a letter indicating 
th Ceiling is Pe orizontal range of vision of 4 mil 
ant the distance between the groun 


le owing to fog. 
d and the lower surface of 


West ol 
; lo i 
ig H Indicat; ud layer covering more than half the sky. Itis expressed in num- 
, 10.09 ing the ceiling i ; 
i à eiling in hundreds of feet. A ceiling greater than 100 (that 


ls 
> regarded as unlimited; ceiling zero means 50 ft or less. 
from the type of clouds 


ery 
that rude est 
t 1m, 
tity * found ie: of the ceiling can often be obtained QC 
des, Owest in the sky, since most clouds have their characteristic 


“Curate de 
eans of ceiling balloons, 


Smal - 
tent? er ce rminations are made during the day by mean am 
M th, at a rate containing a quantity of hydrogen, which causes t em to 
tected a 400 ft/min. The time required by the balloons to disappear 
"uu ves the ceiling. At night * vertical-ben 
the cloud; it forms a bright spot, yisible for 
ee ee distance of about 1) 

r measures the angle at which the spot ap) 


Ceili, 9r an o 
f 
Y triangulation. 


Ound 
mooth and did not 


tot, > G 
te ene Im 
» R a unequal ime of Winds. If the earth un would give rise 
o tly gi eati : A sts surface 

lq ing of the various portions of ie "ine at the equation, 


; 8 
Dhe alr Wo mple Pattern of ai Hot air W 
NETS air currents. Hot a! hot air in the upper atmos- 


* ion. Its 
oli, not - iie is considerably disturbed bY the earth’s rd il 
e force wh. explained in elementary terms js due to 2 ihe earth’ 
15 not : ich is brought into being by the circumstance d Sein 
Bu, titative a i ut a simple const 
a NM qtively Ne ia (cf. Sec. 10.5). B 
ae (eir i.e miatea ant pe from the equator, starting eae 
ding A "n cle of longitude) and remaining in frictionless Cae pe ei 
n . um 
is ts Ses hear E eat sib approaches 
i sm K 
à thag lar Rion! hence R becomes smaller. But the principle of conservatio 
0) " 
TN qst esl requires mR% to remain dt “a the mass moves 
j ase, m must be deflected to the ™ 
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E rinciple 

This is also what happens to a mass of air. An application s weis leads 
to masses moving south in the Northern, north in the Bouter 
to the following two propositions, valid in both hemispheres: 

1. Air traveling away from the equator is deflected eastward. 

2. Air traveling toward the equator is deflected westward. — 232. 

This gives rise to the system of winds represented EN es air rises 

Confining our attention to the Northern Hemisphere, we note sphere, 32 
in the equatorial calms, moves northeastward in the upper tropo p o jt 
reaches the surface at a latitude of about 30°. From there up to 4 


7 Polar 
air masses form here 


Irregularities: highs and lows 


About 60° lat. 


Region of prevailing 
westerlies 


About 30? 


s ena 


L4 Equator 
( doldrums ) 


Trade winds. y 


(near surfac 
Antitrades 
in upper air 
reaching sur- 


Region of prevailing 
face here 


westerlies 
(temperate zone) 


Fie. 232. Prevailing winds over the earth’s surface. k 
ed *, 
sweeps over the surface in an easterly direction, giving rise to winds a jt 
“prevailing westerlies” in the temperate zone. Below 30° there we e up! i 
which surface motion over the earth is not yet clearly developed, re e tro 
air currents leave it relatively unaffected. It is known as the belt of 5 ds com? 
calm, or the “horse latitudes,” Between it and the equator the m 
predominantly from the northeast and are called trade winds. estore 
The main part of North America lies in the region of the prevailing W 
Hence our weather comes to us from thewest, This region is also marke will be 


occurrence of interesting irregularities called “highs” and “lows,” whic 
described in the next section. P 


23.6. High- and Low-pressure Areas. 
any weather map is the distribution of hi 
sometimes called a cyclone, attracts the air fi 
pressure. Because of the deflections of 
section the low will take on a countercloc| 
it is the meeting place of frequently in 


igh- and low-pressure areas: " vist 
rom the surrounding regions rece 
air currents studied in the Dios sint 
kwise whirl (cf. Fig. 23.3). esent 2 
compatible air masses, it rep" 
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areg of a 
nsettled is 
conditions. The significance of falling barometer, indicating 


© approa 
ch 
Or the Lee mim is thus clearly apparent. 
already stated a high revolves in 8 clockwise manner in the 


North, 

Northern Hem} 

ls emi ; : s m 

Seldom sphere. Winds disperse from it, and hence its internal condition 
d usually brings good 


w uns 
eather, ettled. It contains little water vapor an 
+ as entities for a 
Wl d weathermen " 
lo y gi ing objects to which they 
tom, S out 20 names, These vast air masses travel at & fairly definite rate, 
S What more imr in summer and 30 miles/hr in winter. Highs travel 
owly. Their course is easterly in the United States, 2 noted; 
long which the tempera- 


a tend 
ency to move along the isotherm (line al 
Observation has shown that 


Temarkabl 
d e : : 
erable fone roperty of highs and lows is that they persis 


Bey ave 

Temaj 
Ans thi 

€ same) drawn through their center. 


he 


Fre, 

[: : 
i. 233. Rotation of a cyclone in the northern hemisphere. 

|-marked paths across the 


Conti es travel į 

i el 

ne Jn general along one of several wel s 
that the ingenious meteor- 


bY the is l 
LINE 

;OBU Be of 
indi ocality an Because of its countercloc s 
icai sually means the approach from the west of 2 10W, 
and west Win! 


anq ULE st est Indi ; 
‘ates es. It occurs in the autumn 8n! = 
75 mid, eave in Ed thereafter it travels inland, it becomes emely destructive 
i its wak ide. 
"i r ake a di tryside 
anes usn drive hi E stated -€—9— wns. Fortunately, 
Eb ape causing damage only ? 


Sea 
. efe o 
e off northeastward into the Atlantic, 
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23.7. Local Climatic Conditions. Local peculiarities of 1 interest 
numerous for consideration here. There are, however, a few edes. e 
that illustrate important physical principles. Among them is t Tg the foehn of 
hot winds, like the chinook on the eastern slopes of the Rockies an 
the European Alps. Their production is illustrated in Fig. ec blow from the 
Suppose that the surface winds have their “normal” course an ocess the UT 
west. To cross a mountain they have to ascend. During this pr see cooled 
mass lowers its pressure, expands more or less adiabatically, and is 


°F per 1; 
Measurements show this cooling to take place at a rate of about 5.5°F P. 
ft of ascent.! 


Rain, heat of 
vaporization 
lessens cooling 


| 
| 
| 
| 
| 
| 
| 
effect to | 
| 
| 
| 
l 
| 


Heating at rate 
of 
5.5°F per 1000 ft 


l 
i | 
| | 
| 3°F per 1000 ft l 
| | 
| | 
| | 
| | 


wind. 
Air rises, cools ü Chinook, 
by expansion Foehn. ) 
at rate of 
5.5? F per 1000 ft 
of ascent. | 


l | 
Fic. 23.4. Formation of hot mountain winds. 
Now let us assume th 
cools below the dew poini 
will be given to the air, 
a value of about 3°F pe 


descending it is heated at the original rate, so that in the eastern valley ^ 
blows abnormally hot. ito 


cip 
The same reasoning accounts for the fact that there is usually more p effect 
tion on the windward side of mountains than on the leeward slopes- T 
is very noticeable in the Hawaiian Islands. ans» n 

23.8. Polar-front Theory of Cyclones. The work of two Norweg pe 
Physicist Vilhelm Bjerknes (1862- — ) and his son Jacob (1897- |. omo 
contributed greatly to a deepened Understanding of meteorological P as ed : 
and has revolutionized the art of weather forecasting. Their theory ^' the 


it 
tio” 


oon. as 


n idi 8 
at the air has a high relative humidity. AS orizo 


t, precipitation will form and the latent heat of Po? guced * 
Thus, in its further ascent, the cooling rate 1$ 2 


5 dry’, 
T 1,000 ft. At the summit the air is relatively he wind 


1 Notice that the rate of coolin 
lapse rate (3°F per 1,000 ft), 


. + ig greater ther ter 
E of adiabatically expanding air is g” tl om 
which is the rate at which 7’ decreases as & 
is carried aloft. 


hern 
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of air in their three- 


What is n 
` ow called air-mass analysis, the study of large bodies 
of the central ideas 


mensio; 5 
of this ir ehavior. We wish to discuss here briefly some 
Ith $ 
ir take on the characteristics 


the re, 

Permanence. over which they form and that they are objects of considerable 

orm a defini Thus, when two such masses meet, they do not mingle at once but 
Rode boundary, a surface of discontinuity called a front. The air 
——. oe 
Cold se P4 
air —— « — XO 

tt 


IN 


Cold front 


Masses i. Fig, 23.5. Cold and warm fronts. 
col Plein in such encounters may vary from 10 billion to 100 billion tons. 
M isal, is formed when an advancing cold, and therefore denser, air mass 
the Odern f under a warm and less dense mass that it overtakes in its course: 
€ te, Weather ma; ; ized b: 
5 ps a cold front is § bolized by 
pend, wi sa ending in the direction in wih the front advances. On the in 
a flowing». Warm air mass overtakes à retreating cold mass, it drives it bac 
War ,5 Upon it, as i TN of contact then becomes 
m , as is shown in Fig. 23.5; the surface 4 


front i 
ong be and is represented by 


fi 
a aes warm air rises, expands, and te 
, and precipitation may develop aloni 


a 
Warm “ee 
Zs 


(a) 


ed its water; hence 
An interest- 


in ©) 

ig. Otrelat: F t of a low- 

8 ingi elation of 1 a, 28:6, ‘Develop de. A stationary front 
s clouds with types of front has been mac? 


The Pd by ‘are 
ah. 9f the s : 
also of Tont t ymbol t only of surface weather but 


in Conas. COTY gi » À ‘ 
meta itio, gives satisfactory account DO “plane pilot traine 
feorology, À aloft and is of considerable benefit to ene 
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a at, 
To explain the formation of cyclones in the temperate zone it is assumed US 
first of all, a stationary polar front is formed. That is, a cold air mass, ES 
from the arctic regions, is blocked in its progress by an opposing Mie. on 
(Fig. 23.62). The arrows indicate the direction of the winds likely E dis- 
under these conditions. The front does not remain stationary but sul el 2304 
tortion, the warm air forming a tonguelike projection as shown in pe d the 
Finally (Fig. 23.6c) the cold air flows around the projection and severs it, 
trapped warm air becomes the nucleus of a low. 


PROBLEMS 


*1. Explain why the lapse rate of the atmosphere is smaller than the rate o 
of ascending dry air. What 
*2. The temperature at sea level is 60°F. A mass of dry air rises 3,000 m 
will be its temperature in relation to the temperature prevailing at that heig in range 
*8. Assume that, in Fig. 23.4, condensation starts halfway up the mount? 
and continues to the top. If the mountain is 6,000 ft high, what temperatur 
has taken place when the air reaches the eastern valley? 


+. the 
$ i uS 

- The air in a room has a temperature of 70°. Its dew point is 45°. wia 
relative humidity? 


mp 
b. At a temperature of 40°F air in a room is completely saturated. The te 
ture rises to 7 


> 70°F. What is the relative humidity at this higher temperature? 
S What is the absolute humidity of water vapor at 100°C? tat 70°F 
T. An air mass of 2 x 1010 tons has a relative humidity of 75 per ce? Jculat 
It comes in contact with a polar mass and cools, losing one-half its moisture. 01 
the energy that is released in the form of latent heat of vaporization bs hour? 
cal/gm). What would this energy cost at the rate of 5 cents per Kilona 
(Condensation provides the energy of hurricanes.) 


oling 


increas? 


era- 
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, 241 Uni 
ls * Units, 
Bs matter I of every student of physics is man-made: it 
are BN and vari s. This is where nature has left a choice to the 
ifferent pH ous scientists have various preferences. Hence there 
ofunits. Were we to adopt but one of these throughout 


the boo 
k we 
See Sent, fields (o ld be guilty of ignoring the conventions of specialists in 
for there is no universally accepted system. of units. It 
d engineering to intro- 
know in order 


duce Cesar 
et y at the present stage of physics an 
he needs to 


ei e 
tricity. re po literature in these subjects. 
Teduog And EN of units greater study of elec- 
empi e confu ee where three great systems are in vogue. To 
the 9Y8 three ae arising on this score to ? minim! 
a formula, erent constants to explain these ™ | x 

at the «d The constants are k, k’, an k", and their meaning is 
troup and en aces where each is first introduced: 
these Sd, we set provide a reference to which the reader ma 
own at once a table with the 


netis, ODstantg j 
8: nts 
in the systems of units employe 


din electrici 
Inf meani 
Orme p AD 
aby. ation Pie or Chap. 31. It is the 
the in, ee Proble d not be memorized but that 
Ta Structor ra are to be done, when form: 
ncurs, when examinations 87e 


le 9 
4.1 
«E UL so 
alues of the Constants k, E^; and k" in Di 


Units 


8.985 x 10° = E " 
meo 


1 |107 = E po 


uced for © 


Meng Ai 
Bion, Sion, 8 auxiliar 
in y constants, often introd 
vely; 


In t e 
ie esu and em: ti 
Tactical syateti. u systems, respec? 
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24.2. Electrification by Friction. It has been known since the time of 


the ancient Greeks (600 m.c.) that certain substances when rubbe 
acquire the ability to attract strongly bits of paper and other light 
objects. The body is said to have become “electrified” by rubbing. 
Amber is outstanding in the ease with which it can be electrified, and w 
word “electricity,” and its many derivatives originated from the Gree 
word for amber, elektron. An electrified body is said to possess i 
Perag charge, and the properties of attraction are to be ascribed to thi 
one A small pith ball suspended by a light silk thread jsa 2 
ga E in testing the electrification of a body. When ? E 5 
pss E Es: charged by rubbing with felt or flannel is brought bes is 
fous t us ball, it attracts the ball strongly. If now the T° 

the pith ball x p ith ball, some of the charge on the rod is transfer? ! 
hen a ae: t is found that the ball is strongly repelled from the i 

a Blass rod that has been lightly rubbed with fur or silk is broug 


still eee force is attractive. The hard-rubber rod, owe 
all. iti T 
rod is different in "Mee it is apparent that the charge 0n the e two 


b cour 
kinds of Charges wer 


goo 


e way from the charge on the glass rod. » but 


ar T e originally called “resinous” and ** vitreoUs. 

Bo epu as “negative” and “positive” charges, respective, 

es eie SOM With a pith ball can easily show that v ber d 

the ipani e charges attract one another. The study of electricity ig 

bi ibo ua of magnetism is a study of the in er pion: 

a A another, the charges being either at rest OTP" sesi 
OF charges at rest is called “electrostatics,” that of ¢ ui 


“electromagnetism.” op 

Charge. Charge is a fundamental Privel 
tini are contained in all bodies are 28 egu?! 
uclei are positively charged. Norm® n pars? 


testiDP ys 
ten che? 4 
harg?” ine 


: , This can be easily seen by 

that charge cannot be er ds pith ball, Los dae 
eated or destroyed: positive and negative €5 ie 

Ombined. ‘This statement may be ^^ atu! 


It is not i i 
possible to give a Short definition of charge. Charg? 
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and this ind ar eit of the properties and behavior of charges 
T Yrsigiors empt to do in succeeding sections. 1 
; reside on a odie Conductors. The excess number of electrons 
à ii ls wars little one hard-rubber rod will stay there for a long time. 
Shin" the in in ee for them to move to another place even 
jd of shé-rukber eger are repelled by their neighbors. This 
most er of other com rod to hold the electrons in place is shared by a 
synthetic pl mon substances such as glass, silk, dry wood, and 
plastics. Such substances are said to be “nonconduc- 


torg» 
of electrici 
x ricit; : X 
relatively pia aa to be “insulators.” In other materials the electrons 
o move from one place in the material to another, and 
best conductors are 


Te Ore 
the ae 
dueg Stals ieee terial is a good conductor. The 
and copper. In Chap. 22 the high values of the con- 
id to arise from 


are 
the 


lvity 

e of met: 

frea ster of tile ls for heat were discussed and were sal 

duct, 9m of the ried by the free electrons within the metal. This same 
ed i ectrons allows charge to be easily distributed or con- 


n a meta] 

alt ater and soluti 
a” E ee of polar salts are al: 
toci but ai The charge in these ¢ 
moi S, In re n charged ions into which 
Efect, Objects is ctrostatic phenomena, even the po 
Chay 8 of the ees large to allow 
Over i a meta] me can be detected. Thus, if © 
8 fur he Moist B by rubbing, it will be fot eaks away 
tubp S ed eds in of the hand as fast as it is Pro uced. Ifa metal rod 

ing ith an insulating handle, however, jt can be charged by 


In ,^ xactl 
Y as can a glass or rubber rod. H 
ero the electrons and positive 


s of electricity, 
d, not by free 
the salt dis- 
or conductivity of 
k away befor 
tempt is made to 


iong ^ Metal j 
Added? has which the net charge is Z 
leg, to the mly distributed throughout. Jf some extra 
tha ORS and metal, there will be forces of mutual repulsion 
atao they will move as far apart 25 possible- Thus all the excess 
harp 7 Of de resides on its surface, and non is contained within 
i n etal. Insulating materials on the 
Sp S m Surface (by MEE for example) or may have charges 
testin . Mene aia their volume. 
Pagi, ^ € ge, Dee Although & suspended pit 
diim ore convenient and precise instrum 
"rogo niani s employ the motion ° 
ion or repulsion between charges. A ight sg 


le S 
at L Cope į 
Nhs of 1s the ls : 
ug, Fold or alu Sa electroscope shown in FÉ f tal stri A 
num is attached at one en When the metal strip 


rom t 
he metal case of the instrument. 
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| the 
and leaf are charged by touching a charged body to the terminal s à 
top of the instrument, the charge distributes itself over the x on the 
the strip and the metal leaf. The mutual repulsion of the charge ertical. 
leaf and the strip force the leaf to stand out at an angle from the vi Sf the 
The position of the leaf can be measured by a scale on the ain seni 
instrument or by a measuring microscope. It is evident that ba be in- 
tivity of a leaf electrometer Wo'ihin a leaf 
creased by the use of as light and t! fragile, 
as possible. Such metal leaves are mploy» 
of course, and modern ow-€— t that 
for the moving elements, quartz fi "ration. 
have been coated with gold by bé leaves 
Electroscopes also often have a pair © 
without a fixed metal strip. titative 
24.6. Coulomb's Law. A quan pe- 
measurement of the force of end the 
tween two charges could De uA T 
restoring force on the moving Jed table 
electroscope were known. A more balance 
instrument, however, is a ine grav 
such as Cavendish used to measure asses 
itational attraction between tw? of ths 
(Chap. 11). The first investigatia 1900) 
kind was made by Coulomb a two 
Leaf electroscope, who found that the force bet" the 
Square of the distance between them. Later investigations s of the 
that the force is also proportional to the product of the amoun 
Charges. Thus the force may be represented by the formula 


Fig. 24.1, 


we mi 

F=k P 

a ant 
Where q and q' are the amounts of the two charges, r is the ©” sant 
between them, and k is the Constant of proportionality. The ped 
k is positive, since if the Charges are alike, i.¢., have the same ? it 
force is repulsive, A E 


3 repulsive force is taken to be positive z p " 
tends to increase r, The law expressed by Eq. (24.1) is kn sto? 
Coulomb’s law. Though not Written as a vector equation, it is unde is? 
that the force is always directed along the line joining the charges? 
“central” force, 


1 Review Sec. 11.3. 
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Coulomb s 
! lay 
at i V 
w once recalls to mind the law of universal gra itation, 
, 


mm 
(11.1) 


Which js ; 
t$ is identical i 
al in form with Coulomb’s law with the exception of the 


Sign, Thi : 
two l; 1S 1s i 
nN a T sepeh Ul be since two masses attract one another but 
proved mediately : E : he identity of the form of the laws allows us to 
E (Sec. 11. 3) Rue derived. for the gravitational case. It was 
2 al mass m is e e gravitational force exerted by a spherical shell 
> Center of the xactly the same as if all the mass were concentrated at 
spherical shell. We have already seen that the charge 


Sides 
unify 9^ the su 
mifor rface of a conductor, an' he force between two 
Eq. (241), if r represents the 


‘stance be 

twi 
cM e the mE. centers of the charged spheres. It is important 
Mote, Stor may am eation “uniformly”; an actual charged spherical 
Matter S» since m certain conditions not be charged in this manner. 
24. » the force on gravitational force is zero inside & spherical shell of 
signife he Units a charge inside & spherical shell of charge 15 also zero. 
be, Cance it is of Charge. To give Eq. (24.1) complete quantitative 
Chay, “asured Aes cessary to define a unit in terms of which charge is to 
charge 1088 exist o assign a value for the constant k. ‘A natural unit of 
, viz., the charge on one electron. Unfortunately 8 
sa unit charge, 
ntiated 


Ang , > thi e 
d S magnitude is too small for convenient use & 
nit has been subst 
can, however, be 
d the distance T 


mly cy 
harged spheres is given by 


f charge 
he force F an 
one centime 


the ° cgs 

n Syst 

the ,, cem. If the constant k is arbitrarily cho! 
Jled the 


Stati, (© unit 
€ unit e charge defined by Eq. (24.1) is c? 
of charge." Thus one electrostatic wt 


ge 
Qro which 
Te: 
te ‘pels an equal charge with a force of one dyn 4 
is very large compared with 


b . 

sy, „One E centimeter. This charge 15 
4. Sleet ron; in fact the charge € on 27 electron 1$ —4. 
j LT "iu Tostatie unit of charge is sometimes called the statcoulomb. 

Tari 
th ied assumed to have no dimensions, then Eq- (24.1) can be used 

ons [Q] of charge in the electrostatic system of units, 
Or 
[dyne] = 103. 
^ 4 a 24.2 
p “sions IQ] = fem][dyne 4 = prs (24.2) 
0 " E 

i f charge in this system of units are thus ver 
c unit O 


any 
Practica] applications the ele 


y complicated ones. 


ctrostati f charge, 


7 
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although much larger than the charge on the electron, is still too c 
Consequently a practical unit of charge must also be defined. 1 
practical unit of charge is called the coulomb and is equal to approximate » 
3 X 10° statcoulombs. More exactly, 


3 
1 coulomb = 2.996 X 10? statcoulombs (24 ) 


Strangely enough the ratio of these two units is numerically equal 5 
one-tenth the velocity of light, as will be explained later. For ma 
purposes a fraction of this unit is convenient, and the unit microcoulor n 
or 10-* coulomb is in common use. The charge of the electron 1D 
practical system is 1.60 X 10-'? coulomb. S- 
The practical system of electrical units is an extension of the ne A 
tem that was introduced in the study of mechanics (see Secs. 10 aie 
6.3). When the quantities F and r of Eq. (24.1) are expressed 1n 


$ : : er 
units and q and q' are in coulombs, the value of the constant k is no 1008 
unity but is 


k = 8.98 x 10° Goule)(m) 


(coulomb)? 
P , t éo 
i convenience in later work, it is customary to define a new constan 
y 
->e M À— 4x 
L nee 
rk Amo 


re Lag (245) 
Areo r? 
where € = 8.85 x 10-12 (coulombs) * (24.6) 
(joule) (m) 


: UE a 

Esc eie. PUE included in Eqs. (24.4) and (24.5), 8° M 
ac i Fal : 4 

system of or will disappear from equations to be derived later. Ea: 


the factor 4. tionalized 89, js 

would result. Only the rationali m, an unratio n thi 
alized : idered i! 

book. The quantity ej is us System will be conside T ront 


: 5 ually given i i discussio" 
this question must be deferred until (aa s cn 
Summary. Coulomb’s law reads 


-w 
P=% esu 
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ELECTRIC CHARGES AND COULO 


Wher 
* q and q' 
d q' are measured in esu and r in em. It reads 


da 


" 
F= 1 g mks 
Areo T 


Where 
ION d e has the value given by 
ork, ; 
Eravitatia Example. Compare the electric force of repulsion 
Apart, i4 l force of attraction of two electrons & distance of 1 
Ti US use esu x 
he electric force i and hence k — 1. 


' g 
q' are in coulombs, r is in meters, an! 


and the 
0-5 cm 


(4.80 X 10-°)? 
To ome 
= 2.3 X 107? dyne 


F. 


he 
Bravitati 
Vitational con Stant Gas 


G = 6.7 x 10-8 cgs units 


25 gm. The gravit 


and th 

i * mas tional force 

i therefore of the electron is 9.1 X 107* E 
) 


F,Q-—67X jo E dyne 


Il 


Hence " —5.5 X 10-** dyne 
24.8, he electric force far exceeds the gravitational attraction. ^M 
attica i Electrical Structure of Matter. Since all ja dr [n 
tiv, tongjp e Perties, it is reasonable to suppose that electrons 2 
the chan ents of their atoms. Matter must °° 
ti : ass Bed parts so that the net charge may be 7, nearly 2,000 
mes the of the hydrogen atom as derived in Sec. 90.7 is oi hydrogen 
ye Co mass of the electron. Therefore, either an ^ ciated chiefly 
th ¢ : ain many electrons, or else the mass must be 8850 
Otet Positive charges. The second possibility happen: 


No One, 

d i electron, oan, be reete EEN electron and a heavy 

len, Vely Ydrogen is composed, then, of one TR proportionally more 
on! 


Ect, Cha; 
Tons, tged part. Heavier atoms C 


Ow, 

Arras? then iti 

ext, Med wie BTe the electrons and the heavy POS! t there are two 
eme po thin th i ;s evident tha 

he 0e si e atomic volume? It 18 


à ~ Situati 
the Positive ations possible. First, the mass = pml tributed within 
Ato Charge might be more or less uniform is mass; OT 
ated at 


Beg In ys 

0; w a o 
l "d, the SR the ligħt electrons scattered UT ht be concenti: 
' Positive massive part of the atom E 

. 
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it. To 

the center and the electrons might form an atmosphere ber 
decide between these possibilities, it is necessary to appeal aa 871-1937), 
The decisive experiment was made in 1911 by Rutherfor 
who measured the scattering of a-particles by metal foils. the procedure 

Gamow?! has compared Rutherford's experiment S. d determine 
of an (imaginary) South American customs officer who ha in bales 0 
whether any arms were being smuggled into his country for opening 
cotton. There were a number of bales and no facilities the bales, 
them. The customs officer therefore fired his revolver ra viik in the 
arguing that, if only cotton were present, the bullets wou heavy metal 
bales or pass nearly straight through. If there were nt e changes 
pieces, however, the bullets would ricochet and emerge with M et-moving 
in direction. Rutherford's bullets were a-particles, the e emitte 
helium atoms with two electrons removed from each, that ar 


à ere 
É ticles W' 
in the decay of certain radioactive substances. Many par 


ded 
conclu! 
observed to be scattered at large angles. It must therefore be 

that the mass and positi 


: gm 
ve charges of an atom are sape Am 
region. This region is called the " nucleus" of the atom, and t 
electrons move around the nucleus. d was alse 
By a quantitative analysis of his observations Rutherfor pes was 
able to show that the force between the a-particles and the m additio” 
just the force between the charges given by Coulomb’s law. In 


D 
the nu 
he could determine the charge on the nucleus and rre already 
ber of satellite electrons, This nuclear model of the atom 
been employed in Sec. 11 


rons 
‘9, where the motion of the elect 
discussed. 


de 
ar mo 
Many later experiments have abundantly confirmed the nucle tof 
of the atom and 


the elect 


. mi i 
er of electrons in rap! ter 


we! 
y all the interatomic or chemical forces : i To 
atoms are the result of the behavior of the electrons in this e roduc? 
understand the electronic behavior, it was found necessary to 1D 
quantum theories (see Chap. 49). 


1 G. Gamow, “The Birth and Death of the Sun,” New York, 1945. 
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electrons is 


ments and par- 
ticularly in 


considerably distorted. In fact, in many ele par 
those elements with one or two electrons in the outer shell, 


i x 
Said ee the neighboring atoms is so strong that it can d lange? 
nd in E » to any particular nucieus. 
Rather outer electron “belongs y a 


the outer electrons are shared by all the atoms of 
with we the crystal is said to s end The outer electrons me mor 
ae pike from one part of the metal to another. If e pim 
Influerc are brought near to the metal, the electrons move un : id 
icity, ` 3 the forces they exert: the metal is & good conductor of € 


tricit 
sport, nce the electrons have kinetic energy, this energy is nm 
1 as the electrons move and the metal is also a good CO! ns 
alkali ; et; YPical metals that have one “free” electron per atom 
silver, R i grec, potassium, and so forth, an 
(y 
Sold. Metals that are poorer adidas electrons in each 


| ly free when & 
Bru i ora enon, however, do not become co pletely 
i i j i uite 
Sxact] Motion of the electrons in a metal can often be b ard 
Bag " coli treating the electrons as a perfect gas- The elec s EL 
82d the ide" with the positive ions as they move through Sani 
metal aton is similar to that in an actual gas. E: sp s ee 
ita he motion of the electrons is ipm aces 
x have 
lie n between a metal and a nonmetal. Since free electrons be = 
y i i i ms ve j 
n Chap ae kinetic theory predicts a value for the r 


` 20 it was shown that 


i : i E . 
120m this description that it is 1mP 


"EE 
Ni punt 


E e 
2 “ag ded. of an electron is approxi™m 
an 1.10. » Vi has the value of 1.17 X 10° m/sec. "i -— 
Spiga Charges. If & positively charged i 
Š Conductor, forces are exerted 0? an ste 
side ctor , ^Y 18 composed; and the electrons tha 


s drod. ^ p. 

eh, OE thi ncentrate themselves near the ee E ain panties 
: egative charges 18 calle 

e| 


fle 5 ed, 3 non duetor then has a deficiency of € 
are Ostati, 118 Separation of the positive and NCB?" the conductor 
Quy loser duction. Since the negative charges D oe is a force A 
i ion 5 the charged rod than the positive ones, m Tas 0 2600 bot 
to 4e mpi een the two bodies, even though E ins the pith ball 
à Charge : à an ap om PA "t e rod were charge 
cribed in je oie 


, 2440. 
3i PHYSICS Bec 


i tive, since 
negatively instead of positively, the force would again be x lc i 
the electrons in the conductor would be forced away from 
iti ind them. M 
would leave a positive charge behind t| . an exe 
The process of induction can be used to give a conductor 


n 
: and B! 
of charge. Suppose that we have two spherical conductors, A ¢ 
a 
" 
= + 
TEE = NV tH, v A SONO KO) 
Soga R 
E»: :00 T d CEN af Re a 


(a) (b) _ 
Fie. 24.2. The charging of conductors by induction. 


itively 1° 
Fig. 24.2a, in contact and that a third body C charged quem a 
brought near them. By induction the left side of body A . The 
negative charge, and an equal and opposite charge appears e charge? 
Spheres A and B can now be separated a little as in Fig. 24.25; C is now 
remain in nearly the same distribution. If the charged body repulsio? 
removed and the spheres separated, as in Fig. 24.2c, the mutua 


Sow * t Y FFFF 
(a) (b) (c) 


(d) 


Fi. 24.3, Electroscope charging by induction. 


to 000" 
of the charges on A and B force a uniform distribution of charge 
over each sphere. 

The method of inductive 


" 
ch? 
eet 5 se for ^. aly 
charging is a convenient one to use $°, iti 
ing an electroscope. 


jr i 
If the central system of the electroscope = dive 
uncharged, the approach of a charged body causes the leaves in joat 34 
The charge distribution on the electroscope leaves and case 19 the d 
schematically in Fig. 24.3a, Ir the case of the electroscope 19 tem» a8 
nected by a movable contact to the terminal of the central svS ele? os 
Fig. 24.3b, negative charge flows from the case to the ele troscoP Jea” 


and they collapse at once. The contact between the electroscoP 
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and the 
with the finger be made usually by 
er. Unless xc : 
PRA the electros Unless special precautions are taken, charge can flow 
© body of the Supe case resting on a table across the floor and through 
experimenter to the leaves. If the case were well insu- 


lateq 
» the con i 
Charge eae would have to be made with a conductor. The 
on in Fig, 24.3b is analogous to that shown in Fig. 24.2a, 
labeled A and B corre- 


touching the electroscope terminal 


and the | 
*Pondingiy. : MEA and the electroscope case are 
18 still pre the contact between A and B is broken but the charged 
sent, the charge distribution is not altered and the leaves 

respond to each 


^re still 
[9 not cha 3 
er. Charged. Figures 24.3c and 24.2b thus cor 
The forces on the 


DA ES ph ong wes) charged rod is then removed. 
24 ottibute the eaf system are changed, and the charges move and 
E se: mselves as indicated in Fig. 24.3d corresponding to Fig. 

ectroscope leaves are charged negatively, & charge opposite 


in gig, 
Bn to 
that on the rod being produced. 


PROBLEMS 
ated 60 cm 


l 
Apart, YO positi i 
Y A ae x harges of magnitudes 6 and 10 statcoulombs are situ: Do 
at point is point between them does the force on ? unit positive charge vanish? 
Acted negativ the force on a negative charge of 2 statcoulombs equal to zero? : 
io e charge of 1 esu at the origin of & system of rectangular coordinates 1s 
= = itive charge of 


2 0 
tua by 1 
a! e ES 
Ea Su of positive charge at z = 0, de of the 
d magnitude o 


Dekati 
tiv 0cm, y = 
of 3, © charge? ' y —0. Whatare the direction an 
à line arges of ,. 3 adi 
x 40 and — d point and at the mu e 
20 esu are placed at the left en Boat at the right eu 


Doin, 
t o em lo 
f th ng What force will a charge of 10 esu expe! 


4 e lin 
hg Come 
Uwe, Mpar 
en e thi à 
EAS electrons e electric and gravitational forces 6 € F 
b. yrs Practi as in the worked example of Sec- 

Sng A. at i a mks units ic 

e , 

et: , he numl er of electronic charges in @ 20cm 


6, y OStatic un; 
What ig pp Unit of charge? In] coulomb? 


m at 
tre, POs is th. 
ion i 9d o fos d nl charge of one mole of a gas 
m ti x 10-5 ectrons? The mass of the elec- 
vig! p es as n the mass of a hydrogen atom Q (E) 

; Our ch e. 

Mma, Std arge; 
Wistituas Es ae placed at corners of a squer? 20 em ——*| 
ls at ig the of the ae as shown in Fig. 24.4. The gs, 244. Arrangement of 

Oulomp S force (a arges in coulombs are indicated. Pisos in Prob. T. 
3 vector!) on a negative charge ° 

t threads, 5cm 


lon” Tw, e 
op fron, Pith red of the square? 
305,7 8 com 5, each of mass 2 mg, are suspended 
ith mon poi 3 o that the threa 
Te th, the verti point. The balls are charge fe 
are t » arge ical. What is the charge o? each pall? at 
he à on one of the pith balls in Pro” 8 is twice” 


ngl 
es of the threads from the vertical 


ds form angles 


3. 
all. 


at 


Wh 
hat on the other b: 
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ie 3 in. long. 
10. A small sphere weighing 10 mg is suspended from a silk thread, 20 in. 10 
A large plane metal surfa 


vertically from the threa 
sphere. Asa result, a n 
image, at a distance behi 
of it. Compute the dis 


ff, STE Een 


o> 

zi “e ^ 
\2 Ptt ofr 
TXtenzio; 


- es 


CHAPTER 25 TT | 
THE ELECTRIC FIELD AND POTENTIAL 


ng chapter we have studied 
that it may be regarded as a 
When one or both of these 
ple formula loses its 


the force becomes more difficult, 


a t 
5.1. The Electric Field. In the precedi 


tha er charged body, B, brought near A, will e 


or i i "Ht 
ce will be different for different positions 0 
sidered in detail, this inter- 


he following reason: If body 
“natural” 


en B is brought up the charge 9 
thas of electrostatic induction; hence the presence of B “disturbs” 
ia Ee on A. 
charge s rbance can be avoided if bo 
Fi repelled it is infinitesimal. Such an 
A test char, by body A without rearrangement 
“Nees a f ge. The region around body 4 in w. 
Produc; orce is called its electric field, and the char 
The ng charge, 
^ iw acting on a test charge vill be proportional to its magnitude, 
^; but this is unnecessary pro- 


re small.) If, then, we divide 
h is independent of the test 


ihe Proces 
dy B is made very small and the 
(ideal) object will be attracted 
of charges on A; it is called 
hich the test charge experi- 
ge on A is the field- 


i o 
s S a accurately we should write dq 
he force b member that all test charges & 
Char Y q' we obtain a quantity whic 


ia Be à 
Wg aoe therefore characteristic of the field surrounding A. It 
“renga T quantity because the force is 2 vector, and its name is field 


In symbols, electric field strength 


E= ; (25.1) 


at different points of space and 


e y i 
field ay function of x We can therefore think of an electric 
, y, and z. 


: aa, o e 
: kn wn collection of E vectors, one at every point of space. If the field 
Er 1 this sense, the force on & small charge at every point is known, 


We h; 
ave only to multiply E by g' to obtain the force. 
351 


5.2 
[Sec. 2 
PHYSICS a 
i itude 4, 
i magni 
If the field-producing charge is itself a point charge of 
field strength produced by it is os 
E = kg/r? M. 
int charge. di 
d is directed at every point radially away from Te of the el 
cu point charges are present, their field is the vec ag located ^ 
of the individual charges. If charges 5s 4 pae ee ns 
in Urs 
» Fig. 25.1, then the x one origin 
of the resultant field at 
[A 2 o is 


Point 2 


25.3 
Bz = -k X Hoos ( 


mi 


+ the 
in 
where the angle 6; is show? 


t 
tha 
figure. (25.1) h 
E, It is evident from 2 strengi 
Fig. 25.1. The field of a number of the unit: of electrics 

point charges is the sum of the vectors 


P dyne } 1 

e a 

in the cgs system is " pracy 
i statcoulomb, or in the 5 


w 
Py unl 
tomary 
System one newton per coulomb. Another more cus 


introduced later, 
25.2. Lines of Force. 


iffe 
) ws dif ult 
A vector field like E, with little arrows “yfe 

in magnitude and directio 


e, 18 ly 
n sticking out from all points "ut. concep s 
to picture, Fortunately there is another equivalent, p* idea ? qot 
simpler, representation of an electric field which involves ame V2: "tU 
of force. A line of force describes an electric field in the $ rfo 
flow lines descri 


re, We pe 
cribe a flowing liquid. To see what they are, 
thought experiment, 


€ place the test char ^ directio ` pe? 
note the force, Next, we move q' very slightly in the ; 
force and determine the force 
little different, Again, we let 
force and determine th 
indefinitely (see 


e 
Fig. 25.2). The path which the test charg d 
is a line of force, ve gu 
: ; @ CUT ES Pot 
From its Construction, a line of force is seen to be 1 the BP gu 
everywhere tangent to the field strength E. If we knew al 
rounding A we should 


E ele. sys) 

ave à complete description of its br dnt 
their number is infinite! For suppose we had started at a i "m p 
to the right of P in Fig. 25.9. We should then have pe 
adjacent to, but not coincident with, that drawn in the 
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every point ; 
; point : 
Infinite, is traversed by a line of force, and the number of points is 

In spi 

pite s " 

‘or a this, the lines are denser in some regions than in others. 

will consist B puros again the field produced by a point charge +g. 
=q will pro x radial lines outward from q. A negative point charge 
Alth ce a similar pattern, but all lines run into the charge. 


Ou 
E usum draw an infinite number of such radial lines, they will 
San indicati, e crowded near the charge, sparse at large distances. This 
orce, no orcs of a general property of the lines of 
eir q ter on what scale they are constructed: x 


i ensity, 7. : 
at angles a ie, their number per unit area at 
Phe! fanatic their direction, is a direct measure 
et us m une of E : 
i oll. pet f 
AE our amp ue suggestion a little further. We 
Cone DDose *s large again to the point P and find 
E Struct an is 6 dynes per statcoulomb. Now 
It ection of Spas: of 1 em? at right angles to the 
of Cach of th and pierce it by 6 equidistant lines. 
Fi ese lines is P i E 
eve s. 25.2 s is followed along in the manner 
of 1 Where ie a similar procedure is followed P f 
Mes of f e in the field, there results 2 system Js 
Dsity į orce called unit li Their Fra. 25.2. The di- 
in’. adjusted it lines of dorem. E rection of E is tan- 
hy e to be correctly at any one point, will gent to a line of 
de ue of ea measure of E everywhere. The force. 
“on of lir ines is finite; they satisfy the earlier 
er is nes of force but are so spaced that their number per square 
On , e Dumber a Where equal to E. 
The tthe of unit lines of force radiating from ? unit charge depends 
Unit Mber s cgs or the practical system of electrical ‘units is used. 
* at its cen: unit lines crossing a sphere of radius 7 with a charge of q 
ter is the area of the sphere times the field strength, or 


tane eg N = der*hg/1* = nha PM 

; s i 

em, p © electrostatic system, k = 1 and N = 4nd. e^ "m: erm 
of force ra lat- 


In , 

E w1 4 
3 fro One /^r&, and N = q/e. The number of lines 
i Coulomb of positive charge is therefore 113 x 10%. It 


ept in mi à : 
à meter” in mind that the unit area in the practical system is the 


a definite direction as long as 
force cannot cross one 


Consequently lines of E 
must start on & positive 


must 3 
ermi be continuous. A line of force 
nate on a negative one. 
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—4 
+g and 
25.3. The Field of a Dipole. Suppose that two Sae pe be foun 
are separated by a small distance l; then the field -— of two terms: 
by the application of Eq. (25.3), where the sum now Seer illod dipole. 
Such a configuration of charges is of special interest 2 n int A is in the 
In Fig. 25.3 the field E; on the axis of the dipole à t Ta a negative E 
irecti i iti harge +q ee n 
x direction with a positive term i =e e 3 g Y the origin is a m. 
the center of the dipole, 
magnitude of E; is 


kg 

k eee 
ee z— WDE je + (1/21 
or 


2/4) 
E, = (kq x 2a) /txt — (0/9 


. ]] com 
A Since the distance l Tor an be 
E, 2 pared with z, the term 


g. i +q 


n 
inator 9 
Fra. 25.3. The electric field of a omitted from the aii (25-5) 
dipole, E, = 2kgl/x di pole 
" r the 
The quantity gl is defined as the strength of the dipole, © 


moment. If the dipole moment is denoted by p, (25.9 
E, = 2kp/z* 


fi 
" axis t 07 
For a point B on the perpendicular bisector of the rx The comP 
is the resultant of two fields, as indicated in Fig. 25.3. e o 


5 thi 

nents in the y direction evidently are equal and opposite, 2? 

ponents in the z direction add. 

From Eq. (25.3), E, = —2k $ cos ġ 

But Cos $ = 1/2; 

and r = [y? + (e/a 

Hence E: = —kgl/ly? + (/4)* 

Sincel « y, the term 12/4 can be neglected, and 25:7) 
Ba = —kql/y? = —kp/ys dei 

The field is theref, 


» See, 954] 
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can, however, be well represented by a picture of the lines of force as 


Shown in Fig, 25.4. 2 

"*. Gauss's Law, The number of unit lines of forces originating 
a * Point charge of magnitude g is 4rkq, as we have seen. Pe dae 
ma truet & sphere of radius r about the charge q as center an. 2 dome 
liber of unit lines across the surface of the sphere. We can en 
ag tiplying the number of lines through an infinitesimal area ol * se 
’ into the number of lines per unit area (which by definition 1s 


F l ic dipole. 
"9s 25.4, The lines of force (solid lines) about an electric dipi 
en 1 ; " 
Addi j d may be 
Pare, e ding Up all these pr, jucts. What we have just sal 
Matically by the equation 


[E dS = 4xkq 


B ss's law. 
Cig tt Tae ^. Special form of a very useful theorem, alia O cuties 
he" ang wich Gauss, 1777-1855, was an eminent vere [dA = Ser? 
ne tt Ts icit) “It ig easy "to check it: E = h0/7^ 
Xo "IPbosc q^ We now wish to generalize it. but nevertheless 
wed. Tie Surface surrounding q is not & sphere, zd put many 
"kles in ü “duation above is then in error. For suppo 


igi ius the same. Then 
° original sphere, leaving the mean radius t 


4 
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uch bigger 
E remains essentially the same but the total surface becomes m 
and f E dS must obviously be larger than before. nation remar 
However, on making a slight modification the eq bundie of lis g 
for any kind of surface. To see this, consider E "hase satel 
force going through part of the sphere dS in Fig. es Fa ae at right 
also go through the nonspherical surface element : £f "This will Ji 
angles. Let us denote the angle between dA and dS by E d to dA, a 
wise be the angle between the lines of force and the no: 


dS = dA cos 8 


true 
es 0 


.. identical WE 
Thus, if E dS is the number of lines traversing dS, it is ident! 
dA E 

dS. E 

: $ Normal to 

surface 

dA 
q ——— ER cos o 
Fi. 25.5, 


1 
Fic, 25.6. The oe 
flux through the sur 
dA is E cos 0 dA. 


m 
uati? 
Our ed 
E cos 0 dA, dA being the nonspherical surface element. 
therefore remains true if we write it in the form 58) 
2 E 
ee ( 
os E cos 0 dA = 4rkq riac? 
SS sed su er 
Here dA may be the element of any closeq surface. If that es si pl 
1$ à sphere about q, then 9 = 0, and Eq. (25.8) reduces to qct 
Special form, rical § pat 
Instead of looking upon dA Cos 0 as dS, an element of sphe i 
replacing dA, we 


the js 
E cos 0 represents, Figure 25.6 shows this product to be då 


os V jaw 
the surface, Indeed, the element F gps” n 
called the normal flux In this phraseology, : 


i 
rface 
flux outward through any closed su 


the surface, le 6 Y aol 
m 
25.6 were directed oppositely, the ang e no” É 
be changed to 7 — 0, and 


ative 
8 outward through the surface, neg 
is inward. 


‘ rge 
We have proved Eq. (25.8) for a Pointlike field-producing ch® 


—- 
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i 
d arge cb y hold for an extended charge q. For if another point 
q. (25.8) for oe elsewhere inside our surface, we could write 
A and write ds s bue provided we mean by Æ the field produced by 
Ene charges as € of q on the right. We could do this for as many 
eee Eq. (25.8) a E. and finally add up these equations. The result 
S Bes, and q fo à iere E now stands for the field strength of all the 
“bution m. he sum total of all point charges. And this charge 
ay well be extended. 
E 


ne fi 
Say nal generalizati T 
b Y before sy ralization is neces- Spherical 
OWer of Ve can grasp the full gaussian 
surface 


us G 
validity tag law. Thus far its 
a in whi EN restricted to a situa- 
Outside 7 no charges are present 
entally css surface which, 
riso a 
For if rs called a Gaussian Spherical 
insig e line ere are external anes 
Out. S 6 arge s of force from the 
Ward S will n ; o 
fai 5, and ot be radially Bee 
lis . Noneth our proof appears to Fic. 25.7. Application of Gauss’s 
the use the eless it holds zoga law to a spherical shell of charge. 
eG ex s 
Su Gaussian sie charges can do ae more thar 
hos PP and out again: their total no 
hile exter zero and can make no contribution to J E cos 8 dA. 
Fro, eir Hares charges will distort the pattern of lines of force and 
ES E ^is Soha over the surface, they leave Gauss’s law intact. 
Bia Mths eae great usefulness of Eq. (25.8). 
f ig. 25.4 mple consider a spherical surface drawn around the 
ree en rom the s, The net charge within the sphere is zero, and it is 
t ymmetry of the figure that equal numbers of lines of 


er 

lig ias ed urface and leave it. 

Charge, Ssible to P mie: in many other cases W. 

w din 

: 2 ad br po Tor example, that th 

sige” simpy trated at th e same outside the she 

Stig DE e center of the shell (cf. Secs. 
al " 

' And e; iic of radius R drawn outside t 

9 is zero ymmetry, E is everywhere perpendie 

- Equation (25.8) can then be written 


1 send lines of force into 
rmal flux over the whole 


here the field is symmetrical. 
e field from a uniformly 
]l as though the charge 

11.3 and 24.6). A 
Gauss's law. Con- 


E [J dA = E x AR? = 4rkg 


Shite 
taineq befor i 
e. 
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ae r charged ue 
As another example, consider a long cylindrical cei the field is 
an amount 7 per unit length. Except near the ends p same il arn 
everywhere perpendicular to the axis of the rod ss is taken to be 
the rod (see Fig. 25.8). Thus if the Gaussian surface 


there 
£ «1 with the rod, 
small cylindrical box of length Z and radius R coaxial with 


Gaussian 
surface 


7 per unit length 


E 
rod. 
Fig. 25.8. The Gaussian surface about a long charged 


is no flux through the flat en 


ve 
, the cur 
d surfaces and cos 0 is unity over 
Surface, From Eq. (25.8) 


, therefore, 


E [dA = E X 2«Rl = 4rkrl 
and 


E =kX%/R units, 7 


" of qe 
d that in the practical iE aoe e value 1/ rs 
T meter, R in meters, and k has th statcoul? 
m, k equals 1, and r is measured in 


It should be remembere 
measured in coulombs pe 
In the electrostatic Syste 
per centimeter, 

25.5. The Fi 
that in a cond 
action of the el 


th the € 
ition of equilibrium, In general, then, ctor, od! 
uniformly over the surface of the condu 


; y o pnd 
is perhaps a complicated One, but one property is immediate per tue 
The electric field at the surface of the conductor must be everywhe 
ular to the surface, This c 


there would be a componi 
acting to make the electri 


"sme un! 
thermore within the Conductor the electric field must be zero 
conditions. 
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B 
e y means of Gauss’s law we can easily derive the relation between the 
arge den, 


Surface t sity and the field normal to the conductor. For the Gaussian 
Very gm, M the surface of a pillbox of areas dA for the flat sides and of 
all height, as shown in Fig. 25.9. The normal flux of the field 


a 
dA E + + t+ + + 
t 4 |e=amio 
Fig, 5.9 Z WOT 
i Conductor, The field near the surface of a Fro. 25.10. The electric field 


i between parallel plates. 
will 


SNR 


Güte E through the top surface and zero over the other surfaces. 
"555 law requires that 


eregi E dA = 4rko dA 
i , 
=the charge density. The area of the box cancels and the field is 


E = 4rko (25.10) 


e el . 
€ctrostatic system of units, 


Por the k=1 and B= 4roesu 
Practical system 
; 


k = 1 c å : 
- xe. =- ] units 
4Teo and z practica! 


he 

di Telati . 

p ow Just proved hold, of course, for a curved surface of a con- 

Moree o eloa a flat one, provided that we mean by E the field in a 
Precisely th. the conductor that the surface is practically flat, s 

b Dos Sted, at the electric flux through the sides of the pillbox ca 

a 

E bl " ation [Eq. (25.10)] holds for the electric field between two 

for the show ' One charged with a density of « and the other a density of 


n 3 h ! 
256, Student. Fig. 25.10. The proof of this fact 1s left as an exercise 


bta: Fiel ap 
cone n Within Conductors. Another important result can be 
x Actor Versing the reasoning just followed. Since the field inside 
Wiener n be zero for equilibrium, no net charge can exist within à 
* the È f > Suppose that the Gaussian surface is chosen to be jus 
“ace of the conductor, as in Fig. 25.11a; then the field i8 


just 


[Sec. 95.6 


d by 
e enclose 
everywhere zero on the Gaussian surface, and the net md for a hollow 
the surface must be zero. The net charge must also m charge is Som! 
conductor such as is shown in Fig. 25.11b. If a positiv 


ear oF 
: must apP' 
how introduced into the cavity, an equal negative charge 
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SS 


OY p 
TE 


(b) 


r P im by the 
A Gaussian surface just within the conductor is show! 


dashed line 
Fig. 25.11. 


ithi" 
the inside of the cavity walls. 
the cavity, the net charge on t 
An experimental test of the 
ductor is the famous “ic 


ý harge n 
Conversely, if there is no pend 3 
he cavity walls must be zero: hollow oy, 
behavior of charges within "d js 
e-pail” experiment of Faraday for the E j 
Faraday is responsible - " a 
ful concept of lines Poe yt 
did much to further A o 
i standing of electric 2 peti en A 
h na. In this eXP* 4 00 
PUJE phenome: Mem 
metal ice pail is ins d 
nected to a sensitiv 95.12: i ihe 
as indicated in TE m pe seo 
charged body is br! ectrom” 
pal, the leaves of uem son 95 
become charged by vas uL 
diverge. As the dm gen ^^ pin 
brought closer, the C! dy i5 d 
creases. When the ive 
the conducting pail, ^ ins the to! 
is a maximum and ie a fir 
re the c 

Faraday'g ice-pail experi- no matter where if the o Mi 
Within the pail. ED run 

nally touched to the wa E ef 


n 
4 
H 
⁄ 
ü 
H 
H 
H 
ü 
[4 
Ü 


TIT 
D 


Fia. 25.12, 
ment. 


nduced charge bó 
alls with the charge 
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ale alizes these charges, and the charge on the outer surface and on the 
ctroscope is unaltered. ; à 
«important property of a conductor is extensively used to produce 
T osure that cannot be influenced by external electric forces. Since 
à P °ctrostatic line of force can penetrate a conductor, such z nac a 
S vay shielded from external effects and electric fields within the 

Y cannot reach outside the conductor. , cem -" 
from The Electric Potential. If a small electric charge q' is pile 
exter * very large distance to a distance r from a point charge 4 ii s 
amo eal agency which exerts a force F, that external agency do 

Unt of Work 

[ira 


the negative of the Coulomb 
- Hence the work is 


7" ag ‘ 25.11 
w=-| y dH dr = (25.11) 
w F= 


an e 


But 
pe the force p 5 


force between the charges, 
~k(qq’ /r2) 


Th 


8 ex 
v the terna] agency 


m 


Thi Tefor has supplied energy to t! 


3 Potente eases potential energy in the e 
logous n lal energy is equal to k(qq 


hat the 
et © the gravitational attraction of t 
Argey, We 


e e force. Iti : hat the wor 
o ar $ is evident tha Ww 
f the Be In the study of electricity it 1 Sai 
nergy per unit charge, and this quanti 3 ET cpu 
* The potential is usually denote 
(25.12) 
y = W/q 
"Int eh 25.11) 
arge q the potential is, from Eq. (29 
(25.13) 
y - 2 
i 
potential V can be 


~ Lumb, i 
Meq hy er of point charges produce the field, the wet 


Summing over many equations like Eq. 2 
LEA 
PESE 
y = z k = 
nol 


(25.14) 
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tential is 
The sum expressed by Eq. (25.14) is correct bem d he 
independent of the path by which the point in question m S easier 
potential is, of course, a scalar quantity, and therefore 1 The field ca? 
to add potentials than to add forces or electric fields. 
always be obtained from the potential by differentiation. Eq. (25.13)- 
The units in which potential is measured are evident from Eu stat- 
In the electrostatic system of units, k = 1, and V is set given the 
coulombs per centimeter. This unit is a common one n is energy P” 
special name of electrostatic volt or statvolt. Since potentia! statcou omb: 
unit charge, one electrostatic volt is also equal to one erg per - d the voll, 
In the practical System of uni i i 


x stem, 
and it is equal to one joule per coulomb. In the practical sy 
(25.13) is written as 
b 
V (volts) = 1 (coulombs) j 
Té) — r(m) e indi- 
: d are. 
where the units in Which the various quantities are — T readily 
cated within the parentheses. If the value of eo 1s used, 
found that (25.19) 
299.6 volts — 1 statvolt one 


iven 25 0. 
In Sec. 25.1 the practical unit of the electric field E was EV* | frol 


: e 
- It is more usual to use another unit doi yativ : 
Since the field is the negative at to be wi 
distance, the unit of field can be ia expres™ 
CBS system, fields are correspondingly he 
entimeter, EP on * 
calculation of potential, consider A 4) 
axis of the dipole in Fig, 25.3, The potential is, by Eq. (25- 


ka ig ___kql 
*-(0/2) z(-z-— (A4) 
The field in the x direction ig 


i av i- 2kqlx 
dz a = (7/4)? 


which reduces for sm. 


all values of | 
The potential can 
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depend, 


È s 
tial y on the component of E along the path (see Sec. 8.4), the poten- 


at the point a can be written as 
y2- [iz cos 6 ds (25.16) 


t angle between E and a tangent to the path and ds is an 
13. € path, as shown in Fig. 
(25.16) "nd . differentiation of Eq. 

* Inverse relation is obtained. 


Where 8 is 
ement ol 
1 


E - dV 
te Bids e — (au 
NR 
dues -— 0, as i fi 
© to a point D. Che case of a field Fsg, 25.13. Definitions of 0 and de. 


nt charge or a charge of 


her; 
lea] 8 
mmetry, this relation takes the simple form 


y 


ifference between two 


ent to speak of the potential d à 
between points @ and 


b lg an 5 
defineg oo field. The potential difference 


Mite OO O Oo 
Vae i a b 
Y= — [ico eds + fi E cos 0 ds (25.18) 


= f "E cos 0 ds 
it & ch, i 
8 Rive, “Be 


di 
a by 1S moved from one point in a field to another, the work done 


W = q (Va p" Vy (25.19) 


ag : 
ls is evi 

Seg dent fr 
osito tentia] m Eq. (25.12). If V, is greater than Ta 
Since pa nergy when it i oint a to 
Bigg’ ount t is moved from P 

dere d the Cae of energy W is peodtiiedl: 

*0 be M 18 à relatively good conductor and can usually be con- 
Waya tation a Y far away from the charges and conductors under 
D wap, Potential of the earth is taken to be zero. Nearly 
» hr 9f the laboratory are sufficiently good vues; and 

8 H 
tential that they can be assumed to have & potential of zero, 


the charge q^ 
point b and a 
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; method 
25.8. Equipotential Surfaces. Lines of electric force ose oper 
for the graphical representation of electrostatic fields. The em. surface in $ 
affords another equally useful method. Suppose we construct ha surface 18 
field that is the locus of all points with the same value of Y . Suc | surfaces are 
called an equipotential surface. Fora point charge the eqipoten om repre" 
obtained by putting V in Eq. (25.13) equal to a constant and are ntric sphere 
sented by the equation = const. Hence the surfaces are conce 
about the point charge. k is done. The 
If a charge is moved along an equipotential surface, no work i d the field id 
component of the field along the surface must therefore be zero; p of force 
everywhere perpendicular to the equipolential surface. The radial tial surfaces 
from a point charge are thus perpendicular to the spherical og al surface 
If the lines of force in a field are parallel straight lines, the eguno ole are i? 
are planes normal to the lines. The equipotential surfaces for & dp! i 
cated by the dotted lines in Fig. 25.4, ga. (2517) m 
For a small motion of a charge along an equipotential surface, e gis E 
be applied; V is constant, and —dV /ds must be zero. Consequenti dps along 
9is7/2, and the field is perpendicular to the surface. Ifa charge is até of cb877 
line of force, 0 is Zero, and cos ĝ is J. Consequently the field is the rate ; ti 
of V in a direction perpendicular to the equipotential surface. {ours © jll 
surfaces are contour lines of the electric potential, analogous to con side of * s 
elevation on a map. A particle moving along a contour on the isle ovi 
experiences no gravitational force along its direction of motion; g pa á 
downhill from one contour to another is accelerated by gravity. á onducto s 
Since no work is done if a charge is moved along the surface of s xo cher 
conductor must be an equipotential surface, In any arrangement E tet hem! el " 
and conductors the induced charges on the conductors must disttibus ne prt 
to make the surface of the conductor an equipotential surface iis conduc tbe 
of force, as we have already seen, perpendicular to the surface of of 


T n " e aD of 
It is possible, therefore, to guess the configuration of the lines of n stren th 
equipotential surfaces an 


uati” 
potential in many cases 
would be impractical. 


ted 
25.9. The Potential of Charged Spheres. It has already been nO 
ld outside a spherical conductor with a cha: 


d approximate closely the values of the dm 
where the evaluation by means of the gen. mu 
al 


fie rge q is equal to 
q 

E-kT f the 

where r is the distance 


o 
enter 
from the point under consideration to the © 
sphere. The potential 


be 

is found from this relation and Eq. (25.16) to 
y ki 
n 


If the radius of the conductor 


is V 
is a, the potential at the surface a ere P 
Within the conductor, whether ii 


t be solid or hollow, the field is zero A ri 
net charge there. Consequently, for all values of r < a, the pom pote? 
stant and equal to the value at the surface of the conductor. 

therefore varies according to the curve of Fig. 25.14. 


— 


R F POTENTIAL 5 
I 36: 

IC FIELD AND 

x E ELEC 


Ppose now that the sph W, cavity has a radius b, and the 
avi ] 
phere 1s hollow, the y 


i d 
f radius c an 
i ductor o; = 
see t conductor. Y 
i A second sp bag oo N 
htrode je 4 avity through a hole m f e RIS « 
he eofgar im Pad and charges s 
the configuration o 


Phere sti] 
arg gisi 
US have 


th 


inside 
ed sphere 1 

5. One charg 

"UN ial asphere — Fi. 25.15. 

it "dius a he Potential near 


/ 
another. p. 
nd charge g (k = 1). ice-pail experiment. E i refor 
k to the arrangement of Faraday’s gem ei 

iq € inner walls of the first sphere, 


te istribution 
ial distribu! 
otential ach 
nductor. The e ihe first con 
n © Outer Surface of the outer co * 
ay 
ar these sphe 


TS) i on outside the 
egl Tes c. e ci leulated if the en i i se ; bacis 
Pa ivide the field into fou: ; 3) the spa 
MIN e t us divide 

ong, d d gion gi 


tric 
ine The elec 

" js LUN fe ion (2) inside the outer spherical 

n Ween, the t » regi 

elds 


phere. 


vithin the inner S| 
e spheres, and region (4) within 
N these regions will be i 
3 +4 
Son (1) B =k Hi 
ii (2) E,=0 
“Bion [4 
Ree ®) By = kes 5.16) 
Bion (4) E, =0 ication of Eqs. (25. 
The y the applica 
ang ential in the four regions can be found by 
‘18 With cos 9 put equal to 1. 
Region a) r q+ g 
3 Fr = s Eidr = a (25.21) 
Bion (2) a E ix ’ 
| V= f dre a i v2 
“Bion (3) s 7 ati = b r 
h-vnu-f it Eg 2) 
“tion (4) at ee 
Vs = Flaira c)=k a 
Thi 4 3(a 
[TN 
‘tiation 


in Fig. 25.16. 
i: Potential is plotted in Fig. 2 
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If the outer 
From these results several important conclusions can x p owed s largo 
shell were far removed from the inner shell, so that b m S Eteo shell, 
the potential V, would be simply Fq'/c. Thus in the ps otential withou 
the potential V, of the inner sphere is peces a pi clt the -—— E 
inner sphere remains the e qon the 
particular, if the net obses R D 
outer sphere is zero, the P 
the inner sphere is ve 
is placed within the o 
In a similar manner the P. otential i 
inner sphere alters the be kg/a t 
of the outer sphere fr in potent? * 
k(q + q')/a, an increase shell is E 
The charge on the € erafores n 
hanged. Itis evident, epe? 
chang f f a conductor A its 
a T the ugue ciaee Du also ae 
Fic. 25.16. The potential variation for mayen a To emphasize, even if 
the charged spheres of Fig. 25.15. I it should be noted kae is T 
d . 8 p 
the charge q on the outer sphere is zero, the potential of ko ikowis a : 
Thus the potential need not be zero even if the charge is 


ju 
1 h the co 
q’ = —q, the potential of the outer Sphere is zero, even thoug 
has a net charge q. 


+ + 


+ 
25.10. The Van de Graaff Electrostatic Gen- 


erator. As 
tion, the po 
creased wh 
the interior of the sphere. 


epresented Schematically in 
arge is carried to a sphere by 
means of a moving belt, The charge is re- 
1on of the belt within the 
charged again with 
sign, which is then 


ging mechanism D generator. ; 
es from the belt. sats like x wo 
Y consist of sharp rows of poin J p 


um) 
charged with the proper kind of electricity, and the charges J 


u a ÜáÀ!À 


See, 
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thro A 
c the air from the points to the belt. A set of brushes would 


elt g the same function, but brushes do not work so well at high 
Second eeds. In this way as much as 1,000 ucoulombs of charge per 
can be transported by the belt, and the spherical electrode is 


[ers 


i sul a a E a a aoe 


hi 
a, 
The 35. Pee ce DS FERE 

e MEL ee g ' 
(Cous ties an Ehost^ photograph (double exposure) of a Van de Graaf generata: 

“ty Nigh va, îs used to equalize the electric field up the supporting 
tapi l oltage Engineering Corporation, Cambridge, Mass.) 
Dot, Y ch 
ial qe" i fact the 

Qu Pal qa Ed to several million volts of potential. In 


nly by the charge 
orts the sphere or 
y of conduction 


5 " 
üt teq at be attained in this way is limited © 
ont the, along the insulating column that SUP: 
ak "rounding air. To reduce the possibilit 
B PL ai "i the generator is often enclosed in 2 tan pom 
18 is , yp Other gas to pressures above atmospheric presaut®. terior 
tp and jp. Photogra, -s type. Both the exter 

hi, |! graph of a generator of this typ is Ta ibn 
à Or are shown by a double exposure. The tan 
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ocities 
ential 
f the 


Electrostatic generators of this type are used to impart geo i 
to electrons or protons, which travel from the electrode at hig A s 
down an evacuated tube and strike some target at the lower be post- 
equipment. A discussion of what happens upon impact mus 
poned to Chap. 50. : 

25.11. The Motion of Charged Particles in Electric Fields. 55 
consider a particle of charge e and mass m having a MESE LO 
zx direction and an electric field of strength E in the same 
Newton's second law of motion then states 
dv (25.22) 


cE = ms 


ton as 
mation 
egrated with respect to x, after transfor 


Let us 
n the 


ction. 


This equation can be int 
in Sec. 8.7, 

dv dx 

a dz = di dv =vdv 
It yields 


p eE dz — [om dv = Yámv,? — Ym? 
The integral on the 
e(Y, — V); hence 


as 
in Eq. (25:58) 
left is just what has been defined in Ea. ( 23) 
(25: 
Km? — damn? = e(Vo — V) of he 
ive h 
The change in kinetic energy is therefore equal to the scien 8 gie 
change in potential energy, as it should be in a conservat! ar jole ? 
The quantity e(Vo — V.) of energy is that acquired by the P enert” 
moving through a difference of potential equal to Vo — Vi ence of Oe 
acquired by an electron in “falling through” a potential differ e ba" 
Volt is often used as a unit of energy, called the electron volt (ev). 


lev = 1.6 X 10 coulomb X 1 volt 
= L6 X 10- joule = 1.6 X 10-1? erg 


«oh 
pic 
y ; ith W^ oc 
Since the mass of the electron is 9.1 X 10-28 gm, the velocity vr 2i [se 
an electron of one electron volt of kinetic energy moves is 6 
since 
Km? = 1,6 X 107? erg cor" 


A ity 
A proton with one electron volt of energy has a smaller veloc’ 3 
responding to the larger mass, £ 


im? 
: 5 jm e 
If the field is uniform, i.e., if E is constant, Eq. (25.22) can be with i 
ately integrated twice with respect to £in the usual mannet, 
result 


eEt? 


1 
2m Vd to 


ques 
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: ted Exar 
Merence of ma i An electron that has moved through a potential 
Tig Jong and char = passes between two parallel plates 1 cm apart and 
- 25.19. What (a Aes a potential difference of 10 volts, as is shown in 
»e angle 0 of deflection of the path of the electron? 


Fia, 9 
+ 25.19. 
The path of an electron between charged plates. 


he f 
eleet Ad betwee 
d equires in tpe a is E = 10 volts/cm. The 
e y direction is 


velocity which the 


Wher v, = T Et 


Cory is thi : 
es a e tim 
Ing to 100 necessary to traverse the plates. 
volts is v; and the length of the plates l = 2cm, 


If the velocity 
then 


The A a : 
= . Vz 
eflection is given by 
Thi tang = 7% = a, 
v mz" 


8 
Ry, Quan; 
te p, tt * 
yr ty can, howe 4 
ver, be expressed in te 


tron Stween th rms of the potential differ- 
€ plates and the potential 


V that corresponds to the 


Clocit 
y. s 
f d is the separation of the plates, 
h E= Lan 
ma vimu2 = eV 
[^ Hag lt 2 10 
M M M ee sn Wl 
The g MY "Exil 
“ploy ection 0 = 5°42! 
2 ed į of a Fi 
à b. T the n electron or of a beam of electrons by a field is 
Chap. 35. 


E Ca 
be qd ded Otia ET oscilloscope described in . 
ery Min “cles in an xperiment. By the study of the motion of 
P hat Experi electric field the value of the electron? charge can 
tis ea; aoe The motion of an electron is difficult to 
sily possible to observe the motion of small particles 


ec, 25.12 
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S 

or droplets that are charged with one or two electronic = p charge 
tions of the rate of fall or rise of a small oil droplet betwee ) to make à 
parallel plates have been used by R. A. Millikan (1868- of electricity: 
very precise determination of the smallest existing Re in Fig. 252 
The experimental arrangement is shown diagrammatica! xd evaporation: 
Oil is used so that the mass of the drop will not change 4 throug! the 
A droplet from the oil spray at the top of the apparatus falls 


i ight. 
microscope to the rg Jet i 
two forces acting on 4s orale up 
is charged: the force of ity acting 
ward and the force of Lr ces co? 
CT b downward. These pide he s 
Measuring be balanced and the lue 


:usting the V9 ie 
microscope tionary by je e eal b. 
Fra. 25.20, Millikan’s oil-drop experi- the field strength a dro? 


n Jl 
ment, plates. Let the charge 0D" gma 


sa 
radius r be ne, where s e T 
integer, either positive or negative, and e is the electronic d 


H fie 
total force F on the drop consists of the force of the electric 
force of gravity. It is 


F = neE — 46nr%dg pe 


can 
wn, e ot 
ensity of the drop. Thus if r and n are ee i Jd A 
determined. A charged drop can be balanced in this way oa east of 
too large only if r is very small—too small, in fact, to rat 


i . ing t "i 

directly. The drop size can be found, however, by observing yelo” y 
fall of the drop when E is Zero. d 
the drop soon 


Where d is the d 


š s sin! the 
attains a constant value v, as the drop falls, ] to 


Fa = rry pe” 
where 7 is the coeffi 


P ius can 
cient of viscosity of the air. The radiu 
fore be found from 


the relation 


Mmrtdg = Ónrqu "s 
1 :ng SUC a ic 
when F is absent. The small integer n can be found by making? art 
observations on the same droplet. It is observed that a drOP P 


1R. A. Millikan, “Electrons (+ and =)” University of Chicago Press 
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arly w 1 

ien dieiialab light, X rays, or the radiations from radioactive 
Slectrons to S. allowed to fall upon it, is frequently gaining or losing 
$8 observed e surrounding air. Thus a whole series of values of ne can 
Millikan hag and the smallest value must be that for which m = 1. 
Values of i recorded observations in which as many as 15 different 
Was o igh have been observed with a single drop. Each observation 
Convincin precision, and all led to the same value ofe. More direct or 
imagined, evidence of the atomic nature of electricity can hardly be 
3 nature of he value of e has been demonstrated to be independent of 
all the other a drop, the density and pressure of the gas, the field, and 
Variables of the experiment. 


3 What is th PROBLEMS 
digg Sketen the lue of the field at the origin, Fig. 2537 
of fore What is Pa of force near two equal positive charges separated by à small 

3 MI two he field midway between the two charges? How would the lines 
the. Four Da negative charges differ from this? 
And the Sofa th charges, each of magnitude 2.0 X 10 

4, "Ts ectrig Shoat whose diagonals are 4.0 cm long. 
n VO dipole ential nt the center of the square. 
Quai Wn ag aa Parallel but oppositely directed an 
Nh b, mes electric quadripole." Sketch the 

at i ] 
s Sg ru electric field at a point with coordinates (x,y) due to the dipole of 


-10 coulomb, are placed at 
Compute the electric field 


d separated a small distance, 
lines of force near such & 


6. 
Dra, * The g; 
Prog icol dipole mo 
te "n n. Units? 
“Ting ment o 


18 esu; what is its value in 


ment of a w i 107 
water molecule is 1.8 X harges be separated to 


f By what distance must two electronic ¢ 
figa’ Ob © Val this value? 

elq Sty, tain t A Ue of the electric field within a long cylindrical shell of charge. " 
_ © Value of the potential at point A of Fig. 253 by integration of the 


ch 
On the li , 
lo. A Char lines of force and the equipotential surfaces near & right-angle corner 


209 An ed co 
Ver Vole, Slecty, nduetor, cc 
“loig tem, a Moves under the action of a uniform field in the 7 direction of 
a t. G and ag "ng from the ori in with zero velocity. What are its position, 
s "oup aleuj, e eleration after 0.01 gi j 
teon the kinetic na i Jectron which has “fallen 
19 omp Potential qi energy and the velocity of an € o a0 X 107° 
tiq ` (a) q? Mass ifference of 300 volts. (Charge of electron : 


y of el 
aq differ Omput, electron = 9.1 x 10-28 gm.) 5 
ele of 10 T velocity of an electron which has “fallen ig "i pes 
SC sc Wh tron volts? Volts. (b) What is the energy of the electron 


e 
t NU [o Average kinetic energy in electron volts of a hydrogen molecule 
E om, 
al di e kin Pute the rm, . — 300°K. (b) Com- 
lg Etenee © ener 5 velocity of an electron at temperate vivat 
WIS ey of an electron with this velocity. (©) Through what po 
electron fall to attain this energy? 


e * 
Scity of a proton with 1 ev of energy; with 10° ev? 


372 PHYSICS 


density 
16. An oil drop is suspended motionless in a field of 800 volts/cm. If j 
of the oil is 0.9 gm/cm? and the drop has one electron of charge, what is of appr? 
17. The earth, in temperate latitudes, has an electric field at its surface ce EE 
mately 100 volts/m directed downward. What charge density s the 
surface? If this field were the same over the whole earth, what woul 
charge on the earth? What would be its potential? m 
18. A positive charge Q is uniformly distributed throughout a sphert 
radius R. What is the field at a distance r < R from the center? adi respet” 
19. Two concentric spheres of radii a and b (a < b) have charges 4 au i rom the 
tively. Find the electric field and the electric potential at a distance 
center of the sphere if a <r « b. 


a 
20. Calculate the time taken by the electron in the worked example on P 
traverse the plates. 


f 
cal volume S 


ge 309 


x length 
21. (a) A very long wire has a radius a and carries a charge 7 pen int 
Use Gauss’s law to find the electrostatic field strength both inside anc ]at? poi 
wire. (b) Taking the potential of the wire to be zero, find the potent poten! 
a distance r (greater than a) from the center of the wire. (Do not take k 

at infinity to be zero.) 


= CHAPTER 26 
a LECTRICS AND CAPACITANCE 


1. Poli 

electro, Dlarizatio 

Sie pe inn n. When a metal is placed in an electrie field, the free 
à Way tha t 

à every point of the metal has the same potential. 


fielg ; o 
ree w 

fielq i plied. ve the electric 
tri TOd oes onse x 
“uti Nees a chan. ous the Fic. 26.1. The polarization of atoms in 
atom, Bogner rz Ro in the dis- à : 
to S ectricity withi a dielectric. 

the ë distact: ithin the 

i ctric, since the motion of each electron is confined 


Ma, 
Y h ediate vicini 
^Dpen, Vicinity of one individual nucleus. One of two things 


© ch : 

arge in each atom of the material is symmetrically dis- 
tributed, as it is in crystalline sodium 
chloride, the electric field produces à con- 
centration of negative charge on one side 
of the atom and a small electric dipole is 


produced. Each atom acts as a small 
spherical conductor and becomes polarized. 
Under the influence of à uniform field the 
atoms may be schematically represented 
as in Fig. 26.1. The dielectric becomes 
c dipoles, all having 


p Fs composed of little electri l : 
a ni the same strength and all oriented in the 
le ht The same direction. 
brig he fielq Torque on a 2. It may happen that the charges on 
Mey la, h i the atoms of the dielectric are not uniformly 
‘rads distri :n the absence of an elec- 
a, Ou em istributed even in the & C 
lontano 1 Slecules have a permanent dipole moment. Water is 
tion, rexample. The application of an electric field results 
the dipoles in the same 


each 
The u osea that tends to align 
nt can easily show, using Fig. 
373 


96.2, that this torque 


374 PHYSICS (Sec, 261 
L is given by 
L = glE' sin 0 = pE” sin 9 (26.1) 


where gl is the strength p of the dipole, @ the angle between the field and 
the direction of the dipole, and E' the total electric field tending to rotate 
the dipole. The motion that this torque tends to produce is resiste! a 
the random heat motions of the atoms and perhaps is also partly coun 
acted by torques from the field of neighboring atoms. The net pn 
however, is that on the average there is some alignment with the app 
field. The situation is schematically represented in Fig. 26-3. 
The effect of the turning of dipoles is evidently very much 


s z dis- 
as that of polarization by Hed 
placement of charges. T ed 

ial plac 


cases the dielectric materi? | ef- 
between charged metal pa 
fectively acquires a surface Cro 
as indicated in Fig. 
electric field within a e ne 
therefore that produced by the 
effect of the free charges ° 


Fic. 26.8. The alignment of molecules 
with permanent electric dipoles in a field, 


at the surface of a dielectric 


» Jgctri C" 
Charges on the surface of ihe die gih 
nt field thus depends upon the ‘ts 
in the dielectric. The dipole mo" TH? 
ic material is called the polarization <" gipo! 


metal plates and the bound 
The strength of the resulta: 
of the electric dipoles 

unit volume of the dielectr 


polarization is a vector quantity and has the direction © and 

moment. If there are n dipoles per unit volume, each of momen? 

all of them are aligned with the field then qo? 
P=np 

Some values of the electric moment p are given in Table 26.1. t of 


s Y its, gl 
Since the units of p are those of charge times distance, the eet 
are those of charge divided by the square of the distance. 


See, 26.2] 
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T 


Electric moment p, 


Substance Formula esu 
H:0 1.8 X107 
NH; 1.5 x10 
HCl 1.03 X 10-"8 
d Ogen bromide HBr 0.78 X 10715 
ocio NNNM SEE. HI 0.38 X 107" 


Unit, 

8, th 

Stat... erefor . A . s, 
atcou] e, P is measured in coulombs per square meter; in esu, in 


ombs 
For . Per square centimeter. 


e ed A 
Dressed : lelectric slab of material of Fig. 26.4 the polarization can be 


der... in ter 
PüSity of terms of the magnitude of the bound charges. If the surface 
t ise, Ad, where 


e; n 
Volum 18 Ani charges is o», then the total dipole momen. n 
Me ig th and d the thickness of the slab. The moment per unit 


en 
T Poi oo = 
Mo; Certa: 
* Substance, expected, and indeed found to be accurately true for 
°S, that P is proportional to the applied field E. "Thus 
M ud ano 
bi, X = 
t *; th s ; 
IM Since IE of proportionality, is called the electric suscepti- 
gon, Units oe Practical units of the polarization P are coulombs/ m’, 
ime bg 7 are volts/m, the practical units of Xe are evidently 


engi Der fi is 
Chay iontegs (Volt times meter). In the electrostatic system, Xe 18 à 


n 
Be S qu s 
901 Saito] One statvolt is the potenti 

; and hence 


Ix] = [ statcoulomb statcoulomb | 
Statvolt x cm | ^ | statcoulomb 


al 1 cm from & 


c s iti 
S8 tib ie dtetive Capacity and Dielectric Constant. indien 
i Y, other quantities are used to characterize the behavior 
e, Me in tha ye These can best be understood from a calculation 
E tal plata. 1° dielectric of Fig. 26.4. If the density of free charge 
* and c 6s is denoted by øy, then the total field-producing charge 
€ resultant field is 


E = 4rk(o; — os) One 


6.2 
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; S. 
where k is the constant whose value depends on the units used. 5 ee 
(26.3) and (26.4) are used, the field can be expressed in terms of the 
charges alone as E = 4k (c; — x. E) 


go dre (26.0) 
1 + 4zkx. 


The denominator of this expression occurs often, and we shall 
by the quantity K. 


denote it 


26.7) 
K = 1 + 4rkx, ( 


; : rial. 
The quantity K is called the specific inductive capacity of the pue. 
It should be noticed that, if no dielectric is present, Eq. (26-8) be 
simply 


E = 4rko; 
With a dielectric it is 8) 
B= A4rkos (28; 
K 5 
t a diele^ 


Thus K may be defined as the ratio of the field strength withou io 
tric to that when a dielectric is present. Although this relations”, 
been demonstrated only for a uniform field, it is true in genera’ 


E(with dielectric) = E GrH Kis 

js 

s ; nk ; alue } 
Sinee K is a ratio, it can have no dimensions and its numerical Y the 


independent of the units used. If esu are used, K is often C? : 
dielectric constant of the material. 


js 
j F ; tant ? 
Units. When practical mks units are employed, a third cons' itte 


defined. If k is given the value l/4re, then Eq. (26.7) can bee 
Rate — nuns 
m K and 
If this equation is multiplied by e, the left-hand side becomes denoted 
this combination is called the permittivity of the dielectric and i$ 5 


by e Thus eo can also be sp 
Permittivity is rarely used i 
one. 


«aed: 
" ari? 

The relations between these Various constants are easily summ 

For practical units, 


sp2“ 
oken of as the “permittivity of free 2T orien 
n other systems of units than the 


Kg ue (269) 


roi g mks 
e= Keo = e) + x, 


Xe = € — e = (K = 1)e 


Sec, 26.3] 
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Th th 
e el 5 
ectrostatic system of units we have 


K =1 + 41x. 
Xe = £ = l esu (26.10) 
© relati 
on be ER 
tween the susceptibilities in the two systems of units is 
ji 1 
b Xe (mks) = px (esu) = dreoxe (esu) (26.11) 
me y, 
'€ Values 
9n in &ble d E hese parameters for several common substances are 
Tay, iy 
e 26.9 : 
alues of Permittivity and Specific Inductive Capacity 
"bstangg Sp ecific Electric sus- | Electric sus- 
inductive Permittivity € ceptibility ceptibility 
Vac capacity K| esu Xe, mks 
Air um Esaias Xo 
Suet Nope E n_j 
Cy RCM e = 8.85 X 107! 0 0 
io (AMEN 1.00059. 8.85 x 10-1: | 4.77 X 1075 | 5.22 X 107 
De ca RM i^ o 3.5 X10" 0.24 2.6 X107! 
i AEN 5 x10 0.4 4.4 X107 
p me, c 5.7 5.0 x 107" 0.37 432: 261072 
N UP 2.26 X 1 0.12 1.37 X 1071 
ERIT Stal 7.18 X 1 6.4 71 X 


tempe, 

t i Tature and 
taken evident th Pressure, 
d at for all but the most accurate calculations K can be 


Ty Nit; 
9 Y for ai 
tha, m the firs Or air as well as for vacuum: 


im ‘and ae Eqs. (26.9), since K has no dimensions, it is evident 
* Meter) ave the same dimensions as xe, Which are coulombs per 
© Fo; 

ue a Dielectric. Two small 


Tce 
between Charges Immersed in 
| one another with a force 


^ tee With charges g and q' repe 


d rant (24.1) 
r? 


lees. ; dista; 

Th, ui nett , de petween them. If these conductors are immersed in a 

eg, Puppo. le orce is altered. The field of each charge polarizes the 

ence the field of one charge acting 0n the other is reduced. 

ation charge q induces a charge —% in the dielectric near it. 
n of q' is, then, 


E=k 17% (26.12) 


96.4 
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and the force on q’ is / 6.13) 
(q — og (26. 
F = Eq = ae a , 
x ction 
The force is thus smaller when the dielectric is present. In the preceding sarallel 
it was shown that the presence of the dielectric reduced the field between P 


7 26.12) 
plates by a factor of K. The same rule must apply here also, and Eas ( 
and (26.13) become 


26.14) 
Bart, : 
Kr? 
i (26.18) 
Fat 
Kr? 


Equation (26.15) is Coulomb’s law for dielectric materials. 
A comparison of Eqs. (26.12) and (26.14) or Eqs. (26.13) and (2 
that g is proportional to q and in fact ) 
R A quit 

BK 17 TH amb. ! 
gea . e 
A similar relation must hold, of course, between the charge g’ and th 
charge —q^, that is induced in the dielectric near it. 


.15) sho"? 


bound 


sal of 9 
_ 26.4. The Capacitance of an Isolated Conductor. The poten on 
isolated sphere of radius a was shown in Eq. (25.13) to be P7 

to the charge q on the sphere, 13) 
kq (25. 


the 
ial tO 
For a body of another shape the potential is still proportion. ofte? 
charge, but With a different constant. This proportionality 
expressed in terms of the capacitance C of the body defined bY 


(26.37) 
zd 
us y 
The capacitance of a Sphere is therefore 18) 
(26: 
a 
C (sphere) = k gott 
ele; 
If the charged sphere is immersed in a dielectric mediu™, n tenti j 


ote ed 
field everywhere, and also its integral over the distance, or the E cre? 


H i p 
is reduced by a factor of K. Consequently the capacitance 187 


by this same factor, oo? 
C (sphere) = K i 


See, 26,5] 
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Units 
2 B : 
quation (26.18) takes the two alternate forms 


C(sphere) =a esu 
C(sphere) = 4rea mks units (26.20) 


The capaci 
Shape of the peor of a conducting body depends only on the geometrical 
a © mks yitam: A. esu the capacitance is measured in centimeters. 
sing, "d is talled pei the unit of capacitance is one coulomb per 
micron 18 So small i pa This unit is too large for convenient use, 
S re arad (auf) es nd the submultiples microfarad (uf) and micro- 
(26.95 Usually ee employed. The units of the quantity 
tang at eo has th e in terms of the farad. It is evident from Eq. 
In ye electric s € dimensions of farads per meter. The permittivity 
: usceptibility x, must also have these same dimensions. 


Sun 
its Eq. (26.19) is written 


S Orkeg E: C (sphere) = 4reoKa = 4rea 
adių Ream 
d rom ir eran is the capacitance in uuf of a sphere 1emin 


g 

= 4m = 
S result sa = 4r X 8.85 X 107" X 107 farad = 1.1 uf 
À Bives 
28 5. Units of of course, the relation between the elect 
i Capacito, capacitance. 
dte phe palenta Capacitance. If several ¢ : 
"UM a t also u al of any one conductor depends not only upon its 
Fi Pon the charges on all the others. The capacitance as 


dy 

tap, et, q. (2 

Aag OTS a (26.17) no longer has a unique meaning. If two of the 
e 


rostatic and the 


harged conductors are 


a. 

t Te ¢ 

nce ma lose together and far away from all the others, then 
Y be defined by 


Q (26.21) 


ya is the difference in 
are close together, all 
d upon the other and 
ors is called 


ge on either conductor and 
If the two conductors 


at 
leave one conductor must en 


& fap Bes 
f conduct 


1 N T. © cons 
tig Pho ; an olga Quently equal. Such a pair 9 
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$ iven in Ea 
between the plates can be found by integrating the field give 
(26.8), 


Ark. 
Va= [ Bas = ud 


t the 
itance 18 
where d is the distance between the plates. The oe d hence 
quotient of the charge divided by this potential difference, 


KA (26.22) 
~ Axkd 
The capacitance in esu is obtained by setting k = 1, or 
KA 
C= aA ems 


In practical units, k = 1/4reo, 


oo Q= ak 4 - d farads 


lectric OT 
Fic. 26.5. The 


in e s 
ema Capacitors are often used as elements i d sym E 
circuit symbol for 5 n eins ; standar 
susan QUO cuits. To indicate a capacitor a dii 
used, which is shown in Fig. 26.5. If the ste 
A capacitor ean be constructed of two concentric spheres. Fig. 26-5 
of the inner and outer spheres are a and b, respectively, as in 
potential difference between them is 
kQ(1 1 
Ve L 
p UN 5) mu 


as shown by Eqs. (25.21), where 
inner sphere, and —Q the ch 
capacitance is therefore 


ide 9 ne 
Q is the charge on the ban. T 
arge on the inside of the outer SP 


dee A Pes 
"UARIIS we 01m 
‘\a b 


It should be noted 


charge may exist on 
the outer sphere, 


that an additional 
the outer Surface of 
This additional charge 


Fia. 26.6. 

decrease the potential d there 

of both spheres, but the potential difference between them, an ;cal 
; is independent of this charge. 


er) 
sph 
The capacitance C, Per unit area of the outer sphere of 2 
capacitor is 


p cito 


ical COP’ 
A spheric? for? 


aal Dates can be used, separated by thin sheets 0 
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Kab 


C. = 6 — ais? 


and th ; 
© capacitance of a small area A is 


KabA eee 


C= ap un 


It th 
(b~ ea @and b are assumed to become very large while the difference 
&ys constant, ab is nearly equal to b°, and the capacitance given 


P D DD 
pun approaches that for two parallel plates [Eq. (26.22)], 
Y KA 
ge k(b — a)4r 


8. Bra ngs . 
po any f tical Capacitors. "The capacitors used in practical work 
Stack of orms, nearly all of which are modifications of parallel plates. 

f a dielectric, 

together. The whole 


arranpa Mea, with al 
lating plastic material, 


^ mat sc d 
with ement is c ternate plates connecte 


ermi ten molded together with an insu : 
ing, Sed as minal wires protruding. Ceramic materials or glass are 
tant acitanee e dielectric. Mica capacitors and some ceramics result 
> i mpor- 
i nsi Pr are very constant with temperature, often an imp: 
«Rother n, 
= e | 
Im eus of capacitor is constructed by winding layers of metal 
d om linder, the whole being 
on Such wound-paper 
used. For better 
h oil and sealed 


ee dielectric into a small cy 
; Sula. ^ Te ve Wax to keep out moisture. 
Into On a cana Ty inexpensive and are extensively us 
it an With “itor of this type is often impregnated wit! 

eke Values roelain bushings for the terminals. 
NM trig Wh of capacitance are desired, the area 
ani © pl a large value of K can be chosen, a! 
a Neq j Plates can be made very small Sma 


can be made large, 
nd the separation d 
II values of d are 


[m | j 
thin quite te © So-called “electrolytic” capacitors. These e are 
ie Vath pila i i ric is an extrem 
Y i qd s lates dielectric 
Ben un plates of aluminum, and the irc ands 


n Of aln: 
High Sleet, o; ^. Minum oxide on the surface of the plates, 
otemtian aie itor not withstand 
me nta] q;s Process: Although such capacitors cannot WH iSi 
ET "hà 9f eg erences, very large capacitances can be obtaine 4 E. 

"tg side Pacitor js the Leyden jar, which i$ simply a glass bottle 
ed ,, d out wi yden Jar, < are now found only as 
equi with metal foil. Leyden jars ar 


Rta. Pment 3 P 5 
th; tig, Mall in physics laboratories. : , 
Ni fi Stacks” acitances are desired, air can be used as the i 
Posey Of plates alternately connected are frequently Use i 
Variable capacitor can be constructed easily by moun 
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ing one set of plates on a shaft so 
another set of plates. All radio sets 


symbol for a variable capacitor is shown in Fig. 26.7. 
o_o 26.7. Capacitors in Parallel and in Series. Several 
; capacitors may 
SACRE ENE form the equival 
able capacitor. 


QE Qr qp o 
wr "pon 


or, by Eq. (26.21) C=C,+ Cr+ C, 


cascade. The system is evidently composed of four conductors, num- 
bered (1) to (4) in the figure. Ifa charge Q is initially placed on con- 
ductor (1) and there is no net charge on conductors (2) and (3), the 


Fig. 26.8. Capacitors in parallel. Fic. 26.9. Ca, 


Pacitors connected in 
series, 
distribution of char 


‘ges becomes as shown. 
differences across th, 


es bec The sum of the potential 
e individual capacitors is 


equal to the total potential 
difference, Therefore we can write 

Files Ps y. 

OO aha 

ioe ASABE M 
or eo + G T G (26.26) 


It is evident that Eq 


S. (26.25) and (26.26) can be Eeneralized to any 
number of capacitors. 


26.8. The Energy of a Charged Capacitor. In order to charge a capacitor, 
work must be done in transferring charge from one plate to the other. This 
energy is stored in the capacitor and can be 


Tecovered when the capacitor is 
discharged. The stored energy can be calculated easily. Suppose the capacitor 
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has a charge q and this charge is increased to qg + dg. The amount of work that 
must be done is, by the definition of potential, 

dW = v dq 


where v is the potential difference across the plates when the charge isq. Since 
v = q/C, the total amount of work done for a total charge of Q is 


Qg 1Q? 
w-faw= C4N=36 (26.27) 
Since the final potential V = Q/C, the energy can also be written 
W = «CV? = 14QV (26.28) 


This stored energy may be regarded to reside in the electric field that is pro- 
te capacitor the electric field is confined between the 


duced. In a parallel-pla! ctric fiel 
plates and has the same value at all points within this region. The energy per 
is therefore - 


unit volume, or energy density, i 
cv? 


EN 
2 Ad 


Ww 
Ad 
If Eq. (26.22) is used for C, there results 
w_1K (V1 K m 
Aa 24k (2 Dank” 


Units. The energy density in the electrostatic system where k = 1 is therefore 


1 
diac (26.29) 


In the practical system, k = 1/4r€0, 
1 
MA 3 e KE? = 3 E? (26.30) 


(26.30) have been derived for a special case, they 


Although Eqs. (26.29) and erive 
for the energy density in any field configuration. 


represent general expressions 
PROBLEMS 


ve permanent electric moments. How does the permittivity 


1. Water molecules ha 
e? How should you expect the permittivity of ice to 


of water change with temperatur 


i ? 
compare with that of water? Why ; 
2. Compare the polarization of water in a field of 1,000 volts/em with the polariza- 


tion that would result if the dipole moments of all the molecules were perfectly 


aligned. : 
3. An insulating oil has & specifi 


x« in practical units and in esu? * ' 
4. Find the radius of & sphere whose capacitance is 1 farad. 


5. What is the capacitance of the earth in centimeters; in microfarads? 


c inductive capacity of 2.8. What is the value of 
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6. A capacitor is constructed of a pile of 12 parallel plates each of area 20 em’, 
alternate plates being connected together. The plates are separated from one another 
by 0.4mm of mica. What is the capacitance? ^ 

T. What is the capacitance of a capacitor constructed of three concentric spheres 
of radii 2, 4, and 6 cm, with the outer and the innermost spheres connected together? 

8. A glass plate 2 mm thick, of specific inductive capacity 8, is used as the dielectric 
in a parallel-plate capacitor with plates 20 cem? in area, If the potential difference is 
30 statvolts, what is the polarization of the glass? 


*9. What is the stored energy in the capacitor of Prob. 8? What is the energy 
density? 


10. Derive an expression for the capacitance per unit length of two coaxial cylinders. 

11. A 1-4f capacitor is charged by connecting it to another capacitor of 3 uf capaci- 
tance charged to 200 volts. What are the charges on each? 

12. What is the capacitance of the following four capacitors: One of 1 uf, one 
of 0.4 uf, one of 0.4 uf, and one of 0.2 #f when connected in series; when connected in 
parallel? 

13. A large plate capacitor has a distance of 0.5 mm between its plates. It is 
immersed in a tank of oil, and its capacitance increases, But when the distance 
between plates is increased to 1.2 mm, the original capacitance is restored, What is 
the dielectric constant of the oil? 

14. Three capacitors are connected as shown in Fig. 26.10. What is the capaci- 
tance of the combination? 


E 


244 
7uf 


Fra. 26.10. Circuit for Prob. 14, 


*15. Metals are often welded together by the energy dissipated in the discharge of 
a large capacitor, Suppose 2,000 yf charged to 220 volts is used; how much energy 
in calories is available? : 


16. How many discharges from a 10-4f c; 


: apacitor charged t. ded 
to raise the temperature of 1 ged to 1,000 volts are nee 


00 gm of water 10°C? 


done to remove 


CHAPTER 27 
ELECTRIC CURRENTS 


27.1. Electric Current and Current Density. The motion of charges 
under the action of an electric field produces an electric current, just as 
the motion of the molecules of a fluid in a gravitational field produces a 
current in the fluid. If water flows in a pipe of cross-sectional area A, 
the number of water molecules crossing a transverse plane in the pipe per 
second is equal to NvA, where N is the number of molecules per unit 
volume and v is the velocity of 
flow. In a similar fashion the 
strength of an electric current is 
measured-by the number of elec- 
trons crossing a given plane per 
. second multiplied by the electronic 
Fro. 27.1. A flow of electrons consti- charge. If a current is flowing in 
tutes a current. a wire of area A, the strength of the 
current is defined as the amount of charge crossing a transverse plane per 
second. The current strength 7, or more simply the current, is therefore 


———— 
2 1d 

i= E = nevÁ (27.1) 
SS 


where n is the number of electrons per unit volume in the wire, v the 
average velocity of an electron, and e the charge on each electron. 
It should be remembered that the charge e is a negative quantity. If 


the positive x direction is to the right and electrons are moving from left 
to right as indicated in Fig. 27.1, then v is a positive quantity. The 
current i is, by Eq. (27-1), negative and flows from right to left. Elec- 
trons therefore move in the opposite direction to the electric current. 
This rather strange circumstance ig not difficult to understand. It 


arises from the arbitrary definitions of positive and negative electricity. 
The kinds of electricity were name 


d before it was realized that negatively 
charged electrons move when an electric current flows. 

The unit of current is defined as the flow of a unit charge per second. 
In practical units a unit current is thus one coulomb per second, and this 
current is called one ampere in honor of André Ampère (1775-1836), one of 
the discoverers of the magnetic effects of electric currents. In esu a unit 
current is one statcoulomb per second, or one statampere. From Eq. 
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(24.3), the two units are connected by the relation 
lamp = 2.996 X 10? statamp (27.2) 


It is of interest to caleulate by Eq. (27.1) the value of the average velocity 
v for a unit current. Suppose that 1 amp is flowing in a copper wire 
having a cross-sectional area of 1 mm?, Since the practical units are 
based on the meter as a unit of length, A is 10-5 m?, the number n of 


electrons per cubic meter, which is equal to the number of atoms per cubic 
meter, is 8.4 X 10?5, and 


1 
!T 34 X 105 X 1.6 X 101 X19 = 7-5 X10 m/sec 


The value of v is much smaller than the rms velocity of electrons in a 
metal as calculated in Sec. 24.9, just as the velocity of flow of a gas through 
a pipe is small compared with the rms velocity of the gas molecules. 

The electric current flowin, 


& across a unit area is called the current 
density and is denoted by J. From Eq. (27.1) 


i 
J => = new 


A 
In practical units J is measured in amperes per square meter. 

27.2. Conductivity and Resistance, The magnitude of the current 
density that flows when a given electric field is applied depends upon the 
material. The number n of electrons varies from one substance to 
another, and v also changes. Over a large range of substances and values 
of the electric field the current density is Proportional to the field. In 
terms of symbols we may write 


(27.3) 


J = oh (27.4) 
ec c ca 


; is called the conductivity of the 
Ohm's law. It is evi that 
the electric conductivity e is defined in a gi [ose cis 


3 E racteristic of th ial and 
contains the variations of both n and v. If Eqs. (27.3) eas pes 
combined, there results 2 i 


v 
o = ne— 


E (27.5) 
The ratio v/E is called the "mobility? of the charges. 
In a wire of cross-sectional area A, the current can be written as 


i- JA =cAE = -s4 SY 
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where V is the electric potential and the current is flowing in the x 
direction. If the electric field is uniform over a length J of the wire, we 


can write 
iced relig (27.0) 
where V; and V2 are the values of the potential at the ends of the length 7 
of the wire, as indicated in Fig. 
ae "EC 1 27.2. The figure has been drawn 
: on the assumption that Vi > Vs, 
+ H *  gnd hence E has the direction indi- 
vii ! p cated. The quantity dV/dz is 
Fra. 27.2. Current flows uus a high therefore negative, and 7 is positive. 
potential V; to a lower one V2. The current thus flows from a place 


of high potential to à place of low potential In Eq. (27.6) the combina- 
tion ¢A/Lis called the conductance G of the wire, or 


g= “A (27.7) 


The reciprocal of the conductance G is known as the resistance R of the 


wire, and 


l 
R= (27.8) 


Equation (27.6) can therefore be written also as 
1 
i- qi V9 = RM - V2 (27.9) 


The reciprocal of the conductivity « is named the resistivity pof a material. 


Hence 


caue 
1 

prs (27.10) 
=E 

R=% (27.11) 

G= E (27.12) 
pi 


It should be noted that Eqs. (27.4), (27.6), and (27.9) are all equivalent, 


and all are expressions of Ohm's law. 
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Units. It is necessary to define the units for the measurement of these 
new quantities. From the second part of Eq. (27.9), the unit of resistance 
would be one volt per ampere. This unit of resistance is called the ohm. 
Its reciprocal, the unit of conductance, is called the mho. From Eqs. 
(27.7) and (27.8), the unit of resistivity must be one ohm meter and the 
unit of conductivity one mho per meter. These units are, of course, all 
practical mks units. There are also, to be sure, esu for these quantities, 
but they are very little used. Sometimes a mixed unit of resistivity is 
encountered, the ohm centimeter. Table 27.1 gives some representative 
values of the resistivity p and the conductivity c. 


Table 27.1. Values of p, c, and a 


Substance 


p ohm m s mhos/m a per °C 
Copperman Pudet 1.72 X108 | 5.8 x 107 0.0039 
Tronte sun dote ree 10 X 10-8 1.0 x 107 0.0050 
Nichrome*. 10 x10* | 0.1 x 107 0.0004 
Carbon... 3,500 — x 10-8 2.9 x 104 —0.0005 
Tungsten.. 5.5 x 10-5 1.8 X 107 0.0045 
Fused quartz... 7.5 X 107 1.3 X 10718 


* Nichrome is an alloy of nickel, iron, and chromium often used for its high resistivity, 


The resistivity p and conduetivit; 


rhe Y o vary with the temperature. This 
variation can be expressed empiri 


cally by 
P=pl+oel+pr24.. +) 

Where T is the temperature at which the resistivity 

is the resistivity when T —0. The quantity o is called the temperature 

coefficient of resistivity. For good conductors such as copper, a is approxi- 


mately 1473 per degree centigrade. Values of æ are given also in Table 
27.1. 


Coils of wire with a high resistivity are used as resistance elements, 
and they are called resistors. Resistors are often constructed of carbon 
in various forms and molded into plastic cylinders with copper leads for 
making connections. E 

27.3. Power Dissipation and E] 
examples of electric currents which 


(27.13) 


has the value p and po 


ectromotive Force, 


d In the simpler 
: we are studying, charge ig t rted 
from a place of high potential to a place with a lower a Tanspo: 


a $ tential. Conse- 
quently energy 18 given up by the electrical system. This energy is dissi- 
pated in the wire and appears as heat. As the electrons flow they collide 
with the relatively stationary ions of the conductor and tray 
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dW d 5 
Po AE Ea Ve) (27.14) 


If we solve Eq. (27.9) for Vı — V5, the power P becomes 


1 s2 
Pista (27.15) 


For a given current the power dissipated is proportional to the resistance. 
The resistance is thus a measure of the number and violence of the colli- 
sions between the electrons and the ions of the conductor. 

Since the practical electrical units are mks units, in Eq. (27.15) 7 is 
measured in amperes, R in ohms, and P in watts. This relation is often 
employed to determine the mechanical equivalent of heat by an electrical 
method: If a coil of wire of resistance R is immersed in water and a 
current i passed through it, the temperature rise of the water in a given 
time can be measured and the mechanical or “electrical” equivalent of 
the heat gained by the water can be determined. 

The energy relations of electric currents are often expressed in terms of 
the electromotive force (emf) & The emf acting between two points a 
and b is defined as the work done when a unit charge is carried between 
the two points in question. For the simple cases of steady currents that 
we have considered so far the emf is equal to the difference in potential 
between the two points, and consequently & is independent of the path 
chosen between a and b. In other cases, to be treated later, this is not 
In all cases, if W is the energy dissipated in the circuit between a 


true. 
and b, then 
aw 
b= (27.16) 
Equation (27.14) can be expressed in terms of & since 
(OP PE qu n 
aw  dWdgp », 
a ae. (27.17) 
See 
If Eqs. (27.15) and (27.17) are combined, we have 
e= Ri = a (27.18) 


. : .4), is often called Ohm's law, and 
T ther than Eq. (27.4), is otten ca. ; an 
his equation, ra ted for currents flowing in conducting wires. 


indeed the law was first sta 
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Equation (27.4) expresses a more general relationship and applies 
whether or not wires are present. It will already have oceurred to the 
student that the electromotive force is not a force; the term is a misnomer. 
Electromotive forces can be produced by chemical actions in cells or by 
electric generators of various sorts. For the present 
we shall merely assume that such sources exist. Ifa 
wire of resistance R is connected to the two terminals © 
of such a source, a current z flows whose magnitude is 
given by Eq. (27.18). Such an arrangement is the 4 
simplest electric circuit. Circuits are usually de- Fic. 27.3, _A cir- 
scribed by schematic diagrams, and the diagram for cuit ae * 
this simple case is shown in Fig. 27.3. The symbols ci cix 
used for the source of emf and for the resistor are the app R. 
conventional ones. 
27.4. The Combination of Resistances. 
can be formed, with several resistors. 


indicated in Fig. 27.4, they are said to be connected in Series, or in cascade. 
The same current flows through each resistor. "The potential difference 
A. NR across the combination is the sum 


of the differences in potential 
: i a a h The resistance R 
Fig. 27.4. Resistors connected in series, Cross GAChYOnG: e 


of the combination is consequently 
the sum of the individual resistances, thus, 


R = Ri + R: + R; 
or, in more general terms, 


More complicated circuits 
If the resistors are connected as 


R= ZR, (27.19) 
Resistors can also be connected in parallel, as indicated in Fig. 27.5. 


Here the potential difference across each resistor is the same, but the 
current through each one is differ- 


ent. The resistance R of the com- 
bination must be given by 

Ri = Rii = Rais = Reis (27.20) Ra 
where tı, 7», and 2; are the currents 
through theindividualresistorsand © 


Fic. 27.5. Resistors ted in par- 
i= i + i+ is (27.21) allel. AETS GE 


If the four currents i, i; 1», and is are eliminated f 
the three equations (27.20), the desired expression 


rom Eq. (27.21) and 
It is simpler, however, to use the conductances 


for R can be found. 
G, of the individual 
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resistors. If V is the potential difference across the combination of 


resistors, then 
i = VG = ZVG, = VZG, 


eoe (27.22) 


The conductance of the parallel combination is therefore the sum of the 
conductances of the individual resistors. In terms of the resistances, Eq. 


1 (27.22) becomes 


C A 

ies x 1 

RZE (2723) 
ı For two resistors, 

— Rik: 
ERA (27.24) 
3s 27.6. Net et f te es BE the use of Eqs. (27.19) and 

. .U. Tri 0! 5 

naan Me ohms. (27.23) successively, the resistance 
of more complicated networks can 


be found. The resistance between the points A and B in Fig. 27.6 is 
found from Eq. (27.24) to be 34 ohm. This 34-ohm resistance is in series 
with resistances of 1 and 4 ohms, and hence, by Eq. (27.19), the total is 
534 ohms. The total resistance R between C and D is thus 534 ohms in 


parallel with 5 ohms, or, by Eq. (27.24), 
_ 5X 5% _ 115 
R-— $3554 B ohms 


27.5. Kirchhoff's Laws. In complex combinations of resistors and 
perhaps several sources of emf it is often desired to find the currents that 


flow through each resistor. The 4 B é 


procedure to be followed in such 


cases can be formulated concisely 
in terms of two laws known aS (f) n " 
Kirchhoff’s laws. Consider the 1 " 
simple network shown in Fig. 27.7. T 4 
Let the currents through the resis- 

D E F 


tors R, and Rz be i; and iz he uu 

first of Kirchhoff’s laws states that in 27.7. Application of Kirchhoff's 
the algebraic sum ofa 
flowing into any pont of 
C in Fig. 27.7 the law st 
into C from B is equal to the curren 
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R:. When the law is applied to point B, the result is 


i—d4dd4 (27.25) 
This is obviously true since charge does not accumulate at B.  Kirchhoff's 


first law is thus another expression of the law of conservation of charge 
(Sec. 24.3). 


The network of Fig. 27.7 is made up of loops. 
This loop contains the resistor R, and the sow 
second law is a generalization of E 
loop, the sum of the emfs must be 


"Thus one loop is ABED. 
rce of emf. Kirchhoff’s 


6 = Ry + Ri (27.26) 
Another equation can be obtained 


by applying the law to another 


loop, such as BEFC, This results 
in 


Ri: — Rein = 0 (27.27) Fic. 27.8. Network of resistors. 


and (27.27) are three independent relations 
that can be used to determine the three unknown currents, 7, 4;, and ?». 
ained from the loop ACFD, but this leads to 
no new result. 


ume currents 71, 4», . . . flow- 
Stors, and apply Kirchhoff’s first law, 


S (27.28) 

8 

to several points in the network. The second Kirchhoff law, 
Ze, = Zhj; (27.29) 
a J 


can be applied to as many loops as are needed to Obtain a sufficient 
number of independent equations. 
Worked Example. 


call these currents 
law takes the form 


to + is = 5 amp 
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Application of the second Kirchhoff law to the loop formed by the two 


resistors results in 
Qi2 — 3i; = 0 


1f the first equation is multiplied by 2 and the second subtracted from it, 
it is found that i; = 2 amp and hence i; = 3 amp. 

97.6. The Wheatstone Bridge. An electric network that is commonly 
used to compare the resistance values of two resistors is known as a 
Wheatstone bridge. The arrangement is shown schematically in Fig. 
27.9. Between points A and B a long wire of high resistance and length 
lis connected. Between the junction C of a standard resistor E, with an 
unknown resistor Rz and a variable point of contact D on the wire, à 
sensitive current-detecting instru- 
ment or galvanometer is connected. 
The distance x from A to the vari- 

Rs Rz able contact is changed until a 
position is found in which no cur- 

a © rent flows through the galvanome- 
B ter. In this condition the bridge 

is said to be balanced. The same 

current 7: then flows through RE, 

and Ra, and a current i; flows 

© r through both parts of the wire. 

Fra, 27.9. A Wheatstone bridge. Kirchhofi's second law can then be 


applied to the circuits ACD and CBD. The circuits contain no emfs, 


and hence 


ll 


iR, — taxR/l = 0 
üR,— ial — x)R/l = 0 


ire. These equations can be combined 


ll 


where R is the resistance of the w: 
to give 


Ree 97.30 
m y (27.30) 


The unknown resistance is thus determined in terms of the standard 


$ ; j is fairly easy to achieve 
d easily measurable lengths. It is 3 
[ies pin o iod t of the ratio of resistances by this 


d uracy in a measuremen of 
ee The condition for balance [Eq. (27.30)] is independent of 8 and 


the currents, as well as independent of the properties of the detecting 
, 


device. : i - J 
Practical Wheatstone bridges take many forms. e wire may be 


replaced by sets of coils tapped at lengths to give resistance ratios of 


1, 10, 1/10, and so forth, and the standard resistor E, may be variable 
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and calibrated. It should be noted that the network of Fig. 27.8 has the 
form of a bridge circuit. 


27.7. A Circuit Containing Resistance and Capacitance. In Fig. 27.10 is 
shown a simple circuit containing both resistance and capacitance. If the 
capacitor C is initially uncharged and the switch S is closed, a current flows 


through the resistor to charge the capacitor. At any instant the emf must be 


equal to the sum of the potential difference across the capacitor and that across 
the resistance, 


3d ; 
S=Gt Rk 


where g is the momentary charge on the 
capacitor. The current i flows to the 
capacitor, and 


dg » 
i- at Fig. 27.10. A circuit containing re- 
sistance and capacitance. 
Hence q is the solution of the differential equation 


=44p% 
Beds dt (27.31) 
This equation can be solved by a separation of the variables, Transposition and 
division by R result in 
& S T qu 80 9 
d  R' ROT RC 
Hence zn edt 


Which can be integrated at once, We obtain 


In (8C — q) = (—t/RC) +n A 
where the constant of integration is written in the form In A. This can be trans- 
formed to : 


$c — 


(27.32) 


To determine the parameter A it i Y to know the value of q for one 
value of t. Suppose, for exampl. when ¢ = 0; then 


e, that q = 0 
À z 80 
q-—6C(1— eU Rc) 
Equation (27.33) shows that q changes monotonicall 
t = 0 to the value 8C for very latge values of 7, 
Fig. 27.11, 


and (27.33) 


Y from the value 0 when 
The variation is illustrated in 
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The quantity RC in the exponent is known as the time constant of the circuit. 

Att = RC, 
- 1 

q- 8C (i = z) = 0.6318C (27.34) 


The time constant is a measure of the time taken for the capacitor to charge. 
During the time RC the charge reaches 63 per cent of its final value. : 


RC 
Fic. 27.11. The charge on the capacitor Fic. 27.12. The current in the iie 


RC 1— 


in Fig. 27.10. cuit of Fig. 27.10. 


The current as à function of time can be found by differentiation of Eq. (27.33) 
^ " , 


with the result 


i= 


( 
gt (27.35) 


Bl o» 


The current thus decays exponentially from the value &/R when t = 0. When 
t = RC, the current has 1/e of its initial value. Figure 27.12 shows the variation 


of i with t. 
Worked Example. In the circuit of Fig. 27.10, the emf & = 100 volts, R = 10* 
ohms, and C = luf. The switch S is closed at t = 0 with the capacitor 


uncharged. Find the initial value of the current in the circuit. From Eq. 
(27.35) at t = 0, 


NUN e 
Hos r 10 10? amp = 10 ma 


The time constant is 
RC = 10! X 10-5 = 10-? sec 


The current after 10-* sec has decreased to 


2 
i= m = 0.0037 amp = 3.7 ma 
PROBLEMS 


1 mile of copper wire 1 mm in diameter? 


1. What is the resistance of ‘ à 
2. Prove that for two conductances in series G = G:G2/(Gi + G2). 
*3, The constant A in Eq. (27.32) is determined by the condition that q = go at 


i¿=0. Whatisgasa function of t? . 
4. What is the conductance of four resistors in parallel having resistances of 


6, 10, 18, and 20 ohms, respectively? 
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5. It is desired to make a resistor of an iron element and a carbon element in series 
so that the combination has a zero temperature coefficient, What must be the ratio 
of the resistances of the two elements? Neglect the changes in volume of the elements. 


6. Derive the temperature coefficient of resistance of a wire in terms of the tem- 
perature coefficients of resistivity and linear expansion, . 

7. What are the current and the resistance of a 100-watt lamp bulb operating at 
115 volts? 

8. A d-c generator giving 120 volts at its terminals delivers a current of 50 amp 
to a line consisting of a pair of long wires running toa motor. The potential difference 
between the wires at the motor is only 110 volts. Find (a) the resistance of each 
wire, (b) the power delivered to the moto: 


T, (c) the power supplied by the generator, 
and (d) the power lost in the wires, 


9. A family uses 300 liters of hot water, at a temperature of 60°C, in a day. Water 


is heated by electricity and has a temperature of 15°C in the supply mains. If half 
the heat energy is lost, how much electric energy would be required? What is the 
cost at 5 cents per kilowatt hour? 


10. If each of the resistors in F; 


ig. 27.8 has the value of 1 ohm, what is the resistance 
across the terminals? 
11. A l-4f capacitor is charged at the rate of 3 X 10* volts/sec. What is the 
current flowing into the capacitor? 


*12. Complete the solution of Eqs. (27.25) to (27.27). 
*13. Show by using Kirchhoff’s laws that 


the current i, through the galvanometer 
in the Wheatstone bridge when it is not balanced is 
i (R.Q — R,P)g 
o 


T RRP F R:PO F RPO y RRQ F RR, 


TP +Q) 
where R, is the resistance 


of the galvanometer, P = p — Q, and Q = Rz/l. 


14. Calculate the mobility of electrons in copper, 
15. What resistance R must be connected between the terminals C and D in 
Fig. 27.13 in order to have the resistance between terminals A and B equal to R? 


Ry n 
A 


Ro 


B D 
Fic. 27.13. Circuit for Problem 15, 


Fig. 27.14, Problem 16. 


16. Find the currents through each of the batteries in Fj i i 
directions. Resistances are in ohms, in Fig. 27.14 and specify their 
17. When a potential difference of 110 vol 
3, th 


Y (Fig. 27.16). (b) What is 
R, are changed to 201 ohms, 
rent through 
up of a single 


(c) If Ry and 
he battery? 
the galvanometer? (Specify its direction.) 
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wire of length J, area A, and resistivity p. If A remains constant, what strain (Al) 


is necessary to change Rı and Ry from 200 to 201 ohms? (f)I i 
: far d i 
P [= 14(5A/A)/(AUD] is equal to 0.4, what is the strain ode to ne rund 


90 volts | 5 


Fia. 27.15. Problem 17. Fic. 27.16. Problem 18. 


R, from 200 to 201 ohms? (g) What will be the stress developed in the wire i 
if it is made of copper? wire in (f) 

This device (strain gauge) is frequently used for measuring strains. 

19. Three resistances of value 2 ohms, 4 ohms, and 6 ohms are Sonüebted Tn-phrallel 
and this combination is joined in series with an 8-ohm resistance and a batter; on el, 
an emf of 6 volts and an internal resistance of 1 ohm. Find the current in "s TONER 
resistance. 

20. Twelve lamps, each of resistance 100 ohms, are arranged in two groups the 
first of which has 7 lamps in parallel and the second has 5 lamps in parallel. The two 


groups are connected in series across & 230-volt d-c line. Calculate the potential 


drop across each group. 
21. Four resistances, each of 10 ohms, are connected to form a square with corners 


A, B, C, D. Another resistance of 20 ohms is placed between B and D. Find the 


resistance offered by this network to a potential difference between A and C. Find 


the current in the diagonal branch if the potential difference is 110 volts. 


CHAPTER 98 


CHEMICAL AND THERMAL 
ELECTROMOTIVE FORCES 


28.1. Conduction in Electrolytes. In metals an electric current is the 


result of the motion of electrons; in liquids and solutions the conduction 
mechanism is different. In water, for example, the electrons are tightly 


bound to the atoms and cannot move about. Some of the water mole- 
cules are dissociated according to the equation 


2H;0 = H,0+ + OH- (28.1) 


By H,0+ is meant a com 


plex with one extra 
tron missing) or a bare h 


charge of one electron. 
ons (Greek ion, wander- 
d give rise to an electric 
expressed by an equation similar to Eq. 
ne for the positive and the other for the 
negative charges, Thus 


4 7J nte + ney (28.2) 


Where A is the area, n+ 
ions per unit, volume, y+ 
If the liquid has no net, 
The number of ions pe 
Eq. (28.1) describes a 
as the ratio of the cur 


and n- are the numbers of positive and negative 
and v- their velocities, and e+ and e- their charges. 
charge and the ions have equal charges, n+ = n-. 
r unit volume depends on the temperature, since 
reversible reaction, The conductivity is defined 
ectric field, and 


where m+ and m- 


but that depend also upon te 


water has a mobility of 5.3 x 10-4 cm/sec per volt/em or 5.3 X 10-4 
cm? sec~! volt-! at a temperature of 25°C, 
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Other liquids also dissociate into i 
ler ions and therefo: 
electricity. For example, ethyl alcohol splits up PR a jaa 


2C2H,OH = (C:H:OH2)* + (C2H;0)- (28.5) 


Liquids that do not dissociate are i 
1 nsulators, e.g. i 

amounts of water dissolved in the oil do dissi eee e 

produce a small conductivity. It is therefore important tok 2 jm eus 

ing oils pure and dry. a 

If a salt is dissolved in water, the molec 
t V ules of the salt i i 

Thus sodium chloride in solution becomes almost Spam mee re n 

into 


sodium and chlorine ions, 
NaCl = Na* + C (28.6) 


Some salts, in bivalent compounds, produce doubly charged ions, fo 
, r 


example, 
Cu(NOs)2 = Cut + + 2(NO;) (28.7) 


where the two plus signs indicate that the copper ion h 
as t 
less than & normal copper atom. Another example is "o ala 


CuSO, = Cut + + 80777 (28.8) 


re doubly charged. A solution containing ions of a salt, 


where both ions & 
lyte (Greek lyein, to dissolve). Acids and bases behave 


is called an electro 


similarly in water solutions. 
Salts dissociate to 4 much greater extent than does water, and elec- 


trolytes are better conductors of electricity than pure liqui ds. The 
values of n* and n~ in Eq. (28.3) are larger, but the mobilities of the ions 
of salis and liquids do not differ greatly. As an example, a normal 
solution of sodium chloride has & specific conductance of 7.5 mhos/m at 
18°C. Such & solution contains 1.2 X 1027 ions per cubic meter. In 
copper there are approximately 70 times as many carriers of electricity 
per unit volume, put the conductance is nearly 107 times larger. The 
ionic mobilities are therefore much smaller than the mobility of anelec- 
tron in copper. 

he ease of dissociation of salts in water is the high value 
capacity of water. We have shown [Eq. (26.15)] 


that the force between 
inductive capaci 
hold a salt molecule together are therefore weakened by the water until 
they are unable to maintain the molecular stability. 

28.2. Electrolysis- In order to produce a current ta gai ee 
5er S electric field. ‘This is most con- 
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veniently done by immersing in the electrolyte two pieces of metal 
connected to the terminals of some external source of an emf. These 
metal pieces are called electrodes; the positive electrode is called the anode 
(Greek ana, upwards; hodos, path), the negative one the cathode (Greek 
kata, downward). In general, a pair of electrodes produces, not a uniform 
electric field, but a field that varies from point to point within the 
electrolyte. 

Suppose that two electrodes of an inert metal such as platinum are 
immersed in water and connected to a source of emf. The hydrogen 
ions in the water are positively charged and hence flow to 
charged cathode. Upon reaching the cathode, 
and becomes a hydrogen atom. Two such atoms 
gas is released and bubbles off. The hydroxyl 
anode, and each one loses an electron there. 
reaction takes place, 


the negatively 
each ion is neutralized 
combine, and hydrogen 
ions, OH-, flow to the 
At the anode the following 


20H- — 2e + H.0 +0 (28.9) 


where e denotes an electron. 
molecule of oxygen is formed. 
the anode for each oxygen mole 
hydrogen molecule is formed for 
of hydrogen gas are therefore e 
net, result of the passage of an 


When two oxygen atoms combine, one 
Thus four hydroxyl ions must reach 
cule formed. On the other hand, one 
every two hydrogen ions. Two volumes 
volved for each volume of oxygen. The 
electric current through water is thus the 
decomposition of the water into hydrogen and oxygen. This process is 
known as electrolysis. Electric energy is transformed into chemical 
energy in electrolysis, 

If other materials are used as electrodes and electrolyte, various other 
chemical reactions can be produced. If a copper anode is employed in a 
solution of copper sulfate, copper will Eo into the solution at the anode 
and be deposited out on the cathode. This Process of electroplating has 
many commercial applications and can be used to produce many metallic 
finishes and coatings. 

The amount of material transported in any electrolytic Process can be 
calculated. Since the charge i 
value, the amount of material t; 


A 
w= We (28.10) 
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Equation (28.10) is often written 

m = ZQ (28.11) 
where Z is called the electrochemical equivalent of the substance and 
Z=A/vNee. Thus, for hydrogen, 


Z 1.008 
=Tx 6.0 x 10% X 1.6 x 8107 


or 10-5 gm/coulomb 


Equations (28.10) and (28.11) are known as Faraday's laws of electro- 
lysis, after their discoverer. The quantity of electricity Noe is a universal 
constant, and its value can be determined accurately from electrolytic 
experiments. The constant is called the faraday and is equal to 96,496 
coulombs. Once the value of the faraday is known, currents can be 
determined accurately from the weight of the electrolytic deposit of 
a metal, usually silver. An instrument for this purpose is called a 
voltameter. 

28.3. Cells. In electrolysis, electric energy is transformed into 

Inversely, chemical energy can be utilized to produce 
If electrodes of any two metals are immersed in an 
d that a difference of potential exists between the 
flows in a wire connected between the electrodes. 
is called a cell. The flow of current through the 
changes within the cell, the nature of 
on the composition of the electrodes 


chemical energy. 
electric energy. 
electrolyte, it is foun 
metals and a current 
Such a source of emf 
wire is accompanied by chemical 
these changes depending, of course, 
and the electrolyte. 

e is immersed in water, some of the copper goes into 


If a copper electrod 
solution as ions, and electrons are left on the electrode. The reaction is 


Cu = Cutt + 2e (28.12) 


The copper electrode thus becomes negatively charged and assumes a 
potential lower than that of the solution. An equilibrium state is reached 
in which the number of Cu* * ions formed per second is equal to the 
number per second attracted to the electrode and precipitated there. If 
additional Cu* * ions are present in the solution from some other source, 
hifted and the potential of the electrode altered. The 


the equilibrium is s! 
potential depends also upon the temperature and upon the electrode 


material. : 
If two electrodes of different metals are present, the potential difference 


between the metals is the difference between two metal-solution poten- 
tials, and a cell is formed The potentials may be represented schemati- 


402 PHYSICS [Sec. 28.3 


cally in Fig. 28.1a. If the electrodes are connected by a resistance, à 
current flows and there will be an iR drop across the electrolyte in the 
cell, as schematically shown in Fig. 28.1b. If the electrodes are connected 
by a wire of negligible resistance, so that they are at the same potential, 


Sol'n Sol'n 


Sol'n 


Metal 1 


Sa Metal 2 


(a) (b) 


Metal 1 Metal 2 


(c) 
Fic. 28.1. The potential relations within a cell; (a) open circuit, (b) circuit closed 
through a resistance, (c) cell short-circuited. 


a larger current flows and the potentials are shown in Fig. 28.1c. A 
cell therefore has a net emf and an internal resist: 


ance, the resistance of 
the electrolyte. 


The potential difference between the terminals of the 
cell depends, therefore, upon the current flowing 


rut through it. 
o—_| In electrolysis the two electrodes are immersed in a 


Fre. 282, The eon and hence a potential difference exists between 
symbol for a cell, them; the arrangement is called an electrolytic cell. ‘To 


produce the electrolysis an emf from an external 
source must be applied which is gi 


reater than, and in the opposite direction 
to, the emf of the electrolytic cell. The electrolytic cell is said to produce 
a counter or back emf. 


n & 
TURBO (28.13) 


The power P dissipated in the load resistor is 


; E&R 
Peet Seep (28.14) 
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When R = r, the power has a maximum value given by 


Pos = 4R = (28.15) 


Equation (28.15) applies, of course, to all sources of emf. The value of 
Pax is called the available power. Groups of cells are 

often employed; such a group is called a battery. For 

a higher emf, cells are connected in series; for a larger £ 

current capacity, they are connected in parallel. 


28.4. Practical Forms of Cells. In practical cells the i P 
chemical reactions that take place are much more com- 
plicated than those just described. For example, some gas 
is often released at one or both electrodes. Many secondary 
reactions also occur. The net result is that the emf of the 
cell decreases after current has been flowing, but the cell R 
recovers again when the current is stopped. These second- Fic. 28.3. A cell 
ary actions are known as polarization. The phenomenon with internal re- 
has nothing to do, of course, with the polarization of a sistance r and ex- 
dielectric, Additional substances are usually added to the ternal load R. 
cell to minimize the polarization, and the chemical effects are made still more 
complicated. 
The Daniell cell (Fig. 28.4) is one of the simplest practical cells. It consists of 
a copper anode immersed in saturated copper sulfate solution and a zine cathode 
in a solution of zinc sulfate. The two solutions have different specific gravities 
and mix only by diffusion. In some Daniell cells the two solutions are separated 
= T by a cup of porous ceramic material. In a freshly pre- 
pared cell the zinc sulfate solution is dilute, and the emf 


is about 1.06 volts. With the flow of current the zinc 
and the solution becomes 


7777777772772 cathode gradually dissolves, 
more concentrated. The emf therefore gradually de- 
creases with age. 


The dry cell is the most common form of portable cell. 
The positive electrode is a carbon rod and the negative 
electrode a zine can, which encloses the carbon rod. The 


Fra. 28.4. The Dan- electrolyte is a paste containing zinc chloride, ammonium 
iell cell. chloride, and manganese dioxide. The whole is sealed 

at the top with a layer of wax. As the cell is discharged, 
d zinc ions are formed. At the positive terminal 
h the manganese dioxide according to 


E227777777777272277) 


the zine cathode dissolves an 
the ammonium ions react wit 


2(NH1) + 2e + MnO; — 2NH; + MnO + H.0 


"The cell is worn out when the manganese dioxide becomes exhausted. The emf 


of a new cell is between 1.5 and 1.6 volts. 
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The lead storage cell can be recharged by passing a current through it and revers- 
ing the chemical reactions. In the fully charged condition the anode of this cell 
is a lead plate coated with the lead peroxide, PbO», and the cathode is metallic lead. 


The electrolyte is sulfuric acid. The emf of the cell is 2.1 volts. As the cell 
discharges, the anode reaction is 


PbO: + S0; ~ + 4H* + 2e — PbSO, + 2H.0 
The lead sulfate formed adheres to the plate. At the cathode the reaction is 
Pb + 80; 7 — PbSO, + 2e 


and the lead sulfate again is deposited. Since sulfate ions are removed from the 
electrolyte, its specific gravity falls as the cell is discharged. When the cell is 


CdSO, 
solution 


CdSO,4 
Crystals 


Hg2 S0, 
paste A-Cd-Hg 
amalgam 


Fic. 28.5. The Weston standard cell. 


charged, the reactions are eff 
peroxide are restored. H: 
made with a very low inti 
from it. 


The Weston standard cell is useful for measurements since the emf remains 
unchanged over long periods of time. The construction is shown schematically 
in Fig. 28.5. The emf is 1.0183 volts at 20°C. 


ectively reversed and the metallic lead and lead 
ydrogen gas is also evolved, A lead storage cell can be 
ernal resistance, and hence large currents can be drawn 


28.6. The Potentiometer. Since a cell has internal resistance, the 
potential difference between th 


e terminals depends on the current flowing. 
In order to measure the emf of the 


i cell a method must be employed that 
does not involve a flow of current, Such a device is known as a potenti- 
ometer. A schematic circuit diagra: 


m is given in Fig. 28.6. The cell C 
produces a steady current 7 through 


1 the resistance R and the resistance 
wire of resistance r per unit length. "This eu; 


3 : rrent can be adjusted to a 
convenient value by the variable resistor R’, The potential of the point 
b is higher than that at a because of this current, and 


Ve — Va = Ri+ rai (28.16) 


-——Ó 
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If the double-pole double-throw switch S is used to connect cell A in the 
circuit, the distance x can be varied until V, — V, is equal to the emf of 
cell A and no current flows through the sensitive galvanometer G. Let 
this value of x be zs. The switch can now be thrown the other way, and 
the distance zs, such that again no current flows through G bai be 
determined. The ratio of the emfs is then equal to the 5 of the 


resistances, 


A 
&4 , E-bTza — (9g 7) E 


8s RFris 


If cell A is a standard cell of known 
emf, then the emf of cell B can be 
easily found. 

In a practical potentiometer, C 
might be a lead storage battery of 
two cells. The wire can be cali- 
brated to read directly in volts. 
Suppose the current i is chosen to 
be 100 ma, R is equal to 10 ohms, Fro. 28.6. The potentiometer. 


and the wire resistance also is 10 
ohms. The range of the potentiometer is then from 1.0 to 2.0 volts. 


The current i is adjusted until no current passes through the galvanome- 
ter when the standard cell is connected and the slide-wire contact is set 
to the proper reading. The emf of an unknown cell can then be read 
directly from the point of balance on the wire. 

Since a potentiometer “ divides” a potential difference into adjustable 
proportions, a variable resistor with contacts at each end and a variable 
contact between the ends is also called a potentiometer, or potential 

divider. Such a device is indicated in circuit 
diagrams by the symbol in Fig. 28.7. 


28.6. The Thomson and Peltier Emfs, When 
through a resistor, heat is developed 

F. current passes x , p 
rs 5 rar oad irreversibly at the rate i'R. Heat can also be 
divider er or potentia! verted to electric energy bya reversible pro- 
ü and this process gives rise to a thermal 


cess, 
emf. Ifa metal bar is heated at one end, the temperature, and therefore the 


pressure of the electron gas within the metal, is increased at one end over that at 
the other. A difference in electron concentration results between the two ends of 
the bar of such an amount that the electrostatic field produced is just counter- 
balanced by the tendency for diffusion of electrons from one end of the bar to the 
other. The difference in temperature thus results in an emf called the Thomson 


emf. Thomson emfs are of the order of magnitude of millivolts. 
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If two dissimilar metals are joined, there is a diffusion of electrons from one 
metal to the other until a field is established of sufficient magnitude to maintain 
equilibrium. The junction is therefore the seat of an emf called a Peltier emf. 
This emf is also of the order of millivolts. Peltier emfs depend upon the two 
metals and upon the temperature of the junction. The existence of a Peltier emf 
can be demonstrated by the circuit of Fig. 28.8. If the current and the Peltier 

emf are in opposite directions, heat is developed at 
the junction in excess of the normal i?R heating. 
1f the current and emf are in the same direction, 
the heating is less than normal. With the metals 
antimony and bismuth, for which the Peltier effect 
is unusually large, an actual cooling of the junction 
may take place. The cooling effect is small and 
not of direct, practical importance. 
28.7. Thermocouples, 


If two dissimilar metals 
A and B form a closed circuit as in Fig. 28.9, with 


=e the junctions at different temperatures, the Peltier 
ead IDA Toimkonna at the two junctions are different. Since 

i there must be a temperature gradient in each 
metal, Thomson emfs also exist, The net emf does not vanish, and con- 
sequently a current is set up in the circuit. This effect was discovered by 
Seebeck (1770-1831), 


and the net emf is known as a Seebeck emf. The Seebeck 
emf & is found by adding the Peltier and Thomson emfs around the circuit and 


thus obtaining 
& =P. + 94 — P, — 0s 


(28.18) 
A current flows in the circuit formed. This can be easily measured. The 
current 7 has the value &/R, where R is the total resistance of the circuit. Sucha 
device is known as a thermocca:ple. 


Thomson emf 04 
cid 


Peltier 
emf 
P, 


Thomson emf ap 
Fie. 28.9. The Seebeck emf ina thermocouple. 
A thermocouple is an extremely im 
temperatures. It is evident from Eq. (28.18) that an intermediate metal can be 
introduced in the thermocouple circuit, 


portant device for the measurement of 


, and provided that both new junctions 
are at the same temperature the Seebeck emf is unaltered. Consequently the 
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current-measuring device can be inserted in the circuit without a chan, i 
Fig. 28.10. If the temperature T is fixed by immersing one Mese ie im 
ice and the thermocouple calibrated, the temperature T' at the other junction E 
be determined. Since the current in the thermocouple circuit depends upon the 
resistance as well as upon the temperature difference of the junctions, a potenti- 
ometer is often used to measure &. : 

Thermocouples can be connected in series to increase the emf generated. A 
group of them so connected is called a ý 
thermopile. A thermopile is used as a 
sensitive detector of radiant energy. A 
receiver R (Fig. 28.11) has one set of 
junctions attached to it in close thermal 
contact but electrically insulated from it. 
The other junctions are attached to the 
support S. The incident radiation, rais- 
ing the temperature of R over that of S, 
produces an emf proportional to the ^ gs 28.10. omnia 
energy absorbed. : of temperature with a eros Sicil 

The thermoelectric force can be well SOUDIE: 
represented, as a function of the absolute temperatures of the two junctions, by 
a second-degree equation, 

& = a(T2 — Tı) + bT? — Ty) (28.19) 


If T, is kept constant, a plot of & as a function of T'» is a parabola. The emf is 


zero for 
2a 


T.- T, md  n--y-n (28.20) 


The second of these temperatures is called the inversion temperature T;. The 
temperature at which d&/dT. is zero is 


called the neutral temperature Tn, and 


T= —5 (28.21) 
The derivative d&/dT; is called the ther- 
moelectric power. The variation of & with 
temperature is indicated in Fig. 28.12. 
Table 28.1 gives the values of a and b rela- 
tive to lead for several metals. These 
AR values are not very reliable, since the: 
Auch Schematic diagram of & depend sensitively upon the impuritieg 4 
the metals and the state of cold working. 
It should be noted that the emf of metal A relative to that of metal B is the 
difference between the emf of A relative to lead and that of B relative to lead. 
Worked Example. Find the thermoelectric power and the neutral temperature 
of a thermocouple composed of antimony and bismuth, From Table 28.1, the 
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F = q(vsin $)B (29.3) 


which reduces to Eq. (29.2) when $ = 7/2. 
The integral of the normal component of B over a surface, 


% = f Bcos6dA (29.4) 
E 
where 0 is the angle between the normal to dA and B, is called the mag- 


netic flux of induction. The magnetic flux is thus similar to the electric 
flux (see Sec. 25.4 and Fig. 25.6). 


Equation (29.1) serves to define not only 
the induction B but also the units in which B 
is measured. In the practical mks system, F 
is measured in newtons, q in coulombs, and v 
in meters per second. The units of B are then 
newton sec per coulomb meter. 

The cgs system can also be used with Eq. 
(29.2). When F is measured in dynes, g in 
esu, and v in cm sec-! we get a certain unit for 
B which the reader can easily determine. But 
Fic. 29.2. The magnetic a happens that this unit is mant impractical 
force when v is not perpen- and is never used, and we shall not consider 


dicmiartoras it. The reason lies in our selection of the esu 
for g, which is objec 


To see this we return fo If there we express 
F in dynes, | and a in cent: e (which is the pro- 
ge) à and i; are not given in 
coulombs per second, that is to 
second. Clearly, then, if we wi 
calculations, another kind of ch employed. It is the 
also called the abcoulomb, and 
= 3 X 101 esu! of charge. 
f the cgs unit of charge is used in 
Per abcoulomb cm, and this is an 


3 the units cf the Magnetic flux $ are 
given special names. In the practical system the unit of magnetic flux 


is called the weber after W. E. Weber (1804-1891), a German physicist. 
Using the weber as the primary unit, it is customary to derive a unit of 


1 That the number, 3 X 10%, equals the velocity of light in cm/sec is no accident, 
as we shall see later (Sec. 30.4). 
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induction which is equivalent to a newton second per coulomb meter. 
Since induction is flux per unit area, we obtain for this unit of B the weber 
per square meter. This is indeed the practical unit commonly employed. 
In the electromagnetie system, the unit of flux is called the marwell 
named after J. C. Maxwell (1831-1879), one of the great mathematical 
physicists. It follows from the definition that 


1 maxwell/cm? = 1 gauss = 10-* weber/m? (29.5) 


Since the ratio of 1 gauss to 1 weber/m? is a power of 10, the gauss is 


sometimes used as an mks subunit. 
29.2. The Motion of a Charged Particle in a Magnetic Field. If a 


particle of charge q moves in a uniform field B, perpendicular to the 


4 š ^" " e X x x x x 
e à 4 

. e . e X x 

. . e X se 

5 5 i . 25€ " 

. A . . e X x x x x 


Fic. 29.4. A negative particle in a field 


Fic. 29 itive particle in a field 
Wc one ee inward to the paper. 


outward from the paper. 


velocity v, the force is also perpendicular tov and constant in magnitude. 
It produces an acceleration constant in magnitude and perpendicular 
to v, and we have seen in Sec. 5.9 that this is characteristic of uniform 
circular motion. The path of the particle is therefore a circle, and the 
magnetic force is a centripetal force. If the field is outward from the 
paper, as in Fig. 29.3, then for a positively charged particle F and v have 
the directions indicated. The field is represented in the figure by the 
series of dots. A magnetic field in the opposite direction is convention- 
ally indicated by crosses (X). These conventions can be recalled by 
thinking of the dots as the heads of arrows traveling with the field and the 
crosses as the feathered tails of the field arrows. The motion of a 
negatively charged particle with the field B into the paper is shown in 


Fig. 29.4. 
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source from which the element is obtained. Careful investigation shows 
that there are indeed variations, although only small ones. A possible 
explanation is that all of a given element was formed under the same 
conditions and hence probably at the same time and that it then was 
distributed over the earth at a later Period. 


Table 29.1. The Isotopes of the Elements 


T 
2 Percenta; bund: i der of 
Element | Atomic number Mass numbers mee oe es 
H 1 1,2 99.98, 0.02 
He 2 3,4 1074 100 
Li 3 6,7 7.9, 92.1 
Be 4 9 100 
B 5 10, 11 18.4, 81.6 
C 6 12, 13 98.9, 1.1 
N 7 14, 15 99.62, 0.38 
o 8 16, 17, 18 99.76, 0.04, 0.20 
F 9 19 100 
Ne 10 20, 21, 22 90.0, 0.27, 9.73 
Na il 23 100 
Mg b 2s 25, 26 Th 11.5, 11.1 
Si 14 28, 29, 30 89.6, 6.2, 4.2 
P 15 31 100 
S 16 32, 33, 34 95.0, 0.74, 4.9 
Cc 17 35, 37 75.4, 24.6 
t ls d 3e; 2 0.307, 0.061, 99.632 


, 40, 93.3, 0.012, 6.7 
29.5. The Mass Spectrograph. 


A uniform magnetic 
the paper, bends 


: : pinge on a photographic 
plate at P, producing a blackening of the emulsion Two iid 


j eavier ion of mass Ma 
has the center at C». From the separation of the spots Produced on the 
photographic plate and the distance of these spots 
velocity filter an accurate comparison of the masse: 
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mass number 2 (a deuterium ion) and ion 1 is a doubly charged atom of 
helium of mass number 4, the spots on the plate will be separated onl 

slightly and the ratio of the masses can be accurately determined Table 
29.2 shows some of the mass values obtained with mass EE a 


lon source ( ) 


Fic. 29.6. A mass spectrograph with a velocity filter AB. 


Correction must of course be made for the mass of the electrons removed 


to produce the ions. Mass determinations are made relative to the mass 


of the oxygen isotope of mass number 16. 
Table 29.2. The Masses of Some Isotopes as Measured by Mass 


Spectrographs 
(Values are relative to the mass of O!* = 16.0000) 


" Atomic " Atomic 
Klement number Mas T number Mass 
Hydrogen......... 1 1.0081 |Nitrogen......... 7 14.0075 
1 2.0147 “A 15.0047 
Helium........... 2 3.0170 | Oxygen.......... 8 16.0000 
2 4.0038 8 17.0045 
8 18.0049 
Lithium.......... 8 6.0169 
3 7.0182 | Fluorine.......... 9 19.0045 
Beryllium......... 4 9.0150 | Neon.........-.. 10 19.9989 
10 21.0000 
Botones ceni 5 10.0161 10 21.9986 
b 11.0129 
Carbon...... cs vou 6 12.0039 
6 13.0076 
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The arrangement just described has the property of focusing the ion 
beams. If an ion leaves the velocity filter at a small angle to the plates, 
it is bent in a path indicated by the dashed line in Fig. 29.6 and arrives 
at the same spot on the photographic plate as the ion that takes the 
solid-line path. For an arrangement to possess this property of focusing, 
the exit of the velocity filter, the center of curvature of the path, and the 
photographic plate must be on the same straight line. 

Another mass spectrograph that also has the property of focusing the 
ions is shown in Fig. 29.7. Here the ion path is deflected only 60? by 

lon source 


Magnetic field 
Fia, 29.7. A mass spectrograph with a 60° 
the magnetic field, but the definin 
the detector D of the ions again li 
a known velocity by the ap; 
between metal slits A and B. 


deflection. 


g slit B, the center of curvature C, and 
e on a straight line. The ions are given 


plication of an accelerating potential V 
If the charge is q, then 


we [2aV 


q  2V 
and from Eq. (29.7) mum (29.10) 
The detector for ions is some sensitive current-measuring device. Hence 
this instrument is particularly suitable for the measurement of the relative 
numbers of each kind of ion present. 


er 235 which is used in “atomic 
bombs.” 
29.6. The Cyclotron. 


The cyclotron, an instrument that is in wide- 
spread use today for the 


investigation of the nuclei of atoms, utilizes the 


1H. D. Smyth, “Atomic Energy for Military Purposes,” Princeton University 
Press, 1945. 
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bending of the paths of charged particles in a magnetic field. Particles 
in a cyclotron are accelerated by the electric field between two hollow 
semicircular electrodes, or D’s, indicated schematically in Fig. 29.8 
These electrodes are contained in a vacuum chamber and placed between 
the poles of a powerful electromagnet. The magnetic field in Fig. 29.8 is 
perpendicular to the page and outward. A positive ion starting atthe 
source S is accelerated until it reaches the hollow field-free space within 
one electrode, where it then moves in a circular path of radius given by 


y 
Fic. 29.8. The electrodes, or D's, of a cyclotron. 


ga semicircle the particle again reaches the 
space between the D’s. If the electric field between the D’s is an alter- 
nating one of the proper frequency, the field is now in the proper direction 
to accelerate the particle still further. With a larger value of v, the ion 
then describes a larger semicircle. The time ¢ to travel a semicircle of 


radius r is 


Eq. (29.7). After traversin 


Tm 
= HE (29.11) 


if the value of r in Eq. (29.7) is used. Since this time is independent of 
xists and the electric field has the proper 


v and r, a resonance condition € 
direction to accelerate the ion at every traversal if the field varies with a 


frequency f given by 1 @B 
T= am (29.12) 


o a particle is limited by the radius 


that can be given t 
can be found by rearrangement 


The total energy 5 
m energy W msx 


of the D's. The maximu 


of Eq. (29.7) as 
Taa? B? (29.13) 
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When the particle reaches the maximum radius, it is bent out of the 
magnetic field by a high potential applied to the electrode V. Figure 
29.9 is a photograph of the large cyclotron at the University of California. 

A cyclotron can accelerate only heavy particles such as protons, deu- 
terons, or helium nuclei, since, to maintain the resonance condition, the 
mass of the particle must remain constant. When electrons are acceler- 


ated to speeds corresponding to millions of volts, their mass changes 


Fia. 29.9. A photograph of a cyclotron at the Uni 
eter of the magnet pole pieces is 184 in, (Courtesy 


versity of California, The diam- 
E. 0. Lawrence.) 


because of relativistic effects ( - In consequence an 
electric field varying with a 


not remain in the 


Worked Example. A ey! 
or 1 weber/m?, and the radius of the D'sis 80 em 
of the alternating electric field that must be applied, and to what energy 
can deuterons be accelerated? For deuterons, 9 = 1.6 X 10-1? coulomb, 
and m = 3.3 X 10-" kg. From Eq. (29.12), the frequency is 

1.6 X 10-1 x 1 
Í = Be X 83 X107 = TT X 10*eps = 


field of 10! gausses,! 
What is the frequency 


7.7 megacycles/sec 
! Although this plural may seem queer, the authors follow & recommendation of an 
International Commission on Electrical Units 
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The maximum energy is, from Eq. (29.13), 


1(16 X 107:5)? X (0.8)? X 1? 
2 3.3 X 1077 


Wiss = = 2.5 X 107" joule 


Since 1 ev = 1.6 X 10-19 joule, the energy in electron volts is found to be 


Was = 15.6 X 105ev = 15.6 Mev 


29.7. The Cosmotron—A Proton Synchrotron. The largest particle 
accelerator now in operation is the cosmotron pictured in Fig. 29.10. 


-synchrotron “race trac! 


Fig. 29.10, The tron, a proton: 
oe DA (Courtesy Dr. George B. Collins.) 


at the Brookhaven National Laboratory. 
hs of the charged particles are bent into 
tead of a solid-core magnet a ring magnet 
0 ft radius of curvature joined by four 


Just as in the cyclotron, the pat 
circles in a magnetic field, but ins 
consisting of four quadrants of 3 


straight nonmagnetic sections is u : : C cs 
has a C shape with the opening on the outside of the ring. Within this 


gap is the vacuum chamber of inside cross section 6 by 36 in. Protons 
from a Van de Graaff machine are injected with an energy of 3.6 Mev at 
one of the straight sections. They then travel around this race track 
three million times in 1 sec, receiving an energy increment of 10% ev per 
turn from a radio-frequency accelerator located at another of the straight 
sections, and attain a maximum energy of 3 Bev (3 billion ev). 
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At these high energies the protons increase in mass with each accelera- 
tion, and hence both the magnetic field and the radio-frequency must 
increase steadily during the operational second. At the start of the cycle 
current is supplied from the generator to the magnet coils. After 0.012 
sec the magnetic field has reached 350 gausses. At this time protons are 
injected in a steady stream and they circulate for 50 revolutions. The 
radio-frequency accelerator is turned on 150 usec later at an initial fre- 
quency of 350 kilocycles. About half the protons are scattered and lost, 
while the other half collect into a bundle which is brought up to full 
energy. At the end of the second the magnetic field is 1 
the radio frequency has grown to 4.2 megacycles. 
pulses every 5 sec. 

When the field has reached 13,500 gausses the 
magnet is 1.5 X 107 joules. Since this is a very large amount of energy, 
it is important to conserve as much of it as possible. Therefore, at the 
end of the operating second the stored energy (less heat losses) is returned 
to a huge flywheel on the shaft of the large motor-generator unit, and the 
motor brings the flywheel back to speed in the interval between power 
cycles. Even though only the los: be made up, the 


ses thus have to 
average power demand by the motor at 12 cycles/min is 1,000 kw. 
Space does not permit us to give other vital statistics of this interesting 
machine. It is now operating -most Successfully, producing man-made 
cosmic radiation (Sec. 50.15) for the study of the constituents of the 
atomic nucleus. 
29.8. The Magnetic Force ona Current. 
wire consists of moving electrons, these electrons, and therefore the wire, 
are also subject to a magnetic force. 


| : If there are n electrons per unit 
volume in a wire of area A, the total moving charge dq in a length dl of the 
wire is neA dl, whence dq/dl = ned. 


3,500 gausses and 
There is one of these 


energy stored in the 


Since an electric current in a 


l If v is the drift velocity of the 
electrons carrying a current i, 

N _ dq 

t= neAy = di" (27.1) 


Hence we may write idl = "dq. It should be re 
trons both e and v are negative. E 
form is d? = dg v sin $B, $ being th 
replace vdq by idl, we find for the f. 


! membered that for elec- 
quation (29.2) written in differential 
e angle between y and B. If now we 


orce on the length dl of the wire 
-T ae 


dF = iB disin $ (29.14) 
—————— 

The total force on a wire must be found by summing Eq. (29.14) over the 

whole length of the wire. It must be r 


emembered that dF is a vector 
quantity and therefore the sum must be a vector sum. 
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For example, consider the hairpin-shaped wire (Fig. 29.11) carrying a 
current iin a uniform field B. No force is produced on the straight sides 
since sin $ = 0. The force on the portion of the wire of length dl = a dé 
is outward from the paper and equal to 


dF = iBa dọ sin ó 
The total force on the wire is the integral of this, or 
p-[ar- f iBasin ¢ dọ = iBa [sin gdp =2iaB (29.15) 


If a = 10 cm, 7 = 1 amp, and B = 1,000 gausses, 


p=2x1X01X01= 0.02 newton = 2,000 dynes 


It should be noted that the force would have the same value if the wire 
dicular to the sides as does the dashed line in 


ran across the end perpen 
the figure. 


| 
iy" le 
Fic. 29.12. A rectangular coil in a 


Fre. 29.11. A current-carrying wire ina } 
magnetic field. 


field B. 
-carrying Coils in a Magnetic Field. Since a 


magnetic field produces à force on & wire in which a current flows, a 
torque is produced if a loop of wire with a current flowing in it is sus- 
pended in a magnetic field. Suppose we havea rectangular coil consisting 
of a single turn of breadth b and height a in à field B, as shown in Fig. 
29.12, where the field is in the plane of the coil. There is no force on the 
top or bottom of the coil. The force on the element dl on the right side of 
the coil is directed outward from the paper and given by Eq. (29.14) with 
sing = 1. The torque about the axis ac from the side of the coil is 
therefore iaBb/2. ‘The force on the left side of the coil is directed into 
the paper, and the torque has the same magnitude. The total torque L 


is therefore P 
L = iabB (29.16) 


29.9. Torque of Current 
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and hence is proportional to the area ab of the coil. If the field B makes 
an angle @ with the plane of the coil, Eq. (29.16) is generalized to 


L = iabB cos 0 (29.17) 


If B is perpendicular to the coil, then the torque is zero. i ; 

The value of the torque is independent of the axis about which the coil 
is supported. For example, if the axis yy’ is chosen, only the right-hand 
side of the coil contributes to the torque; but the distance to the axis yy’ is 
b, twice as great as before, and Eq. (29.16) remains unchanged. 


If the area of the coil is A, then the 
torque can be written as 


L =iAB (29.18) 


———— 


It can be easily shown that Eq. (29.18) is 


* true for a plane coil of any shape. Such a 
coil is shown in Fig. 29.13 with rectangular 
coordinate axes indicated. "The torque about 
the y axis due to the current, element dl is 

dL — iB sina z dl 
Fig. 29.13. A coil of arbitrary 


shape. Where æ is the angle between the field B and 


the tangent to the coil. The quantity dl sin 
« is, however, equal to the element dy. The total torque, therefore, is 


L-iB Í zdy - ipA 


since the integral, with proper care taken about signs, is just the area A of the coil. 

If the coil has n turns, each turn contributes to the torque and, for a 
field at an angle 0 with the plane of the coil, the genera] expression can be 
written 


L = niAB cos 0 (29.19) 
Since the normal flux & through the coil is AB Sin 0, Eq. (29.19) can be 
written 


DDR 


dé (29.20) 

A coil in a magnetic field thus tends to t 

flux through it has a stationary value. 
be a maximum. 

29.10. Ammeters and Voltmeters. 

field forms the basis of most of the co: 


until the 
üires to 


urn until Z = O; fiie... 
Stable equilibrium requ 


The torque on a coil ina magnetic 
mmonly used electrical instruments. 
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A coil supported on jeweled bearings and furnished with a counter- 
weighted pointer is placed in the magnetic field of a permanent magnet. 
The ends of the magnet have a special shape, indicated in Fig. 29.14, so 
that the field B is approximately radial and is therefore independent of 
the orientation of the coil for a c 

range of angles. If the torque due 

to current flowing through the coil 

is balanced by a restoring torque 

from a flat spiral spring that e 

Hooke's law (torque is proportiona d 

to twist), Ma pe deflection of D. ur The field B in an electric 


the pointer is proportional to the. ! 
current through the coil and the instrument is an ammeter. By small 


adjustments of the value of B the meter can be made to read a given 
current, say 1 ma, at full-scale deflection. 

The range of the instrument can be extended and larger currents can 
be measured by the use of a resistor, called a shunt, in parallel with the 
meter. The current flowing through the ammeter and shunt divides, 
and a constant fraction flows through the meter coil. If the meter 
current and resistance are denoted by im and Rm and the corresponding 

2 s tively, then, from Kirchhoff’s 
uant: the shunt by 7. and Rs respec , , 
gus : laws (see Fig. 29.15), 
iml’m = Rs 
i= imt i (29.21) 
The ratio of currents is therefore, 
on elimination of is, 


tin R: 


in Rm 


i aaa 2 
QUE De) 

ds, Rs If a meter that reads 1 ma for a 

Fig. 29.15. An ammeter with à shunt full-scale deflection has a resistance 
resistor. of 75 ohms, then the resistance of 


the shunt necessary to convert it to a meter reading 1 amp full scale is 


given by 
0.001 | P 
no uw uu 
or R.- 75699 = 0.075 ohm 


The shunt resistor is often incorporated into the meter case, and some- 
times a switch is furnished to enable one of a series of shunts to be 


selected. 
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An electric meter can also be used to measure the potential difference 
between its terminals. The current through the meter is equal to the 
potential difference divided by the resistance; hence the angular deflec- 
tion of the coil is proportional to the difference of potential. For a 
l-ma meter with a resistance of 75 ohms, a potential difference of 75 
mv across the terminals causes a full-scale deflection. Larger differences 

in potential can be measured by 

9— —(M)— —^AAAN— — e using a multiplier resistor in series 
Bn R with the meter, as indicated in Fig. 

Fra. 29.16. A voltmeter, 29.16. If the meter sensitivity is 2 


amp for full-scale deflection, then 
the proper multiplier resistance R to make the meter read full scale for E 
volts across the terminals is given by 


E=iR+R,) (29.23) 


150 = 0.001(R + 75) 
R = (150,000 — 75) ohms 


sensitive as possible should be used, E 

The sensitivity is usually expressed, 

not as the current Sensitivity of the 

meter movement, but as the recip- 
rocal of this in units of ohms per volt. Ey 
Thus a l-ma meter would make a 

voltmeter with a sensitivity of 1,000 

ohms per volt, R 


A useful piece of test equipment 
can be made with an ammeter, a dry t MH The circuit of an ohm- 
cell, and a resistor in Series, as in à 
Fig. 29.17. The series resistor R ig so chosen that, when the terminals 
are short-circuited, the meter reads full Scale. If this current is 7 and 
the emf of the dry cell E, then 


E=iR pP 
If an unknown resistor Rz is placed across the terminals the current will 
be i; and less than i, where t 
E E 


1 +R/R (29.24) 
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The meter reading is therefore directly related to the value of R+. The 
meter can be furnished with a special scale (Fig. 29.18) from whieh R 
can be read directly. Such a device is called an ohmmeter. It is not n 
particularly accurate instrument but an extremely useful one for the 
location of faulty components in an electric circuit. 

29.11. Galvanometers. A very sensitive current-detecting device 
can be made by suspending a coil in a magnetic field from a flat metallic 
strip, which acts as a torsion fiber to furnish the restoring torque. Cur- 
rent is conducted to the coil by this metallic suspension, and the circuit 


OHMS 


» n ao 30 20 


E 
D 


P 
Qv ES A 
o S 


Fic. 29.18. An ohmmeter scale. 


spiral of thin wire or strip hanging from below the 
coil. Such a device is known as à galvanometer. The angular deflection 
of the coil can be indicated by the movement of a pointer, but in more 
sensitive instruments a mirror is rigidly attached to the moving system. 
A spot of light can then be reflected from the mirror to a scale, or the 
image of a fixed scale can be viewed in the mirror through a telescope. A 
galvanometer with a suspended coil is known as a D'Arsonval. galva- 
nometer. The sensitivities of D’Arsonval galvanometers usually lie in 
the range of 10-5 to 10-1! amp to produce a scale deflection of 1 mm ona 


scale 1 m from the mirror, à deflection of 0.001 radian. 


Galvanometer sensitivities are also specified sometimes in megohms. The 
megohm sensitivity is the resistance in megohms that must be placed in series with 
one volt to produce a unit deflection of the galvanometer. Thus a current sensi- 
tivity of 10-9 amp corresponds to & sensitivity of 100 megohms. — 

Since galvanometers as well as pivoted-coil instruments are subject to a restor- 
ing torque that is proportional to the angular deflection, the motion of the coil 
can be described by the differential equation for damped SHM (See. 12.10). For 
ease of use an instrument is usually employed in such a way that it is critically 
damped or nearly so (Sec. 12.11). Thus the pointer or light spot comes to rest 
in the minimum time. The undamped period is therefore an important param- 
eter in the selection of a galvanometer. Periods range from 1 to more than 10 sec. 
The more sensitive the galvanometer, the longer the period, since to increase the 


is completed by a loose 
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sensitivity the restoring torque must be made less; the other constants of the 
galvanometer can be changed relatively little. 


If a sudden spurt of current is sent through a galvanometer, an angular momen- 
tum Iw is given to the coil. Since (see Secs. 10.5 and 10.6) 


lo- [Lask fia xq (29.25) 


where K is a constant of proportionality, the angular momentum is proportional 
to the charge g that passes. The coil deflects until the kinetic energy of rotation 


is transformed to potential energy of the twisted Suspension. The maximum 
value of the deflection is the 


One of the most important applications of the 
ing wire in a magnetic field is the electric motor. 

A simple bipolar machine is shown schemati- 
cally in Fig. 29.19. An armature A of soft 
Iron, built up of laminations to minimize 
eddy-current: losses (Sec. 37.7), is mounted 
in the magnetic field of an electromagnet. 


The pole faces are shaped so that the mag- 
netic field lines are 


Embedd 
Fra. 29.19. Schematic dia. face of th 
gram of a d-c motor, ductors t 
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armature the force will be in the down direction. The sum of all these 
forces multiplied by their lever arms constitutes a counterclockwise 
torque on the armature which enables it to turn the shaft and do mechan- 
ical work. 

When the motor is running, the armature conductors cut magnetic 
flux and an emf is induced in them just as in any generator (Sec. 32.5). 
As will be discussed further in Chap. 32, the direction of this induced 


To dc 
supply P 


(a) (b) 
Fic. 29.20. Three ways of connecting the field coils F and the armature A of a d-c 
motor: (a) shunt motor, (b) series motor, (c) compound motor. 


emf has to be opposite to that of the input current. For if this were 
not a back emf the motor would by this simultaneous generator action 
be violating the principle of conservation of energy. i If V, is the potential 
difference from the supply mains at the motor terminals, and if E, is this 
back emf generated in the armature, then the current Ja through the 


armature of resistance Ra will be 


y,- E 
de R (29.26) 


al energy at the expense of electrical energy ; 


A motor develops mechanic i 
] energy at the expense of mechanical energy. 


à dynamo develops electrica 


They are basically identical machines. 1 
Tf the field coils of the magnet are connected in parallel with the 


armature, as illustrated in Fig. 29.20a, it is called a shunt motor. The 
field coils are in series with the armature 1n the series motor (Fig. 29.20b), 
and if there are both shunt and series windings in the field coils the motor 
is of the compound type (Fig. 29.20c).. If the mechanical load on a shunt 
motor increases, the motor automatically develops a larger torque and 
hence tends to stay at fairly constant speed. For while the increased 
load exerts an increased counter torque on the armature and thus causes 
some slowing down, the resulting reduction in the back emf increases 
the net potential difference at the terminals, which in turn increases 
the armature current and hence the motor develops a larger torque. 
'The shunt motor therefore handles a greater load by drawing more 
armature current and driving the increased load at just slightly less speed. 
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Worked Example. (a) A shunt motor has a field resistance of 150 
ohms, an armature resistance of 0.2 ohms, and operates on a 230-volt 


d-c supply. It rotates at a speed that produces a back emf of 227 volts. 
Find the field current i; and the armature current ta. 


T I ; — 230 — 227 — E 
y= 150 ^ 1.53 amp af = 02 = 15 amp 


(b) The load is increased, causin; 


g the back emf to drop to 224 volts. 
What is now the value of i,? 


This doubling of 7, will therefore cause a larger torque, 


PROBLEMS 

1. What is the relation between 1 maxwell and 1 weber? 

2. The electron moving in a hydrogen atom is placed in a field of 10,000 gausses 
perpendicular to the orbit, Compare the electrostatic attraction of the nucleus with 
the centripetal magnetic force; see Sec. 11.9, 

3. Show that the pitch of the helical path of a particle moving with a velocity v at 
an angle ¢ with the field is 2rmv cos $/qB. 

4. The field of the earth i 


s roughly 0.6 gauss, 
of an electron with 2,000 ev o 


What is the radius of curvature 
f energy? 


e magnetic field? 
ving in and perpen- 
electric field E acts 
pP article is zero. By 
»and E. If m = 10-9 gm, 
q = 107? coulomb, v = 10° cm/sec, B = ; 5 
Describe the path of the particle in the combined. fede at einer aic 
8. A cyclotron is designed to have a. fiel 


simultaneously on the particle, so that the 
relative directions of v, 


9. What frequencies of the 
in Prob. 8? 

10. A circular turn of wire of radius 1 
gausses. What is the tension across the 
1 amp? 

11. Compute the force on a wire of length 20 cm when it i: i 
50 amp at right angles to a magnetic field of 10,000 dite EES dante d; 

12. A wire weighing 0.4 gm per cm of length exte. 
to the earth's magnetic field. If the latter is also h 


0 em is Perpendic: 


i ular to a field of 1,000 
cross section of ti 


he wire for a current of 


nds horizontally, at right angles 
orizontal and of magnitude 10-* 


MAGNETIC FORCES ON CURRENTS 431 


weber/m?, how much current must flow through the wire in order that it shall be 
balanced against gravity? 

18. A galvanometer coil is 1 by 3 em and composed of 100 turns. In a field of 
500 gausses parallel to the coil what is the torque produced for 1 ya of current? 

14. A standard meter movement has a 10-ma full-scale deflection and a resistance 
of 62.5 ohms, What are the shunt resistors necessary to convert this movement to 
read full-scale deflection for 1 amp; 10 amp; 100 amp? 

15. What is the sensitivity in ohms per volt of a meter giving full-scale deflection 
for 50 ua? How much resistance should be placed in series to make a 1,000-volt 
voltmeter? 

16. A l-ma meter of 75 ohms resistance is used to construct an ohmmeter with a 
dry cell of 1.5 volts emf. What series resistance should be used? Construct a table 
showing the resistance value of the external resistor that corresponds to each {o ma 
deflection. à 

17. A milliammeter has a resistance of 90 ohms and gives a full-scale deflection for 
lma, How can you convert it to read full scale for 0.1 amp, 0.5 amp, lamp, 10 amp? 

18. The instrument in Prob. 17 is e PU as a voltmeter reading 1 volt per 
ful ion. How can this be done 

ate eu are connected as in Fig. 29.21. With the switch open, 
Vi = 46 volts, V; = 54 volts. With the switch closed, Vi = 48 volts, V2 = 52 volts 


DT 


100 volts 
Fic. 29.21. Problem 19. 


(a) What is the resistance of each voltmeter? (b) What current flows through the 
swi it i : 
SN pes z bal ed a field resistance of 6 ohms and an armature resistance of 
5 ohms. While running on 110 volts it draws a current ct ane ied pus 
iind fin the armature? How much mechanical power does it deliver? 
er emi in the ai f 200 ohms and an armature resistance 


field resistance o 
of a Km dain FT, running draws a current of 5.5 amp when connected 


across a source of emf of 100 volts, what is the counter emf in the armature? How 
Puch x is produced? " — i 
i ne A EIU by the motor depicted in Fig. 29.19 if B-041 
wéh m / "es Kad 1 = 20 cm, and the radius of the armature coils is 25 cm. 
ME i- dea to be radially uniform across the gaps for all 16 conductors. 
DA Vip totor vani trom d 115-volt power line. If the motor efficiency is 
. 4- 


80 per cent, what current is drawn from the line? 


i in Sec. 29.8. 
24. Pi the statement in the last sentence in ae 
*25, Show ae the principle of conservation of energy that, if w is given by 


Eq. (29.25), the deflection of the galvanometer is proportional to q. 
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26. A 50-uamp (full scale) ammeter has a resistance of 1,500 ohms, (a) What 
is its sensitivity in ohms/volt? (b) What size resistor must be used to convert the 
meter to read 5.0 amp at full scale? How should it be connected? (c) What size 


resistor must be used to convert the meter to a voltmeter reading 100 volts full scale? 
How should it be connected? 


27. When injected with an energy of 3.6 M 


t when B is 350 gausses, (b) the time 
it takes to travel around the first quadrant, 


28. When a proton has a velocity of 2.6 X 105 
and an energy of 938 Mev. At thi: i 


CHAPTER 30 


THE MAGNETIC FIELD 
PRODUCED BY CURRENTS 


30.1. The Field of a Current Element.' It will be recalled that the 
electromagnetic interaction of two currents was divided into two prob- 
lems. One current produces a magnetic field, and this field acts upon the 
Second current. In the preceding chapter the second problem was 
discussed. We shall now treat the production of a field by a current. 


1 P 
Fro. 30.1. The field of a current element. 


The magnetic effect of a current as indicated by the deflection of a com- 
Pass needle was first discovered by Oersted (1777-1851), a Danish 
Physicist. It is said that the discovery was made during a lecture in 
which he planned to demonstrate that no such effect existed. Further 
experiments and the development of the theory were carried out by the 
Frenchmen Ampère, Biot (1774-1862), and Savart (1791-1841). 

The magnetic effects of a current must be formulated in terms of 
infinitesimal lengths of currents, since each portion of a complete circuit in 
which a current flows makes its own contribution to the magnetic field at 
every point near the circuit. We imagine a current i flowing in an ele- 
ment of length di. This “current element” produces an element of field 
dB that has a direction perpendicular to dl and a magnitude equal to 


rm 


i dl sin 0 
dB =k oS (30.1) 
AE I 


Where the quantities r and @ are shown in Fig. 30.1. The plane P is 
Perpendicular to the axis AA’ of the current element, and the lines of 
induction are closed circles on P. The direction of dB is the direction 
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| 
of rotation of a right screw advancing in the direction of the current | 
element. If the thumb of the right hand is held in the direction of the 
currents, then the fingers curl in the direction of the magnetic induction. 
Along the axis of the current element, dB = 0 since @ = 0; and dB is a 
maximum in the plane through the element where sin 0 = 1l. 
(30.1) is sometimes known as Ampére's law. . 
The constant k’ in Eq. (30.1) has a value dependent on the choice of 


units, similar to the constant k in Coulomb's law. 
units in which i’ 


Equation 


The egs system of 
is unity is called the electromagnetic system of units. 


If i is measured in abamperes (abeoulombs per second) and dl and r in 
centimeters, then dB is expressed in gausses. 


In the practical mks system of units, k’ 
For i in amperes, dl and r in meters, dB is 
meter. In order to avoid the occurrence 
tions, the constant k’ is usually written as 


has exactly the value of 1077. 
expressed in webers per square 
of the factor 4r in other equa- 


1 Ho 30.2) 
i = fo ( 
and hence Ho = 4r X 10-7 weber amp~! m-! 
pr e es qi 

or Ho — 1.257 X 10-5 weber &mp-^! m-! (30.3) 
; Worked Example. A wire 1 cm long carries a current of 1 amp. What 
is the field in a plane perpendicular to the wire at a point 1 m away from 
it? 


In practical units, 


1 X 0.01 
dB = 10-7 X0 = 107? weber/m? 
In emu, 


0.1x1 
00)? = 1075 gauss = 1 


07? weber/m? 


since 1 amp = 0.1 abamp and 104 gausses = ] Weber/m.? 

30.2. The Field of a Straight Wire, To Obtain the field produced by 2 
long wire the contributions from each current element in the wire must 
be added by integration of Eq. (30.1). A long wire is shown in Fig. 
30.2. The field dB at a point a distance 


: a from the axis of the wire, due 
to the element dl, is 


idlsin 8 
dB = je 
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The element dl and the distance r can be expressed in terms of a and the 

angle 6, thus 

a=rsin@ 

Te rdd _ a d6 

a = gn sin? 6 
,tsin 6 dé 

Hence dB m 


The contribution of each element dl is in the same direction, and therefore 


Fra. 30.2. The field near a long wire. 


the total field is . re 
pe færi] sin 0 d0 


B vi (cos æ — cos B) (30.4) 


or 


where the angles « and £ are shown in the figure. For a very long wire, 


a = 0, 8 = r, and > 
pa wet (30.5) 


If emu are used, Eq. (30.5) becomes 


B-2- in gausses 


In practical units, ^ 
Hot in webers/m? 


h ing Wires.! We can now 
30.3. tween Two Current-carrying 1 
^ he Borce BETA ast section with Eq. (29.14) and obtain the 


combine the result of the 1 } A 
electromagnetic force between two wires each carrying a current. Let 
us consider a length dl of the wire carrying & current i. The field at dl 
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H ?. yf is 
due to another parallel wire a distance a away and carrying a current t i 
7 
Beg 2p 
a 


The field is perpendicular to the plane of the wires and hence sin $ in 
Eq. (29.14) is unity. The force on dl is therefore 


——M—— 


aF = p PE qq (30.6) 


The direction of the force is such that the wires attract each other if 
the currents i and 7’ are in the same direction and repel each other if the 
currents are opposite. We have already used Eq. (30.6) in Sec. 29.1. , 
Equation (30.6) is an extremely important one since by means of ita 
rigorous definition of the unit of current can be made. In the practical 
system of units the ampere is defined as that amount of current flowing 
in each of two parallel wires Separated by 1 meter that causes a force of 


attraction of 2 X 10-7 newton per meter of length. A similar definition 
can be made for the emu of current. 


absolute determinatio: 


purely mechanical quantities: forces, and distances. In practice this is 


: : d ` e 
done by measuring the force between two coaxial coils in series. Oni 
coil is stationary, 


Such a device is ca 


perpendicular to their paths as in Fig. 30.3. 
charges is given by Coulomb’s law 
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The electromagnetic force Fm is given by combining Eqs. (30.7) and (29.1) 
and is 


y 
Fas = EE (30.9) 


The negative sign occurs in Eq. (30.9) because for like charges Fma is an attrac- 
tive force and tends to decrease r. The total force between the charges is the 


sum of these two forces. To investigate the relative magnitudes, let us form 


the ratio i 
a al 
Fue 2 os (30.10) 


Since the ratio of two forces must be a dimensionless quantity, we may con- 
clude that k/k’ must have the dimensions of the square of a velocity. This 
velocity must be a constant of nature, and experimental deter- 

minations show that it is equal to the velocity c of light in 


vacuum. Hence 


h r v k y 
g 4' jus (30.11) 
where B c= 2.998 X 108 m/sec 
^ elec c 
and Ec ie (30.12) 


Fic. 30.3. Two 

moving charges. The electrostatic forces thus far outweigh the magnetic forces 
h ordinary velocities. As the velocities approach 
etween the charges approaches zero since the elec- 
hes in magnitude the electrostatic repulsion. 

f units the constants ķ and &' are written in terms 


between charges moving wit 
that of light, the total force b 
tromagnetic attraction approac 

In the practical mks system of uni! 
of two others, e; and xo by the relations 


= Gree (30.13) 
The ratio of the constants is 
E dt (30.14) 


ystem is defined in terms of the attraction of two 
x 1077 exactly. The value of éo can be derived 
elocity of light since 


The unit of current in the mks s 
wires, and xo has the value of 4 
most precisely from experiments on the v! 


wae (30.15) 
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In the cgs system of units, if electrostatic units of charge are used in Eq. (30.8), 
then k = 1. Furthermore, if electromagnetic units are used in Eq. (30.9), then 
k' — 1. It is evident, since Eq. (30.12) must remain true, that the units of 
charge in the two systems must have the ratio c, or 


emu of charge = c X esu of charge (30.16) 


It also follows from Eq. (30.16) that charge does not have the same dimensions 
in the electrostatic and electromagnetic System, 


F but the ratio of dimensions 
must have the dimensions of a velocity. 


Fia. 30.4. 


The field of a circular loop. 


Bo =k’ jig 
a? 


since sin 0 = 1 andr =a. The element dl = a dọ, and hence 


; 2r 
Bowi dé = p ri 
a Jo a 


Tf the coil has n turns, then the right-h 3 re 
multiplied by n. ‘ht-hand side of Eq. (30.17) is simply 


(30.17) 
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In emu, K = 1, 
By = — emu 


and for practical units, k’ = uo/47, 


i ; 
Bo = uo p mks units 


The field B, at the point Pı on the axis but not at the center of the 
coil must also be found by integration. The field contribution from dl 
at the point P has the direction 
shown in the figure. It is obvious 
from the symmetry of the loop, how- 
ever, that the resultant field lies 
along the axis of the loop and only 
the components of the contributions 
5 in the axial direction from the sepa- 

E B rate elements need besummed. The 
Fre. 30.5. The element of de a element of field dB; lies in the plane 
ee of the circular loop of Fig. passing through P, Po, and P, as 

y shown in Fig. 30.5. If the point P; 


is a distance x from the center of the loop, the contribution from one 


current element is 


idl Ly id a č _„_ aidi 
apart" ta a (sun 


and the total field is 


dB, cos a = i 


2ra* (30.18) 


Since f dl = 2 d x is constant. 1 P 
At he of oie compared with the radius of the coil the field can be 


Written " 
=ki 2ra’ (30.19) 


At a point Ps in the plane of the loop, but a distance y from the loop 
center, the field dB; from each element must be unma aa above. Te 
result, however, is complicated and must ba, expressed: ns an MINI 
Series. For values of y large compared with a, the result has a simple 


form, 
By = —k'i F (30.20) 
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The field Be is parallel to the axis of the loop but in the opposite direction 
to the field at the loop center. The lines of induction about the loop are 
indicated in Fig. 30.6. It should be noted that all lines of B form closed 
curves. The axis AA’ is an axis of symmetry of the figure. 

Equations (30.19) and (30.20) are very similar to Eqs. (25.7) and (25.8), 
which describe the electric field at large distances from an electric dipole 
of moment p. To make the similarity complete, let us introduce a 
magnetic dipole moment analogous to p, calling it M. It is necessary, 
however, to keep an open mind about the constant of proportionality, 


which in Eqs. (25.7) and (25.8) was k’. For the magnetic case, we shall 
call it k” and hold its value unde- 


termined for later adjustment. 
This constant, as will appear soon, 
is the third and last important 
unit constant, besides and k’ which 
have already been introduced, in 
the subject of electromagnetism. 


Equations (30.19) and (30.20) 
then take the form 


H 
Be arar 

eM ¢ 80-21) 
Bos m 


Comparison with Eqs. (30.19) and 
(30.20) yields 


^ Ld 


M = pira = iA (80.22) 


Fic. 30.6. The lines of induction about à 
S : ireul; F 
expressing the important fact that anog 
a circuit of area A carrying a current 7 is the magnetic equivalent of an 
electric dipole. 
To anticipate, the constant k” = 1/4r in practical units; but for emu, 
k" = 1. The reason for these will be given in Sec, 31.1. 
: lenoid. A coil wound in the form of 
a solenoid (Greek solen, tube) can be considered for most purposes to be 
composed of a series of circular turns, The field on the axis of the sole- 
noid is then the resultant of contributions each given by Eq. (30.18)- 
If the solenoid has a length J and is composed of N turns, then the num- 
ber of turns in the portion of the 


solenoid (see Fig. 30.7) between 
x and z + dz is (N/l) dx. The field contributed by this portion is; 
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from Eq. (30.18), 


N mæ 
dB = kit apa 


The total field is obtained by integration. It is convenient to change the 
independent variable from z to the angle 0. Since 


x = a cot 0 
dx = —a csc? 0 d6 


and the total field is 


= -riða f sin 0.d6 
B 


B= yid on (cos œ — cos 8) (30.23) 


Fre. 30.7. The field of a solenoid. 


If the solenoid is very long, the field near the center of the coil is 


—————— oe 


pov (30.24a) 
aes 


Sincea =0,8=7. In practical units, 


B= "E mks units (30.245) 
In emu, 
B- om emu (80.24) 
At the end of a long solenoid, œ = 0, 8 = 7/2, and 
B- y 2n (30.25) 


The field is therefore just half as great as at the center of the sole- 
noid. The lines of induction about & solenoid are indicated in Fig. 30.8. 
Since the field at the end is only half that at the center, half the lines of 


force must cut the solenoid. 

Tf a long solenoid is bent into a 
of a toroid is confined to the int 
circumference. Since there are no en 


Ber im (80.26) 


circle, a toroidal coil results. The field 
erior and must be uniform around the 


d effects, 
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if the radii of the turns of the toroid are small compared with the radius 
of the toroid. 


2c00000000090o00 


Fro. 30.8. The lines of induction about a solenoid. 


30.7. The Wattmeter. 


rent thus flows in these fixed coils and in 
the load, and the magnetic field produced 
is proportional to this current. The cur- 
rent through the moving coil is, however, 
Proportional to the potential difference 


Fic. 30.9. Circuit diagram of a across the load. The torque on the mov- 
wattmeter, 


ing coil, and therefore the coil deflection, 
is thus proportional to the product of the 
load current and the potential differen 


ce, and hence proportional to the power 


ment is called a wattmeter. 
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PROBLEMS 


1. What is the magnetic field 10 cm away from a long wire carrying a current of 
10 amp? Obtain the result in both practical units and emu. 

2. Define the emu of current in terms of the force between two parallel current- 
carrying wires. 

3. A current balance is constructed with coils 10 cm in diameter of 100 turns, 
having an average distance between coils of 2cm. Fora current of 1 amp through the 
coils, what mass is needed on the balance to compensate the force of attraction? 

4. Find the force between two parallel wires, 1 m long, 1 cm apart, and carrying 


& current of 50 amp. 


5. A wire carrying & cui 


straight wire carrying a current ?’ lies in the : 
at a distance b from the near side of the loop. (a) Give an algebraic answer for 


the force with which the loop attracts the wire. (b) Give a numerical answer for 
i = i = 5 amp and b = 2a = 5.0 cm. (c) What is the torque on the loop? 

6. If a wire weighing 0.1 gm/cm were doubled back on itself, how large a current 
would be needed to suspend the upper portion at a distance of 0.5 cm above the lower 


freely against the force of gravity? . 
7. Two long parallel wires a distance 2d apart carry equal and opposite currents, 7. 


Find the magnitude of the magnetic induction B in the plane of the wires at a distance 
= from the line midway between 


8. A current flows through t 
4B and CD are parallel and form 2 


rrent i is bent into a square loop of side a. A very long 
plane of the square loop, parallel to and 


the wires. 
he system of wires shown in Fig. 30.10. The wires 


vertical plane, with sliding contacts at C and D; 


i 
Fra. 30.10. Problem 8. 


CD is free to move up and down. The mass of the wire is 0.05 gm/em, the current 
in the circuit 5 abamperes. Find the magnetic force on the wire CD in terms of a. 
What value will a assume when all forces are in equilibrium? 

moving in parallel paths 1 mm apart. 


* 
9. Two electrons of 10 kv of energy 8T i 
What are the electrostatic and magnetic forces between them? What is the total 


force? : ; 
*10. From Coulomb's law and Eq. (80.16) find the dimensions of charge in the 
electrostatic and electromagnetic sys 

11. What is the magnetic field ai c 
motion of the electron in the first circular orbit? See Bec. 11.9. j 

12. Two large circular coils, parallel and separated by a distance equal to a coil 
radius, are often used to produce & uniform magnetic field at a point on the axis half- 


way betw ive the value of this field. : : 
a que on & coil carrying current, in terms of the 


13. Derive an expression for the tor 
magnetic moment of the coil. 


tems of units. 
i the nucleus of & hydrogen atom, due to the 
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14. What is the magnetic dipole moment of a circular coil of radius 20 em when 
carrying a current of 10 amp? Compute the vector B (magnitude and direction) 
at a point on the axis, and 30 cm from the center of the coil. M , 

15. What torque is exerted on the coil in Prob. 14 when it is placed in a uniform 
magnetic field of 100 webers/m?, the lines of induction making an angle of 30° with 
the axis of the coil? 

16. Two circular coils of radii 1 m and 2 m have a common center, but their planes 
make an angle of 90° with each other. Each coil carries a current of 5 amp. Find 
B at a point 3 m from the common center and (a) in the line of intersection of the 
planes of the coils; (b) in the line perpendicular to the smaller and in the plane of the 
larger coil. 


17. A solenoid 1 m in length and 10 cm in diameter contains 1,000 turns. Whatis 
the field at the center of the solenoid for a current of 2 amp? 


18. For the solenoid in Prob. 17, find the field along the axis at points 10, 20, 30, 
40, and 50 em from the center. 


19. A toroidal coil (i.¢., a solenoid bent into a doughnut shape to eliminate end 


effects) has 10 turns per cm and a mean circumference of 50 cm. What is the field 
strength along the circular axis of the coil when i = 5 amp? 


*20. A circular coil of 5,000 turns is wound in a flat pancake of inner radius 10 cm 
and outer radius 30 cm. What is the field at the center of the coil for a current of 
0.1 amp through it? 


21. A square coil 25 cm on the side and having 10 turns carries a current of 0.5 amp. 
What are the magnitude and direction of the field at the center of the coil? 


CHAPTER 31 
MAGNETIC FIELDS AND POLES 


31.1. The Field near a Long Magnet. In the neighborhood of a 
(magnetite) or near a permanent magnet of 
iron or steel, there is found to be a force exerted on a moving charge or on 
acurrent element. A field of induction B therefore exists there. Experi- 
ment shows that, if the magnet is a very long and thin bar, the field near 
one end is radial and varies inversely with the square of the distance from 
the end. Near the center of the magnet the field is small. It thus 
appears that the origin of the magnetic effects is at the ends of the bar 
or at the poles of the magnet. At one end the field is radially outward, 
and this end is called the north pole of the magnet. At the other end the 
field is radially inward, and this end is called the south pole. The terms 
“north” and “south” derive, of course, from the fact that a magnet free 
to turn about a vertical axis perpendicular to its length aligns itself 
approximately north and south, with the north pole in the northward 
direction. s E 

One of the earliest experiments, performed by Coulomb, indicates 
that the magnetic field around the pole of a long magnet follows an 
inverse-square law: B & 1/r. To write this relation in the form of an 
equation we introduce a quantity m, called pole strength, which, as the 
name suggests, is a measure of the potency of the posu prodnon s 
magnetic field. But in doing this we must again allow a choice of 
different units for this new quantity ™, and this is done by inserting 


our third constant, k”. Thus ^ ^  . 


natural magnet of lodestone 


Beaks (81.1) 
T loei. 


Here r is the distance to the pole. We have already been forced to 
introduce the constant k” in Sec. 30:5 but dts meaning arises here.’ 
The emu of pole strength results if B is expressed in emu, r in centi- 
meters, and I is taken to be 1. One might wish to define a Beene, or 
mks, unit of pole strength by measuring r in meters, Bin webers/m , and 
then taking k” equal to 1. This procedure is inconvenient, however, 
for the use of such a unit of pole strength would introduce a factor 
4x into many other equations. To avoid this complication the value of 
k” is taken to be 1/47 when the mks unit of m is defined. 

‘Tt wi i ospect that the constant k served to determine the unit 
of E FER ania of cm e that of pole strength. 
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In neither the electromagnetic nor the mks system of units does the 
unit of pole strength have a separate name. Since it has the same 
dimensions as magnetic flux, the units maxwell or weber may be used, 
respectively. Caution should be exercised, however. The total flux from a 
unit pole in the electromagnetic system is 4r maxwells; the flux from a unit 
pole in mks units is 1 weber. 

The similarity of Eq. (31.1) to the equation for the electric field near à 
charge is immediately obvious. The pole strength m therefore plays the 
role of a magnetic charge that is concentrated at the end of the magnet. 
In fact Eq. (31.1) was once believed to demonstrate the existence of 


magnetic charge, but we know now 
that this is not the case. Magnetic 
charges do not exist, but the mag- 
netic field of a permanent magnet is 
the result of moving charges within 
the magnet, just asthe magnetic eu 

. near a current-carrying wire is the 
eh The field of a magnetic result of the current directly. Mag- 


; netic charges are often a convenient 
artifice, however. The field of a permanent 
described easily as the s 


h : As an example of the calculation of the 

magnetic induction field from the pole strength, let us consider a mag- 

netic dipole consisting of two poles of strength +m and —m separated 
The field B, at the point P, is the sum of 

nents, and the net field is directed away 

magnitude 

" km Hy 

pue EE c 

lz — (72) EF (/2)]: 

2zlmk" 

“e TAr iis 


At the point P, the field B. 


t 2 is the sum of two vectors 
figure, and is equal to 


, as indicated in the 


AMT 
+ CAF pue 


E 
[ 
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These relations are identical with the expressions for the electric field 
near an electric dipole [Eqs. (25.7 and 25.8)]. The product ml is called 
the magnetic moment M of the dipole. At large distances the fields 
become ; 
2k"M 

a 

k"M (31.4) 
uum 

Equations (31.4) are also identical with Eqs. (30.21), which describe 
the field B about a current loop. The field, then, of a short, magnet of 


moment M = ml is indistinguishable from the field of a small coil of 


moment M = k'iA/k". s 

31.3. Intensity of Magnetization. Experiment shows that a magnetic 
charge or pole never occurs as an isolated magnetic charge; no isolated 
poles exist. If the magnet has a north pole of strength +m at one end, 
the south pole at the other end has a strength —m. The total magnetic 
charge on a body is always Zero. The magnetic charges in a magnet are, 
however, polarized, just as the charges in à dielectric are polarized by an 
applied electric field. The intensity of this polarization, called the 
intensity of magnetization, 1s measured by the magnetic moment per unit 
volume. The intensity of magnetization I is a vector quantity, just as is 
the analogous polarization P of a dielectric; the direction of I is taken to 
be from the south to the north end of the dipole. 

The relation between the intensity of magnetization I and the pole 
strength m is easily found. Tf a magnet of length 1 and crors-sectional 


area A is uniformly magnetized, then 


1— 


B: = 


(31.5) 


The units of I are consequently the same as the units of B [see Eq. (31.1)] 
and this is the case in both the electromagnetic and mks systems of units. 
The picture of magnetization as the polarization of magnetic charges 
offers an easy explanation of many ease $34 sels i a 
magnet is broken in two parts, each part has poles a! s e ends equal in 
strength to the poles of the original magnet and hence i maere oot 
Tis not altered in the process. Moreover a magnet in the form of a ring 
If such a ring magnet were broken, 


i i les at all. , 
can exist, which has no pole oe ee ret quie tyr, 


how i ould have po l à 
Gn nM not always uniformly magnetized. Thus, if I 


were in one direction over part of the length of a bar magnet and in the 
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opposite direction in the rest of the length, there would be a south pole, 
say, at each end of the bar and a north pole at the center, as in Fig. 31.2. 
Such poles are called consequent poles. 

31.4. The Magnetic Moment of a Magnet. 
edly emphasized, all magnetic effects are the res 
charges and are not caused by magnetic charges o 


As we have repeat- 
ult of moving electric 
r poles. The intensity 
of magnetization of a magnet is 
therefore the result of electric 
currents within the magnet and 
indeed within the atoms of the 
materialofthe magnet. Although 
by Ampére in 1820, complete con- 
hin the last 20 years. In steel and 


Fic. 31.2. Consequent poles. 


ere a spherical distribution of charge 
e axis. An electron is thus a small 
netic moment. In an unmagnetized 
Te oriented at random, and no net 
In a magnet the electron 
axes have some preferred orientation, the spins are 


aligned in more or less the same direction, and magnet- 
ization results. 


Fig. 31.3. Cross 


y i à ircuital electron section of a mag- 
currents are lined up with their planes perpendicular to net showing the 


the length of the magnet, If the effective current in, lesion currents, 


each of these tiny circuits is i, and the area of i 
(30.22) the contribution M. of each to mem a rà 


the total magnetic moment M is 


(31.7) 


31.5. The Torque on a Magnet in a Field. It is instructive to calculate 
the torque exerted on a magnet in an external field B. We assume that 
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the magnet has a length / and cross-sectional area A, that it is uniformly 
magnetized, and that the external field makes an angle ¢ with the axis 
of the magnet, as indicated in Fig. 31.4. Now by Eq. (29.19) the torque 
L, on each of the tiny electron circuits 
of area A, and current i, is 

Le = d$,A.B sin ó (31.8) 


since sin ¢ = cos 0 of Eq. (29.19). 
The total torque L on the magnet is 
the sum of these Le contributions over 
all the electron circuital currents in 
the magnet. Hence 


L-ZL,-Bsiné Died. (381.9) 
From Eq. (31.7), Z tele is (k”/k') M, 
and so Fic. 314. The torque on a bar 

L= 5 MB sin ó (31.10) magnet in a field. 


It is evident from this relation that M is a quantity easily measured 
for a bar magnet of any size orshape. One has only to pivot or suspend 
the magnet on a line through its center of mass in a magnetic field of 
known strength B. Measurement of the force couple needed to hold the 
magnet at right angles to the field so that sin $ = 1 yields M by simple 


Ec magnetic moment M is related to the pole strength m at the 
ends of the magnet by budget GLI) 
the torque can also be written 

L= m5, B sin ġ (81.12) 


he torque on the magnet is significant since it 
F on a magnetic pole. The torque on the 


This last form for t 
rce 
exerted at the ends must be 


enables us to evaluate the force ^ OD." in 
magnet caused by forces in the direction ©! 
= —Fl sin ọ 


and therefore the force on pole of strength m in a field B is 


pe mE (31.13) 


————— 
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31.6. The Magnetic Intensity; Force between Magnetic Poles. It is 
customary to define a second magnetic vector H. In the preceding 
section it was seen that the torque on a magnet in an external field is 
equal to the torque exerted by a force F acting at each end of the magnet, 
the magnitude of the force being given by Eq. (31.13). 


intensity H is defined as the force on a unit magnetic pole 
case 


The magnetic 
; then for this 


Hb (31.14) 
mc 


The torque on the magnet can then be written in terms of H as 
L=Hsingml = H sin ọ M (81.15) 
This interpretation of the torque on the magnet in terms of the forces 


on its poles is illustrated in Fig. 

=£ 31.5. 
ee It must be emphasized that B 
and H above are the values for the 
field applied to the magnet; they do 
not refer to the field of the magnet. 
The applied field B might be the 
result of currents flowing in wires 
or of the magnetization of another 
magnet. 

In the neighborhood of a mag- 
netic pole, ùe., near the end of & 
long magnet, B is given by Eq. 
(31.1). The value of H is there- 


Fig. 31.5. Torque on a bar magnet with fore, from Eq. (31.14) 
the concept of poles. 


, 


H- crm (31.10) 
If a second pole of strength m’ were i 
in this field of P 


E (31.17) 
ee, 


This equation is analogous to Coulomb’s law for the force between 
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electric charges. It would be entirely logical to begin the study of 
electromagnetism with Eq. (31.17) as the definition of pole strength 
rather than Eq. (31.1). In emu, since both k’ and k” are unity, Eq. 


(31.17) becomes 
m 


TU enu. (31.18a) 
5 tT mm' " 
and in practical units F= air mks units (31.180) 


The magnetic intensity due to & single pole is 


ij 
H=% emu (31.192) 
zum mks units 
- Au (31.195) 


ent, then the vector sum of the contri- 


bution from each pole must be taken in exactly the same way as the field 
E is computed from a distribution of electric charges. If electric currents ` 
are present, there will also be a contribution to H from these. From Eqs. 


(30.1) and (31.14), ; dl sin 8 
t St 


If a distribution of poles is pres 


(31.20) 


If both poles and currents are present, a summation must be made to find 
the total value of H. Indeed, it is clear that a vector sum is to be taken. 
Equations (31.20) and (31-16) are therefore the definitions of H in terms 
of the currents and poles present. It will be recalled that the field B is 
defined by its action on & moving charge [Eq. (29.2)]. The relations 
between B and H within magnetic materials will be discussed in Chap. 33. 


Since H is force per unit pole, the practical units of H can be taken as 
tomary to use the unit derived from 


newtons per weber. It js more cus the uni 
the relation between H andi. From Eq. (81.20) it is evident that H is 
measured in omperes per meter. Sometimes the units of H are called 
“ampere turns” per meter, since the current #18 often flowing in a coil, 
but in this text we shall use the simpler expression. The emu of H might 
be either abamperes per centimeter Or dynes per maxwell. A special 
name has been given, however, to a unit field intensity in emu; it is 
called the oersted. In free space in the electromagnetic system Band H 
have the same numerical value, put this is not true in the mks system. 
The relation between the units of His 


10° ami 
1 oersted = Fr ame (31.21) 


This relation can be derived from Eq. (31.20). 
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Worked Example. A long wire carrying a current of 10 amp is per- 
pendicular to the plane of the paper. A bar magnet with point poles of 
strength 10-* weber is situated as indicated in Fig. 31.6. What is the 
magnitude and direction of the magnetic intensity at the point P? 


1 P E] N 
e Hy "^ MEN 
Ss cm: 10 em—+}. 19 em——| 


B, 
Fig. 31.6. The magnetic intensity 


at P is the vector sum of the H due to the current 
and the H from the magnet poles. 


The value of the magnetic induction B 


at P due to the current is given 
by 
B= tot 
Ta 
x k” B li 10 50 
mU ER TOM - m 
and since H E P> H a rx O1 = amp/ 
The values of Hs and H x are 
3h a 10-4 
XE XI XO  2mp/m 


ES 10-4 
XE X107 RDS amp/m 


Irection of their vector sum is left as an exercise 
for the student. 


31.7. The Magnetometer, 
intensity H, the torque is give 
approximated by 


If a magnet of 


moment M is placed in a field of 
n by Eq. (31.15). 


If the angle ¢ is small, L can be 


L= —MH¢ 
If the magnet is suspended so that it is free to turn, its motion is governed by the 
equation 
dp 
d^ ae = —MH$ 


(31.22) 
where I’ is the moment of inertia of 


the magnet, 
SHM about ¢ = 0 (cf. Sec. 12.8). 


The frequency o! 


1g ME 


The magnet oscillates with 
f oscillation is 


(31.23) 
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and is proportional to the square root of the magnetic field. The strength of one 
magnetic field can be found in terms of the strength of another by observation of 
the frequencies of oscillation of the same magnet in the two fields. If the two 


cases are denoted by the subscripts 1 and 2, 
B ya (31.24) 


An instrument that utilizes an oscillating magnet in this manner is called a 


magnetometer. 

In order to find the absolute value 
of the field H it is necessary to know 
also the moment M of the magnet. M 
With the aid of a second suspended SZAN 
magnet this can be determined. Sup- 
pose the second magnet is suspended 
in the field H and the magnet of mo- 
ment M brought near it, as shown in 
Fig. 31.7. The suspended magnet will 


set itself i irection of the result- 
ant field a o with respect to the original field. If the field from the 


Fig. 31.7. Measurement of H by a 
magnetometer. 


magnet of moment M is Har, then 


Fr . (31.4), 
om the first of Eqs. (31.4) (ey: 2M. 


=P g 


where z is the distance between the centers of the magnets. The observable 
angle 6 i i 
gle 0 is then given by E 2H 


cot 0 = quy 2M (31.25) 


i f oscillation of the magnet of 
int i M. Now the frequency fo llati 
moment i ye E, of Fig. 31.7) in the field H alone is given by Eq. (31.23). 
e is dace es H and M are determined, for they ean be eomputed by 
i ing Eqs. (31.23) and (31.25). 
Eo Mp emer ds D most suitable for weak fields. They are 
often pee A measurement of the field of the earth and in geophysical 


Prospecting. 

31.8. Terrestrial Magnetism. Since the north pole x 3 ede 
needle points northward, the lines of magnetic field B LE the earth 
run from south to north. A compass needle ps ipo Pon i 
true north but differs by a small angle from, thamendian, h IB ADRIS 
is called the declination. If along magnet is suspended about a horizontal 


8 
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A 


axis, the equilibrium position, in the Se sa n ae oe 
on rd. The angle with the horizonta t : 

in js ees nai The declination and dip, as well as the eal 

i ot fe halt vary over the earth’s surface. The field at the surface ied 

earth is remarkably. similar to that of a magnetic dipole near ins ks d 

of the earth and inclined at an angle of about 17 with the earth’s sd 

indicated by PP’ in Fig. 31.8. The dipole moment is directed n E 
to south. The points on the earth's surface where the dip is ic 

called the magnetic poles of the earth. 

N The nurth magnetic pole is in northern 

Canada at lat 70°N, long 96°W, and the 

south magnetic pole is at lat 7278, long 

157°E. The magnetic equator ce’ is the 


line on the earth’s surface where the dip 

is zero. It varies from lat 15°S in South 

» America to 20°N in North Africa. Since 
EL the equivalent dipole is not exactly at 


the center of the earth, the intensity of 
the field along the magnetic equator 1S 
not constant but varies slightly from 

one side of the earth to the other. The 
s intensity of the field at the magnetic 
equator is roughly 0.4 oersted and hori- 
zontal. At the magnetic poles it is ver- 
tical and twice as strong. 


the earth is the currents that flow in the 
above about 80 k: 


Fig. 31.8. The magnetic field of 
the earth. 


One source of the field about 


upper atmosphere. At heights m, free charges, elec- 


» and such ionospheric currents produce 
ion currents vary with diurnal and 
nd seasonal varia- 
urrents are greatly 
Magnetic storms are apparently 


and may be caused by a change in the 
e ionosphere. 


constitutes one of the outstanding 
unsolved problems of science. The fi 
to vary with time, but with much 1 
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called “secular” changes. They are most easily described by the state- 
ment that the north magnetic pole is moving about the North Pole of the 
earth with a period of about 1,000 years. The variation of the field over 
the surface of the earth does not give much information about the field 
within the interior. If the earth were uniformly magnetized, the external 
field would be exactly the same as the field from a dipole at the center of 


the earth. 
PROBLEMS 


in the form of a ring has & small air gap. If the pole strengths on 


1. A magnet f 
—m and the cross-sectional area of the magnet is A, 


the faces of the gap are +m and 


what is the field B within the gap? 
2. The poles of a long thin magnet are 30 cm apart and are of strength 100 emu. 


What are the magnetic induction and magnetic intensity (a) at a point on the extended 
axis of the magnet 30 cm from the nearer pole; (b) at a point 20 cm from the magnet 


and on its perpendicular bisector? 

3. A long thin magnet has poles of strength 107* weber 30 cm apart. Calculate 
the values of B and of H in mks units (a) at a point on the extended axis of the magnet 
20 cm from the nearer pole and (b) at & point 30 cm from the magnet and on its 
perpendicular bisector. i i 

4. A magnet of 1 cm? cross-sectional area and 10 em long has an intensity of 
magnetization of 1,000 gausses. Calculate (a) its moses moment, se) KON 
Strength m of its poles, (c) the torque it would experience if placed at right angles to 
am: i z 

EN m of Alnico 5 alloy of 2 em? cross-sectional area and 
12 cm long is uniformly magnetized with a pole strength of 107* weber, (a) What 
is the magnetic moment of this magnet? ORE Baur ould re eae $ 
suspended at right angles to à magnetic field of strength 10 weber /m?? 

6. Two thin magnets; each 20 cm long, are parallel and separated by 20 mm. 
What foros does ned add exert upon the other, if the pole strengths at the magnet 
en 

Aue i arte a current of 10 amp is perpendicular to a magnet with a 
pole strength of 10-* mks unit. What is the field H at the point P in Fig. 31.9? 
N 


Q Ü 
E —10 cm—k—10 cm 


Frc. 31.9. Problem 7. 


ng 200 turns carries a current of 3 amp. What 
e solenoid in emu and in mks units? 

n3, 10 cm long, and of cross-sectional area 
is suspended in the earth’s field 


*8. A solenoid 50 em long and havi 

are the values of H at the center of ew 

23 3 cm 
9. A steel magnet, density 7.8 Em 

1 mm?, has poles of strength 10 emu. If the GENS 

of 0.2 oersted, what is the period of oscillation: 


10. What is the intensity of magnetization of the magnet of Prob. 9? 
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*11. The period of oscillation of a suspended magnet in the earth’s field of 0.2 oersted 
is 0.6 sec. When suspended inside a long solenoid the period is 0.1 sec. What is the 
strength of the field in the solenoid? 

12. Assume that the earth’s field is 0.5 oersted at the magnetic equator. What is 
the magnetic moment of the dipole at the center of the earth that would produce 
this field? 

13. What is the potential energy as a function of 
at an angle 8 with a field H? [Hrvr: Integrate Eq. wa pop 

*14. A magnet suspended in the earth’s field se 
magnetic north when a second magnet is 
If the earth's field is 0.3 oersted, what is 


ts itself at an angle of 15? from 
placed 50 em from it as shown in Fig. 31.7. 
the moment of the second magnet? 


CHAPTER 32 
INDUCED ELECTROMOTIVE FORCE 


32.1. Electric Fields Produced by Motion. The force on a charge 
moving in a magnetic field has one consequence of extreme importance. 
Suppose a vertical conductor is moving to the right, as in Fig. 32.1, with 


a velocity v, and that there is a magnetic field B ad 
directed inward to the paper. The electrons and +(\+ 
Positive ions in the conductor experience a force, y H E 7 s 
given by Eq. (29.1), that tends to make the posi- +| |+ 
tive ions move upward and the electrons move EI m 
x x 


downward. The positive ions are held in place X 


by the interatomic forces, but some of the elec- 
free to E 
trons, perhaps one or two per atom, are fre x ITE. 
move. A separation of charges therefore results 
as indicated in the figure. The separation con- 


tinues until an electric field Æ is produced thatis X —1| X * 
just sufficient to counteract the magnetic force on EIE B 
the charges, pe cS x 
E- EF = vB (32.1) E 
q Fic. 32.1. A conductor 


If the field B is uniform and v is constant, ma e in a magnetic 
the electric field produced is constant over the i ; 
length of the gue M An emf dë directed upward is thus produced in 


each element of length dl, which is (cf. Sec. 27.3) 


IS 
d& — vB dl (32.2) 
aM II. 
and the total emf 8 is 
g = fde = Bl (32.3) 


let dl lie along the + axis and choose B to lie 
If ¢ is the angle between the z axis and 
Eq. (32.2) is generalized to 


, Ina more general case, 
in the zy plane (see Fig. 32.2). A 
v, and 6 that between B and the 7 axis, 

dg = (v cos ¢) (B sin 8)dl (32.4) 


'The emf & is called an induced emf. It is produced by virtue of 

mechanical motion and hence forms the basis of all electric generators. 

The process of induction was discovered about a century ago by Faraday 
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a ation of 
1j dently. Energy is expended in the separation o! 
D dicte ui ure e this energy is supplied ees the pen 
s nductor. Since it is important to unde 
ur Varie ah aia T what happens when the ends of 
the eee udi: are connected by a wire. The connecting wire can e 
RUE ns and the conducting rod imagined as sliding along the wire, as 
lm os The induced emf causes an induced current i to flow in ie 
ps as stood The current flows in the direction of the emf hi 
along the moving conductor. "here is a force, however, on a curr 


z 
Fia. 32.2, 


x x 

Fig. 32.3. An induced current. 
flowing in a magnetic field that is given by Eq. (29.14). The force F 
is directed to the left in 


Induced electromotive force, 


the figure and tends to oppose the motion. Its 
magnitude is 
F = iBl (32.5) 
As the rod is moved, mechanical Power is expended in the amount 
P = Fv = iBly (32.6) 
The mechanical power is transformed to electric power, which is 
Bum (32.7) 
If Eqs. (32.6) and (32.7) are combined, we obtain again Eq. (32.3)- 
32.2. Faraday's Law of Induction, 


The emf Produced in the moving 
conductor can be regarded from still another Point of view. As the 
conductor moves, the total flux through 


the circuit changes, The change 
1 Joseph Henry (1797-1878), an American physicist, 
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in area dA for a motion v dt = dz is 
J dA = l dz = lv» dt 


and hence the change in flux d® that results is 
dé = BdA = —Blv dt 


or 
_ 


d% E 
sp cC (32.8) 
eS 


This result is known as Faraday’s law of induction: the induced emf around 
a circuit is equal to the negative rate of change of magnetic flux through the 
circuit. The negative sign in Eq. 
(32.8) arises from the convention for x 
the positive direction of &. The emf 
is taken as positive if the direction 
of & around the circuit (clockwise in x 
this case) is the direction of rotation 
of a right-handed screw advancing in 
the direction of the field B (into the x 
paper here). A negative rate o 
change in 4, for the present case, i 
thus produces a positive 8. If the x x x 
stationary wire were to the left of the Fro. 324. A negative induced emf. 


moving conductor, às in Fig. 32.4, 


the rate of change of ® would be positive; ! 
would be negative. 


flow counterclockwise, and & 
n à d emf can often be obtained most easily 


The direction of the induce t I 
from Lenz's law: The direction of an induced emf is such as to oppose 
ng the emf. This law may 


through i ^. effects the change producing th 
at ee Hees E For example, in the circuit of Fig. 32.4 the 


be variously interprete A 

force on m. moving rod is opposite to the velocity. In terms of the flux 

through the circuit the law may be applied ee solowe e x xn the 

rod f $ ase in the flux; the e must t! erefore produce a 
results in an mci this change within the rectan- 


current in such a direction as to compensate 
he current must be outward from the paper, 


gular circuit. The field of t 
t in a counterclockwise sense. Lenz’s law 


and hence the current must flow Pd ý f 
is, of course, an expression of the principle of conservation of energy, not 


of the perversity of nature. When electric energy appears, energy in some 


other f i IS. 
drm evum s valid whether or not the change in flux 


Faraday's law of induction i d P 
is the result of the motion of the circuit. Thus a change in flux through 
a circuit caused by the approach of a magnet or by the change in the 


but the current 7 now would 
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i ing circui mf given by Eq. (32.8). It 

t of a neighboring circuit produces ane ivi 
ied also be emphasized that the circuit containing the emf need not 
b ys metallic circuit. Faraday's law is applicable to any closed curve. 
p uation (32.8) is valid in both practical mks units and electromagnetic 
cgs ms If practical units are used, € is in volts if d /dt is in webers 
To vacuum ACCELERATION CHAMBER 


Path of 
electrons 


Cross section 


Electrons stream 
from cathode 


Path of electrons 


N 


N 


X-ray beam 


Rock-maple 
facing 


Doughnut made of 
Special quartz glass 
in twelve sections 

forms Secondary coil 


Primary coils 
weigh one ton 
each 
ECTROMAGNET 
Core is made Up in slabs of thin 
Sheets of silicon steel cemented 
together with an insulating 
Compound and then baked in an oven 


on of the 100.Mey betatron. (Courtesy of 
ric Company.) 
per second. In emu, d®/dt has the units of g 
is expressed in electromagnetic Volts, or abvolts, Since the ratio of esu to 
emu of emf is c = 3 x 1910 cm/sec and 1 electrostatic volt = 300 volts, 
approximately, we have 


EL 


Fic. 32.5. Construction and operati 
Popular Science and The General Elect, 


lesu = 300 volts = 3 X 10° emu 
aad 1 emu of emf = 1 abvolt = 19-8 volt (32.9) 
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electrons to high energies. It was recently invented by D. W. Kerst, and 
several large betatrons are now in operation. The changing flux is 
produced by a large electromagnet excited by an alternating current. 
The field of the magnet serves at the same time to bend the electrons in a 
circular path and confine them to the region of changing flux. The 
arrangement is indicated schematically in Fig. 32.5. The electrons 
move within a doughnut-shaped vacuum chamber placed between the 
poles of the large electromagnet. The coils carry the alternating 
current. The time of revolution of an electron in its cireular path is 
much smaller than the period of alternation of the field. As the field 


grows from a small value to its 
maximum, the change of flux within x 
the path of the electron produces an 
emf whose magnitude is given by 
Eq. (32.8). The energy received by 
the electrons in one revolution is 
small, but a very large number of 
revolutions are possible, and elec- 
trons of high energy result. The 
electrons can be deflected from their x 
Path at any time by a surge of cur- 
rent through the magnet coils, and 
the high-energy electrons can be di- 
rected to a target. 

A betatron recently built by 
General Electric Company produces 
electrons of energies up to 100 Xv E AM 

í i ss tubi $ side 

chamber is oonatructed of oe eg “The PEAY of alternation for 


diameter and 58 in. in inside diameter. 
a p 60 cycles/sec. Electrons are accelerated by an elec- 


tri hot into the tube tangential to a circular path 
€ field to 50,000 ev and s n an electron gains about 400 volts 


66 in. in diameter. At each revolution an 1 1 
and makes about 250,000 revolutions while the field is changing. The 
total energy gained by each electron is therefore 400 X 250,000 — 10* ev. 
The relativistic change of mass with velocity does not affect the operation 
E E) lved, as in the cyclotron. 


of the betatron, since no resonance is InvO 

1 . One of the first electric generators was invented 
by ate me disk dynamo. The dynamo ane simply of a 
metal disk that can be rotated in a magnetic field about an axle perpendicular 
to the disk. Two sliding contacts, OF brushes, one on the rim of the disk, the 
other on the axle, are the terminals of the source of emi. the dynamo mowa 
schematically in Fig. 32.6. The small section of the disk lying between the radii r 


x x x x 
the Fic. 32.6. The disk dynamo. 
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andr + dr is moving in the field B with a velocity v = wr, where w is the angular 
velocity of the disk. The emf generated in the section is 


d& = Bw rdr 


The total emf between the two brushes is therefore 


ë= f Plorar (32.10) 
b 


where a and b are the radii of the axle and disk, respectively. Evaluation of the 
integral results in 


= = (0? — a?) (32.11) 


Dynamos of this type are not practical machines since the emf that can be gen- 
erated is too small. 


Worked Example. A disk dynamo rotates with a speed of 3,600 rpm in a field 
of 4,000 gausses. The radius of the disk is 10 em, that of the axle 1 em. What 
emf is generated? The field in practical units is 0.4 weber/m?. The angular 
velocity 


w= 3,800 2r = 120r radians/sec 
From Eq. (32.11), 


0.4 X 120r 
8 aie (0.01 — 0.0001) ~ — = 0.75 volt 
In emu, 


Bn SOR CHE 90 = 7.5 X 10" abvolta = 0:76 volt 
32.5. Dynamos. More practical electric generators can be made that 
utilize the emf induced in a coil rotating in a magnetic field. In the 
simplest case a coil of N turns, each of area A, rotates in a uniform field 
B about an axis in the plane of the coil, 
as indicated in Fig. 32.7. If @ is the 


angle of rotation, the flux ® through the 
coil is 


® = BA cos 0 (32.12) 


The emf developed in the coil is therefore 
Fie, 32.7. A coil rotating in a 


- d$ 
field. e= A = -NBA 2 (cos 8) 


If the angular velocity of the coil is € = d6/dt, a constant then 
» 
& = NBAo sin 0 
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If we assume that 0 = 0 at t = 0, then @ = wt and the emf is 
& = NBAo sin wt (32.13) 


The emf is therefore zero at t = 0 and varies as a sine curve, reversing 
direction each half cycle, like the displacement in SHM. The emf is 
hence called an alternating emf. The 
maximum value is 


and & = Ema sin wt (32.14) 


In order to utilize this emf it js neces- 
sary to make contact with the coil. This 
is accomplished by metal rings, called 
slip rings, attached to the shaft. Upon 
these rings are sliding contacts, usually 
of carbon, called brushes. The ends of Fra, 32.8. A four-pole generator. 
the coil are connected to the slip rings, 5° i 
that the emf is developed between the brushes. To obtain a large value 


of B the coil is wound upon & soft-iron armature. The frame of the gener- 
ator is usually also wound with field coils, through which a current is 
passed to excite the generator. In very small generators the field is sup- 


plied et. Most large generators have a more com- 
bys pease ae of poles. A four-pole machine 


plicated field structure, with several pairs of po : : 
i ; in Fi The emf induced in the coil wound 
is shown edheroielly ENE a on the armature A is zero at four 
£ positions in each rotation of the 
shaft, instead of two as in the two- 
Corte pole machine. The frequency f of 


fos the alternating emf in a machine 
Ny )3 with n poles rotating A turns per 
sec is 
t 
(a) (b) EOS 
Ws mut (32.15) 


Fie. 32.9. (a) D-c generator with a two- 
Segment commutator; (b) the emf pro- 


duced. Thus a four-pole machine at a speed 


of 1,800 rpm produces an alternating emf of the standard frequency, 
60 cps. 

Direct-current generators à 
slip rings are split into segmen 
another. The slip ring is then c 


re constructed with several coils, and the 


ts that provide switching from one coil to 
alled a commutator. For each coil there 
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is a pair of segments on the commutator. For & single coil the id 
ment as well as the variation of the emf with time is shown in Fig. oe 
If two coils are used whose planes are at right angles to each other ant 

the emfs induced by the coils are connected in series, the resultant emf is 
as shown in Fig. 32.10. The “ripple” in the emf is much reduced. By ü 
further increase of the number of coils 
5 and of the number of commutator 
Segments a rather steady emf is 

obtained. 
The d-c motor described in Sec. 
29.12 is nothing morethana dynamo. 
£ The conversion of energy is from 
oe ü ux TE Fite mechanical to electric energy in the 
lower two. dynamo. The motor performs the 
conversion in the opposite direction. 


iuB. 1H — NAdB (32.16) 
R R dt R dt 
"The total charge q that flows through the galvanometer is equal to the time 
integral of the current, or 


a= fia = NA ndB, _ NAB 


if B decreases to zero. Since the 
to q, the field B can be i 
course, be simply turned 
twice the charge flows thr 
other means, the coil can 

In the calibration of a ballisti eter for use with a search coil it is 
As the coil of the galvanometer 
ed in it. By Lenz’s law the emf 


y er sorts, and inversely 
proportional to the resistance of the circuit, Since the deflection of the galva- 
nometer per unit charge depends on the damping, a ballistic galvanometer must 
be calibrated in a circuit of the same resistance as that in which it is used. 
Electromagnetic damping is an important factor in the Performance of nearly 
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all electrical instruments. Pivoted-coil meters often have the coil wound on a 
light metal frame. The emf induced in this single closed turn provides the damp- 
ing. Galvanometers are usually used with shunt resistors across the terminals, 


which can be adjusted for the optimum condition of damping. In most work an 
ess than that necessary for critical damping is desir- 


amount of damping slightly | 
f the galvanometer is, of course, altered by the 


able. The current sensitivity ©: 
shunt. 


32.7. Mutual Inductance. The process of induction provides a means 
whereby two electric circuits can be coupled together. If the current 2; in 
one circuit changes, the magnetic field in the vicinity of the second circuit 
changes proportionally and an emf & is induced in the second circuit. 


The mutual inductance Mn is defined by 
Se eee 


&2 
Mn = di;/di (32.18) 


——— ee 
e strength of interaction between the circuits. 
uit 1 is a long solenoid of length 7 and 
t i is flowing and that circuit 2 is a 
d coaxially with the first and near its 
o the current 7; is, by Eq. 


and is a measure of th 

Suppose, for example, that circi 
N; turns through which a curren 
shorter solenoid of N: turns woun 
center, The flux through circuit 2 due t 
(30.24a), 


where A is the area of solenoid 1 and k’ the factor to take care of units. 
It will be recalled that, in the practical system, k' = pof An and, in the 
electromagnetic system, I’ = 1. If i: changes, the emf in circuit 2 is 


d& Ax N1N2À dis 
& = Na ae =k l dt 
From the definition the mutual inductance is therefore 
4rNıN:4 
moa E (82.19) 
In practical units, 
NNA (82.20) 


Ma =u- 


and in emu, 
_ an NN2A (32.21) 


Sh l 
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terms of the henry; it is evident 
pure numbers, that xo has the uni: 
Eq. (32.21) that in th 
the centimeter. 

If the circuit 2 is a closed circuit with a curren 
produces an emf & in circuit 1. 
to the rate of change of 15; 
defined by the equation 


t i», any change in " 
The emf 8, is similarly proportiona 
therefore a mutual inductance can also be 


E 32.22) 
Mus di;/di f 
It can be shown, although not simply, that in all cases 
=a 
My, = Ma E (32.23) 
EL ee 


In what follows we Shall therefore drop the subseripts and write the 
mutual inductance simply as M. 


Since the flux [2n 


through circuit 2 
lis Proportional] to 


3.35 aiTPTID 
produced by a current i; in circui 
^, M can also be 


expressed as 


M = N2(d®21/dt) = Ndaba — Nadan 
di/dt di — i 


beeause of Eq. (32.23), 


(32.24) 
Di 
or alternatively, 


€ 
m = Ndr (32.25) 
t2 


ee 
The mutual inductance between tw, 


by a ballistic galvanometer, If the g: 
2, the charge through it is 


© circuits can be measured "€ 
alvanometer is connected in cireui 


or ae &dt  M di M 6 

a E / RR, J q@u= Rô (82.26) 

where A i is the total chan 
32.8. Self-inductance. 


ge of the current in circuit 1. 
Just as a chan 


BU ging current in one circuit 
T circuit, an emf 


is also produced in the circuit 
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in which the current changes. The magnitude of the emf depends on 
the shape of the circuit and the value of di/dt. The self-inductance L is 
defined by a relation similar to Eq. (32.18), 


& 

UE 7 (32.27) 
The negative sign in this equation arises from the fact that & is a counter 
emf. By Lenz's law the direction of & is such as to oppose the change in 
current. Thus, if the current increases, di/dt z 
is positive, and 8 is negative. The units of o—— 0000000 —— —9 
Self-inductance L are henrys, the same as for 
mutual inductance. By analogy with Eqs. 


(32.24) and (32.25), L can also be written as LIJM SL, 
o 
- x (32.28) Fre. 32.11. Circuit symbols 
for inductances. 


The self-inductance of a long solenoid or a toroid can be calculated 
from Eq. (30.24), 


eo iN A 
and therefore L-2k ss (32.29) 


In emu, k’ = 1; in practical units, k’ = uo/4v, and 


L- Ts (32.30) 


A coil possessing appreciable self-inductance is called an inductor, or an 
inductance. It can be represented in circuit 


Se aps diagrams as shown in Fig. 32.11. The sym- 
i bol for two coils with mutual inductance is 
also indicated. 


32.9. The Growth of Currentin an Inductance. 

R L It is of interest to study in more detail the retard- 

Fie, 32.12. A circuit with ing action of the counter emf. : Let us consider a 
inductance. simple circuit consisting of an inductor of induct- 
i ance L, a resistor of resistance R, and a battery 

h, as in Fig. 32.12. The value of E is meant 
ce of the resistor but also the internal 
tance of the coil with inductance. Let us 


of emf E in series with a. switc| 
to include not only the resistan 
resistance of the cell and the resis 
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suppose that the switch is closed at £ = 0 and no current is flowing before the 
switch is closed. At any time the total emf must be equal to the iR drop across 
the equivalent resistor, or 


E+e=iR (32.31) 


From Eq. (32.27) the value of £ can be substituted, an 


d with a rearrangement of 
terms, we have the differential equation for the current, 


LS E Ri-E (82.32) 


The variables can be separated in this equation, and 


E di dà 
E/R = mun ce Ts oe E-Ri L 
D 


rs T Multiplication of both sides of this equa- 
tion by —R and integration result in 


In (E — Ri) = —Rt/L + In A 


L/R t—> where In A is the constant of integra- 
Fic. 32.13. The growth of current in tion. In exponential form the relation 1$ 


an inductance, 1 
E — Ri = Ae-G/1x 


The constant A is determined by the initial condition, 


i = 0,1 = 0; hence 
A-E 


The value of i can therefore be written as 


i- m — ein] (32.33) 


We can see that i increases 

rge values of ¿ A graph of ? 
4 = L/R th is within 1/e, or 

37 per cent, of its fi d ni /. t the current is within 1/e, 


resistor. 


The power relations in this 


, circuit are also inter 
ing power at the rate Ki, 


c esting. The battery is supply- 
and this, by Eq. (32.32 


), is 


inductance is storing energy, and this 
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given by 


dw .di- 

ucl (32.35) 
The total energy can be found by integrating this; and since W = 0 when i = 0, 

W = KL? (32.36) 


The energy W can be thought of as stored in the magnetic field surrounding the 
inductance. It reappears and is given back to the electric circuit when the cur- 
rent decreases. If the switch in Fig. 32.12 is opened after a current i is estab- 
lished, the energy in the magnetic field partly reappears in the spark made when 


the circuit is broken. 2 
32.10. Inductances in Series. If a circuit contains two coils of inductances 


Ly and L», respectively, the resultant inductance of the coils connected in series is 
simply the sum of the individual inductances, provided that the mutual induct- 
ance M of the two coils is negligible. If M cannot be neglected, then the resultant 
inductance can be found from a consideration of the emfs induced. Let us call 
the induced emf, in coil 1, & and the currents in the coils i; and i« Then 


oe MG (32.372) 
since the windings of the two coils may be in the 
Similarly, for coil 2, 


ARP 
& = 4M th G (32.378) 


where the + sign must be used 
same or in opposite directions. 


The total emf is the sum & + & if the coils are in series; and the currents must 
be equal, i = i, = i, Hence 


di 
& + & = (Lı + La x 2M) 


and the effective inductance L is 
L= Dı pis +2M (32.38) 


ons of Electromagnetism. We are now in a 
position to summarize the laws of electricity and magnetism, The study of 
electromagnetism is the study of the forces between charges, both at rest and 
in motion. Charge is an indestructible quantity, and conservation of charge is a 
fundamental principle. The forces between charges are described in terms of 
two fields, the electric field E and the magnetic field B. The force due to the 


electric field on a charge q is 


32.11. The Fundamental Equati 


Fi = {E (25.1) 


and the force due to the magnetic field, which depends on the velocity v of the 


charge, is 
(29.3) 


F, = qvB sind 


The total force on the charge q' is the vector sum of F, and Fz. 
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The fields E and B are produced by other charges at rest or in motion. The 


electric field is determined by Coulomb’s law [Eq. (25.3)] or by the equivalent 


expression of Coulomb’s law, Gauss's law, 


= 25.9) 
IT IS ( 


A similar law must hold for the magnetic field. Both E and B are forces per unit 
charge that are inversely proportional to the Square of the distance to the electric 
charge or to the magnetic charge (pole). Since no isolated magnetic poles 
(charges) exist, the lines of induction B must form closed curves (Sec. 30.5). 


Within any surface the magnetic charge must therefore be zero. Hence we can 
write 


i! Bcos0dA =0 (32.39) 
surface 


Which corresponds directly to Eq. (25.9). 


Equation (32.39) is not sufficient, 
however, to determine the values of B, but 


we must utilize Ampére’s law 


dB = ip idi sin? (80.1) 


1f the magnetic field changes with time, an electric field must be present also. 


The magnitude of the electric field has been expressed in terms of the emf & in & 
closed circuit by Faraday's law, 


sa Z (32.8) 


In a completely analogous way an electric field that changes with time produces à 
magnetic field. "Equation (30.1) is correct 


only for steady currents that do not 
change with time. If the currents, and hence the electric field, vary with time, 
an additional term must be added to Eq. (30.1); and we can write it as 


idlsi 
dB =k’ ee + contributions from a (32.40) 


h radio waves, 
(Chap. 50), the only difference being the frequ 
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PROBLEMS 


1. A wire 50 cm long is moving in a magnetic field of 1 weber/m?, as shown in 
Fig. 32.1, with a velocity of 10 cm/sec. What is the emf produced? 

2. One end of the wire in Prob. 1 is fixed and the other end moves in a circle, in a 
plane perpendicular to the magnetic field, with & velocity of 1 cm/sec. Calculate 
the emf. 

8. A rectangular coil of 20 turns and of area 600 cm? is rotating in & uniform 
magnetic field of 10,000 gausses at 1,800 rev/min. What is the maximum value in 
volts of the alternating emf induced between the terminals of the coil? 

4. A square coil of 100 turns and 10-cm sides is rotated at a rate of 60 cycles/sec 
in a magnetic field of 0.80 weber/m? which is perpendicular to the axis of rotation. 
(a) Give the equation for the emf induced in the coil. (b) Compute the maximum 
value of this emf. 2 

5. A Faraday disk of 20 cm radius revolves at right angles to a field of 
B = 1weber/m?, What is its speed when it produces an emf of 1 microvolt? 

6. An unlaminated copper plate is pushed at right angles across the lines of force 
in the gap between the pole faces of & magnet. Draw lines indicating the directions 
of the currents induced in the plate. Show that these “eddy currents,” by their 
own magnetic interaction with the previously existing field, retard the motion of the 


Plate (see Fig. 32.14). 
e di : 


Fia. 32.14. Problem 6. 


A ] l resistance R is coplanar with an 
TA of wire of side a and tota 1 
infinite] ue see wire so that two sides of the square are parallel to the wire, 
the nearest side being a distance d away from the ih Mig ES SiS 
carries a current which is increasing at & constant rate di/dt = K. Find the current 
induced in the loop, and then find the force on the loop and the direction in which 
this f i 5 
S ET of a betatron is uniform and changing at the rate of 100 webers 
717? gec-1. and the radius of the path is 1 m, how much energy does an electron gain 
per turn? y a 
Í n 5 tatron produce electrons with a maximum energy of 
0 ae hia sey b SU that the magnetic field changes from 0 to 1 
Weber/m? in 14,9 sec. Calculate the radius of the electron path. — 
10. Apply quts law to find what terminal is positive in the disk dynamo of 
Fig. 32.6 - 
PEE d runs at 3,000 rpm. How 
11. A two- tor has a field of 9,000 gausses ani fale 
many Pieds i ar A armature of area 20 cm? to produce a maximum emf of 
110 volts? 
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12. A rectangular coil is rotating in a magnetic field about one side as an axis. 


Find the emf induced in the coil from Eq. (32.3), and show that this agrees with 
Eq. (32.13). 


*18. A search coil of 2 em? area and 8 
How much charge flows in a circuit oi 


15. What is the self-inductance 
2 cm in diameter? 


16. Suppose that the solenoid of Prob. 15 is regarded as two coils that are connected 
in series; find the inductance by means of Eq. (32.38). 


*17. A large electromagnet has a time constant of 4 sec and resistance of 10 ohms; 
what is the inductance? 


*18. An RL circuit has a tim 
current to attain 90 


pulse of 100 volts is applied to it for 0.01 sec. What value will the 
current reach? 


20. A l-henry inductance and a 10-ohm 
At what rate is the battery suppl 


F ies a current of 1 amp. How much energy 
is stored in the inductance? ; 
. 22. À copper rod is placed within a coil. Explain why the inductance of the coil 
is reduced, 


*28. After a steady current iy has been established in the circuit of Fig. 32. 12, the 
cell is shunted out so that the circuit becomes simply an inductance and a resistance 
ìn series. Show that the current 


decays according to i = iye-(R/L)t, 


CHAPTER 33 
THE MAGNETIC PROPERTIES OF MATTER 


33.1. Magnetic Effects in Matter. Since all electrical equipment is 
constructed of various kinds of solid material, knowledge of the magnetic 
properties of these substances is of great importance. In particular, 
many electrical devices such as motors, generators, and transformers 
have cores and frames of iron or steel, and so the ferromagnetism exhibited 
by these highly magnetic substances is a most useful property. But 
all substances show at least some slight magnetic effects. If a specimen 
when placed in a magnetic field is attracted like 
iron into the strong part of the field, such a sub- 
stance is said to be paramagnetic, but if it exhibits 
a tendency to move into the weak part of the field 
it is called diamagnetic. 

In free space, or for most practical purposes 
in air, the magnetic induction B and the mag- 
netic intensity H are related by the simple equa- 


tion (see Eq. 31.14) 


i r 
B= P H (33.1) 
where k’ = k^ = 1 in emu while k’ = Aem mens 
kt = F A ithin matter Eq. (33.1 
Vr in mks units. Withi les (or, bet- Fre. 33.1. Rowland 


is no longer true, for the magnetic po rin i 
i N g of magnetic mate- 
ter, the tiny electron currents) also contribute to rial wound with a toroi- 
the field B. , dal primary coil and a 
An ideally simple arrangement for studying the secondary ballistic gal- 
Magnetic properties of à material such as iron i$ — vanometer circuit. 
to have a speci f it in the form of a ring 
pecimen 0 d ^W. 
On which a toroidal coil is wound (Fig. 33.1). I fa itaet Gh) the 
Coil are closely spaced, the magnetic field is aoe io the ring, and the 
materi i no ends where free poles can exist. An addi- 
zial et ybe eae und over a portion of the toroid and 


tional small “secondary” coil is wo B 
Connected to a ballistic galvanometer (Sec. 29.11). When the switch S 


is opened thereby decreasing the magnetizing current suddenly to zero, 
j ter is proportional to the change in B 


the deflection of the galvanome 
Within the coil, and in this way B can be measured. Such Serer ee 
Ment is ludwn as a Rowland ring, after the American physicist H. A. 


Rowland (1848-1901), who used it o sing 
AT. 
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When the galvanometer deflections are compared for the decay 
of the same magnetizing current in the same toroidal coil with and 
without the iron core, it is found that the deflection is much greater 
when the iron ring is used. For the coil alone, without the iron core, 
the deflections will agree with those calculated from the relation 


B = m (83.2) 


which was developed in Sec. 30.6. The much greater magnetic flux 
density when the iron is present arises from the changed electron motions 
within the iron. 

The additional magnetic flux produced 
by the huge number of tiny electron cir- 
IE cuital currents may be evaluated in terms 

of the intensity of magnetization I in the 

core. Imagine a small pillbox-shaped cyl- 

LI inder cut out of the iron, with its flat sides 

Fic. 33.2. An imagined cavity Perpendicular to the direction of the field 
in the magnetized iron. (Fig. 33.2). The strengths of the poles 
a would appear on the flat ends of this 
e as those appearing on the flat sides of the cylin- 

ek eae (31.5) this pole strength per unit area is I. The 
V" dal, tiace al per unit area within the cavity from these poles 18 


1 the flux lines from these i 
: poles pass through the cavity- 
We can therefore write for the field B within the core the expression 
CM ESS necs ela d 


H 


p 


cavity would be the sam. 


V 
B = zp H + k"4rI (33.3) 


Mirco wr in theitoroid Although we have considered 
only the Rowland rin; n 
ülutee dn E case, Eq. (33.3) represents a general relation and 18 


Evaluating the k’s, in emu B is given by 
c———— Án. 
B-H 4I emu (33.4) 
and in mks units 


B=H+I  mks 
a a a 


(33.5) 
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33.2. Susceptibility and Permeability. For paramagnetic and dia- 
magnetic substances I is proportional to H, but for ferromagnetic sub- 
stances the ratio of I to H is far from constant. This ratio is called the 
magnetic susceptibility x of the material, and therefore 


x = I/H (33.6) 
From Eq. (33.5), 5 7 
H^" SET 
The ratio B/H is called the permeability p of the material; hence 
B =H (33.7) 
and fae diag Eee EAE 


asured in the same units as uo, that is, in henrys 
the quantity uo is sometimes 
The ratio of p to uo is called the 


Both x and & are me 
per meter. Since x = 0 for free space, 
called the “permeability of free space.” 
relative permeability ur. This quantity 
ie 33.9 
PLE (33.9) 
e numerical value in any system of units. 


is dimensi has the sam af 
ensionless and d the permeability of free space is 


In emu, since p is dimensionless an! 


unity, u = u, and 


B 
een yy Cae (33.10) 


To find the relation between the susceptibilities in mks and emu units, 
we c; i 
an write X ike 
p=1+ 4rx(emu) = 1 us LUNA 


"Therefore, x(mks) = 4tHo x(emu) 
(iron) has a mean circumference of 


WwW Jand ring : 
rhe Beate A 2 and is wound with 1,000 turns 


50 cm, a cross-sectional area of 2 cm’, an 
of wire. F oe the deflections of the pallistic galvanometer in the second- 


ary circuit it is determined that, when the current in the toroidal coil is 50 


milliamperes, the magnetic flux æ in the ring is 9 X 10-5 weber. Cal- 
culate (a) the magnetic induction B in the iron ring, (b) the magnetic 
intensity H, (c) the permeability #, (d) the susceptibility x, (e) the relative 
Permeability yn, and (f) the inten: 


(33.11) 


sity of magnetization I. 
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a. B = &/A = 9 X 10-5/2 x 10-4 = 4.5 X 10-2 weber/m?, 

ii. H = Ni/l = 10x5 X 10-?/0.5 = 100 ampere turns/m. i 

c. u = B/H = 45 X 102/10? = 4.5 X 10-* weber amp-! m-! or 
henry/m. 


d. x = p — uo = 45 X 10-4 — 1.257 X 1075 = 448.7 X 10-5 henry/m. 
€. Hr = w/o = 45 X 10-4/1.257 X 10-5 = 360. 


ithin the atoms of the material A 


i ise from 
magnetic moment may arise irc 
í à 5 i x x a variety of phenomena, depending 
IS on the material. One € 
i i nt arise 
x x x x that is universally prese 


from the induced emfs inthe atomic 
circuits, Suppose an electron 18 
d revolving in a circular orbit as in- 
E es dicated in Fig. 33.3. If the elec- 
tron is traveling edle 

x x x x x shown, the conventional irecti 
i of the current in the elementary 
Fic. 33.3. An electron in a field B. cireuit 3s aie aw 


» extending into the paper, is then o 
Perpendicular to the orbit, The field B indicated does not include t 


from zero to its final value an ate 
TY circuit. By Lenz’s law this emf is in the 
counterclockwise direction 


ation results i 
and thus the total 


of the field reduces th 


duced to oppose B, If the subst, 
at random, i 


in the opposite direction to B. : 

Since a negative magnetic moment is produced by induction, I is 
directed oppositely to B, and hence also to H, and the susceptibility x 18 
negative. When no other mechanisms are Operative, the substance is 
called diamagnetic. Tf x is negative, then y, is less than 1 and nu is less 
than uo. Diamagnetic effects are usually quite small. Sample values 
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are shown in Table 33.1. The magnitude of x depends primarily on the 
areas of the electron orbits. If the area is large, a large emf is induced and 
the susceptibility is large. Since many of the orbits are deep within the 
atom, and therefore unaffected by heat motions of the molecules, there 
is no large change of diamagnetic susceptibility with temperature. 
When a bar of diamagnetic material is placed in a magnetic field, a 
torque is exerted that tends to set the bar at right angles to the field 
since, it can be shown, in this position the energy isa minimum. From 
this phenomenon the name is derived, the prefix dia meaning “across.” 
33.4. Paramagnetism. In some materials the diamagnetic effects are 
exceeded by others, which produce a positive magnetic moment, thus 


Table 33.1. Values of the Magnetic Susceptibility 


Substance (TP |  x(emu) [x (mks), henry/m | w — 1 
Bismuth 18| -13 x10*| -21 X10") —17 xX 10% 
20] —1.8X10*| — 2:8: 1071| — 2.1 x 10-5 

18| — 0.8X 10*| — 1.2X 107^ | — 1.0 X 10-5 

A ie | — 2s x<0=8)}) — 3.4X107"| — 2.6 X 1075 

COMER ra ws Es 1.6 X 10-* 2.7 X 1071: 2.9 x 10-5 
Ironammoniumalum.| —258 | 1,030 X 107° 1,620 X10-"|1,290 x 10-5 
Iron ammonium alum. 17 53 X10" E PRATO OTe ST 
Cupric chloride. .. 18 29 X107 dB s See 
Ferric chloride. T 20 9m) ESO ea west mel MEM det 
Oxygen, liquid. ...... —aio| 349° x10-*| 550 X10] 498 x10* 


M os CR pri 
making the resultant susceptibility positive. Such behavior is called 
paramagnetic. Each of the electron orbits in a substance has a magnetic 
moment and consequently experiences a torque when a field is applied 
just like the coil of a galvanometer. If the orbits are free to turn, then 
there is a tendency for the moments to align Seni Yee mth Vela, 
This alignment is retarded by the thermal agitation of the atoms, and 
except at very low temperatures the net magnetic moment produced is 
very small. A paramagnetic rod tends to set itself parallel to the lines of 
magnetic field. Some values of paramagnetic susceptibilities are given 
in Table 33.1. T 

The magnitude of the susceptibility depends principally on the freedom 
of the orbits to turn. Within & single atom the electron orbits are usually 


arranged in oppositely revolving pairs, and hence the magnetic moments 


cancel. The resultant magnetic moment of an atom is produced by only 
one or two outer electrons not revolving oppositely. The net magnetic 


moment of the atom then changes its direction as the atom as a whole 
rotates with energy of thermal agitation. The susceptibility increases 
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with decreasing temperature since the energy of agitation is decreased. 
Most substances show a variation of the form 


aren (33.12) 
TET, 


where A and Tù are empirical constants and T isthe absolute ieu & 
For most Substances, x is independent of the field H. There are a 2 
materials in which, at low temperatures and high fields, x decreases as 


x 


increases, 

* s In an atom the electrons not only 
D move in orbits about the nucleus but 
ey also spin like small tops. Each elec- 
Bice tron thus has a magnetic moment. 
5 06 Just as the electron orbits are ar- 
^ 04 ranged in pairs with no net magnetic 

0.2 moment, so the axes of electron v 

0 are parallel and in opposite direction: 
9 0 40 800 bypairs. Unbalanced spin magnetic 
Sis moments do contribute, however, to 
Fic. 33.4, Magnetization curve of soft 


i tibility in 
iron (mks units), _the paramagnetic suscep 


the same way as do the ene 
ess magnetic moments, but these ar 
ffect on the susceptibility. 


ickel, cobalt, and a few alloys bet. 
Constituents are only weakly magnetic show values of the relativi 


permeability u, that are very much larger than unity. These substances 
are called ferromagnetic, In addition the Susceptibility and permeability 

over large ranges as the field His varied. Ifa 
» for example, is initially unmagnetized and then sub- 


tensity H, the values of B and J vary 
The curve of B vs. H is cal 


Moments. Atomic nuclei also poss 


9 have an appreciable e 
33.5. Ferromagnetism, 


ine A in the figure) and then 
decreases again. From the figure, the i 
H = 110 amp/m and B = 0.6 weber/m?, The maximum value is there- 
fore uma = 0.6/110 = 0.0054 henry/m. 
meability is the ratio of Hmax tO p, Or 


= Hmx 54 X 109-3 
a e og ee 
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Over the range of values of H shown in Fig. 33.4 the value of I is not 
appreciably different from that of B. The susceptibility x (mks) is 
therefore equal to the permeability x. For larger magnetic intensities, 
I approaches a constant value; the flux density B continues to increase 
slowly, however, as H increases. In this range of H the iron is said to be 
saturated. 

In ferromagnetic materials the elementary circuits responsible for 
magnetization are the spinning electrons in the material. When H is 
sufficiently large that all the axes of spin of the electrons are pointed in the 
same direction, saturation occurs. Ferromagnetic materials differ from 


B 
I 
sat. Curie point 
a 
273 0 200 400 600 800 1000 °C pa E 


Temperature 
Fia. 33.5. The saturation magnetiza- 
tion in iron vs. temperature. 


Fic. 33.6. Remanence B, and 
coercive force He. 


paramagnetic ones chiefly in the ease with which the alignment of 
electrons occurs. In ferromagnetics the heat motions in the substance 
also prevent perfect alignment of the electron spins, and a higher value 
of I at saturation is obtained if the material is cooled to a low temperature. 
At temperatures above room temperature, smaller and smaller saturation 
values are obtained until, at & rather sharply defined temperature, the 
substance ceases to be ferromagnetic and becomes paramagnetic. This 
transition temperature is called the Curie temperature. Figure 33.5 
shows how the saturation value of I changes with T in iron. The Curie 
temperature lies at about 760°C. The transition at the Curie tem- 
perature is similar to phase changes (changes in crystal structure, for 
example) that take place in other materials. A latent heat exists, and the 
Specific heat shows anomalous variations (see Sec. 18.2). These phenom- 
ena have been called collectively recalescence (Latin calere, to be hot). 
The presence of these anomalies is easily made evident by observation 
of an iron wire heated through the Curie temperature. , . k 
33.6. Hysteresis. If an unmagnetized sample of iron is slightly 


magnetized by currents flowing near it, the induction B is given as a 
function of H by the magnetization curve of Fig. 33.4. If the magnetic 
intensity is now decreased, the induction does not decrease along the 
magnetization curve but follows a new curve, as indicated in Fig. 33.6. 
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The induction depends, therefore, not only upon the value of H but "- 
upon the previous state of magnetization. This phenomenon is mag 
hysteresis (see Sec. 4.6). Even when the field H is reduced to sape is 
induction has a large value indicated in Fig. 33.6 as B,. This value o i: 
induction is called the remanence, or retentivity, of the material. The 
material is now a permanent magnet. Such a magnet is not really per- 
manent, since the application of a field H in the reverse direction, shown 
as a negative value of H in the figure, causes the induction to decrease 
and come to a zero value when H = —H.. This value of the field H is 
called the coercive force. A good material for a permanent magnet is one 
in which B, and H. have large values: 
In mild steel, for example, B, = 0.95 
weber/m? and H, = 3,600 amp/m. " A 
special alloy called Alnico 5, consisting 
of iron 1 per cent, nickel 14 per cent, 
cobalt 74 per cent, aluminum 8 per cent, 
and copper 3 per cent, has been designed 
to be used for permanent magnets. For 
this alloy B, = 1.25 weber/m? and 
H. = 44,000 amp/m. 

If the value of H oscillates between 


Fic. 33.7. A hysteresis loop. 


netizing coil, B traces out a hysteresis 
loop such as that shown in Fig. 
a ferromagnetic ma 


is made evident in Fig. 33.7. When the state of the 
magnetic material cor 


, on the reverse side 


and c to d, B/H 
the only phenomenon that 


meability. In large crystal, 


(Kk X 4r) I. 
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, An important consequence of hysteresis effects is that heat is produced 
ina ferromagnetic material as the result of a sort of friction in the magne- 
tization process. This heat energy is produced at the expense of the 
electric energy used to magnetize the specimen. The amount of heat 
developed can be calculated. Suppose we have a toroid of mean cir- 
cumference J and cross-sectional area A, wound with N turns of wire. 
If the current in the winding is increased from i to i + di in the time dt, 
there is a change in flux d$ = A dB through the winding and an induced 
emf arises equal to 
d? 


8=Na 


The power P necessary to magnetize the specimen is P = 8i, andthe 


energy dW supplied is P dt. Combining these relations, we have 
dW = gi dt = Ni dé = NiA dB 


The magnetic intensity H is given by 


gor 


and hence dW can be written in terms of H as 

dW = AlH dB/k" = VH dB/k" 
where V is the vol If a hysteresis loop is traced out, 
[H dB taken from the maximum to the minimum value of B and back 
again does not equal zero but is equal to the area of the hysteresis loop. 
The total energy W that must be supplied is therefore 


w = e oop Z (33.18) 


Steinmetz has given & useful empirical relation from which the energy 
loss can be found. His equation is 


WwW = RV Bas" (83.14) 


ume of the toroid. 


where R is an empirical constant. 
As already stated, the magnetic 


33.7. Ferromagnetic Domains. 
ls are the result of the magnetic 


properties of ferromagnetic materials al t 
moments of the spinning electrons within the material. Not only are 


these electrons acted upon by applied external fields, but also each 
electron is in the magnetic field of all the other electrons in the ferro- 
magnetie body. The internal field at any one electron is usually very 
much larger than the applied external field. Moreover the direction of 
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the internal field is always such as to make the moments of the electrons 
align with one another, and we Should expect that the ferromagnetic 
material would always be magnetized to saturation. This is actually 
the case! A piece of iron when unmagnetized as a whole is made up of a 


collection of domains, as they are called, each domain consisting of 101? to 


10° atoms. Each domain is magnetized to saturation; but the directions 
of magnetization of the separate 


domains are all different, and the result- 
ant magnetization of the iron is zero. 


When an external field 


is applied, several processes take place. At low 
fields the directions of 


magnetization of those domains that are almost 
lined up with the feld are slightly changed to 

5 more nearly exact alignment. In addition those 
domains that are favorably oriented grow in size 

at the expense of unfavorably oriented ones. 

The region of the magnetization curve where 

these effects predominate is the portion that is 

Concave upward at the foot of the curve (below 

H = 80 amp/m in Fig.33.4). The sharply rising 

gett Portion of the magnetization curve where the per- 

3 Gd M Ree Pu meability is high (between H — 80 amp/m and 
showing the EIAS 200 amp/m) is characterized by sudden complete 
effect, reversals of the direction of m. 
domains, 


in oscillators which 
33.8. Iron-cored Inductances, 


solenoid with no core was calculated, 


Benerate ultrasonic waves. 
‘8 the inductance of a long 
€ wish now to find the induc- 
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tance of a solenoid wound on a magnetic core. By Eq. (32.28) the 
a inductance can be found from the expression 
No 


D (32.28) 


The flux & in a core of permeability x is 


$ = BA = HA 
and since H = Ask" du 
N*A 
L = 4xk"u (33.15) 


This result is the same as that for an air-core inductance with k’ replaced 
by k"u. If we write 


then = wo = pbo (33.16) 
of a medium is thus equal to the ratio of the 
d on a core of the medium to the inductance 

It will be recalled that in a similar fashion 
equal to the ratio of capacitance of a 
to that of the capacitor without the 


The relative permeability ur 
inductance of a solenoid woun 
of the solenoid with no core. 1t 
the specific inductive capacity is 
capacitor containing a dielectric 
dielectric. 

We can now derive an expre 
Magnetized material. The store 


Sec. i 
ec. 32.9, is W = Li? (32.36) 


ssion for the energy density within a 
d energy in an inductance, derived in 


By substitution for L from Eq. (83.15) we have 


J \ 2 
WD. p of (eis 
= lenkia itam =T Al 


The quantity Al is the volume of the magnetic material, and 


H = 40k" Ni 
Hence, since B = uH, the energy density is 
po EN 
r d lir = jd? 7 REX da" (33.17) 


33.9 
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i the 

If a ferromagnetic material is =u as d core ue gea: a 

value of » to be used in Eq. (33.15 is uncertain. rama 
i i iron core is not a constant but depenc S 

d a UE Sonet Nevertheless inductors with iron NU 

pris in many applications. For example, to control an pps 

current through a resistive load, such as a bank of m s Mrs 

inductor is used in series with the lamps. The counter emf induc poses 

inductor results in a reduction of current. A second application es 

cored inductors is their use as elements in circuits to reduce a ei iad 
nating current superimposed on a larger direct current. Induc 


z ; rent 
Such purposes must therefore be used with the proper direct cur! 
to obtain the specified inductance. 


(a) 


gnetic circuits, 


(b) N- 
th a 
(a) Rowland ring with but few turns and wi 
air gap. (b) The iron frame, rotor, and air gaps in a motor. 


Fig. 33.9. Ma, 


33.9. The Magnetic Circuit, 
closed loops. Although nothin 


e 
ust a slight bulging or « fringing” of oe 
about equal to the gap length. vw 
33.9b illustrates the magnetic circuit in a motor. The iron yoke, m 
i Core together form a “series” magne 


à un 
uch calculations a magnetic Ci 
n 
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for an electrical circuit is used. Now if the electrical conductor has a 
cross section A, length l, resistivity p, and conductivity c, 
be Ae 
R= A cA 
If this conductor is connected across a source of emf of negligible internal 
resistance, the electrical circuit equation is 


. Gut 
t = oA (33.18) 


Take as the magnetic circuit the simple closed iron ring. For it 


B= H = m in mks units 


E NiA 
Since? = BA, $- E 
Ni 
SE SS RA. (33.19) 


for the magnetic circuit that is considered to be 
the analogue of the electrical circuit equation (33.18). The numerator 
Ni is called the magnetomotive force (mmf), and the denominator l/uA is 
called the reluctance. Equation (33.19) may thus be written 


Eq. (33.19) is the relation 


mmf 
® = teluctance (33.20) 
uit such as those shown in Fig. 33.9 the total 


For a seri etic circ 
epee t the sum of the reluctance l/uAÀ of each part. 


reluctance of the circuit is jus i ; i 

Worked Example. A Rowland ring of soft iron aa mean Sem 
ference of 50 cm, a cross section of 2 cm?, an air gap of 1 mm, an it is 
wound with 1,000 turns of wire. With the aid of Fig. 33.4 to obtain 
4, calculate the mmf that will produce a flux of 2 X 10-4 weber in the 
ting and gap. 

The fux density B = 9/4 
From Fig. 33.4, the value of H correspon [io Ms 
and thus x is 1490 or about 0.0033 weber amp~ m^. 
tance, 1/uA (iron) plus 1/poA (air), 18 therefore 

0.5 d. 107 , 
33 x 107 — + 7957 X 107 X 2 X 10- 
dio o. = (7.6 X 105 + 40 X 105) ampere turns/weber 


22x10-/2 X 10-*=1 weber/m?. 
ding to this B is 300 amp/m, 
The total reluc- 


has & considerably greater reluctance than 


Note t -mm air gà 
e that the 1-mm air gaP The needed mmf (# X reluctance) is 


the 50-em length of soft iron. 
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2 X 107! X 47.6 X 105 = 952 ampere turns 
Since the winding has 1,000 turns, i = 0.952 amp. 


PROBLEMS 
*1. What are the values of the constants A an 
ammonium alum listed in Table 33,1? 
2. A piece of bismuth and another o 
H equal to 1 weber/m?, 
*8. Using the data of F. 
*4. What are the valu 


d To of Eq. (33.12) for the iron 


f ferric chloride are placed in a magnetic field 
Calculate the value of B inside each specimen. n 

ig. 33.4 plot the variation of » with H for soft iron. 
es of the remanence and coercive force of Alnico 5, in Fie 
*5. Calculate the total stored Magnetic energy and the energy density in an ee 
cored coil of length 0.4 m, cross-sectional area 4 cm2, and wound with 200 turns, 
permeability of the iron being 0.0033 henry/m. 


of 
6. What is the inductance of a toroidal coil of 1,000 turns wound on a core 
cross-sectional area 10 em? 


> . ive 
and mean circumference 50 em, if the effective relati 
permeability is 300? 


7. An iron toroid 20 em in mean diameter and 5 cm? in cross-sectional ae es 
Wound with 1,000 turns, A current of 0.8 amp produces an induction of 1 weber/m*- 
What is the permeability of the iron? 

*8. Plot the magnetization eurve and a curve show 


ing the variation of » with H 
from the following data for soft iron: 


B, gausses H, oersteds 
10,600 5 
12,800 10 
14,000 20 
15,500 40 
16,700 70 
17,000 100 


*9. A domain in iron contains 10? atoms, What is its volume? If the domain 
has a cubical Shape, what is the length of a side? ? 
*10. What is the Stored energy in a magnet of volume 5 em? in a field of 200 amp/m ° 
Use the magnetizati 33.4 and the results of Sec, 33.6. mat 
_ 41. The hysteresis of transformer iron is about 10,000 ergs per € / 
in each cycle. How many kilowatt hours per 24-hr day are thus lost with 60 cycles 


12. A Rowland ring of i 
is wound with 700 turns, 
a flux density B of 0.8 wi 

18. Calculate the curr 
of 2 mm. 


Calculate t| 


eber/m? in the Soft-iron ring (refer to Fig. 33.4). 
ent in the windi 


14. There is a magnetic alloy that has a permeability of 350, 000 in a field of 0.02 
oersted. Calculate the flux under these conditions in a Piece of ‘this material having 
& cross section of 0.5 em?, s 

15. An iron toroid has a mean diameter of 15 cm, & cross-sectional area of 4 0M? 
and is uniformly wound with 900 turns of wire, A current of 0.7 amp in this winding 
produces a flux of 4.2 X 10-4 weber in the iron 


ce 
toroid. Compute a) the reluctan! 
of the ring, (b) the permeability of the iron, Pus e) 


l CHAPTER 34 
ALTERNATING CURRENTS 


34.1. The Effective Value of an Alternating Current. In the early 
days of electrical engineering, when the battery was the principal source 
of emf, direct currents, 7.¢., currents which do not change their direction, 
were the subject of central interest. The advent of the dynamo, which 
naturally (i.e., without commutator) produces an alternating emf and 
makes possible a wider distribution of electrical power, has shifted that 
interest to alternating currents, and the development of radio and radar 
has added further interest to this field of study. 

Mathematically it is a little more difficult to understand, but mas- 
tery of a few equations is well worth achieving in view of the enormous 
versatility of alternating currents; for these lend themselves with greatest 
ease to transformations of voltage, can be produced more cheaply, and 
give rise to that remarkable phenomenon of “electrical resonance” with- 
out which modern life would be somewhat monotonous. And further- 
More, the mathematics encountered is precisely that which we have 
already used in describing mechanical oscillations. Here, then, is one 
of several known instances where one mathematical technique is ade- 
quate to deal with two different physical problems. i 

The emf produced in an a-¢ generator as described in Sec. 32.5 causes 
a current i to flow in a resistor of resistance R. This current is also 


alternating and can be represented by the equation 
i(t) = tmax COS (Qnft — $) 


value of the current and —¢ is the phase of 
instantaneous power P dissipated in the 


(34.1) 


where imas is the maximum 
the current when = 0. The 


resistor i 
oe P = Ri? = im È cos? (2nft — 4) 


h time from imaxth to0. The steady current I 


The les wit i 
elt aes er loss in R is called the effective 


that produces the same average pow 
current. Its value is given by 

ee 

P = RI? = Rims? C08°(27 ft — $) (34.2) 


Where the bar denotes the average value. It will be recalled that the 
average value of any function f(x) over the interval between z; and 22 


is defined by i 
MO 

Í ~ zi 
487 
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This formula can be applied to find the average value of cos? (2zft — ¢)- 
By means of the theorem from trigonometry 


cos? a = L4 + 14 cos 2a 
we can write 


cos? (2rft — $) = 14 + 34 cos (4rft — 2¢) 


The average value of the power can be calculated, taking the time interval 
to be 1 cycle or from t = 0 tot = 1/f, as 


lf sf 
í dt M46 cos (4nft — 24) | 
du n.o Mme ea VF a 


: ; n 
14 and the second is V$ times the mea 
ion over 2 cycles, or zero. Hence 


The first integral has the value 
value of a cosine funct: 


P- Rimax? 
The effective current or rms (root-mean-square) current is therefore 
I = imas VI = 007i. (34.3) 


Pori 


Fic, 34.1, 


The effective value of an alternating current. 


or rms value of the current rather 


direction. 
34.2. The Circuit wi 


th Resistance, 
an alternating emf pro 


Inductance, and Capacitance.’ if 
duces a potenti, 


al difference 


V = Van cos 2mft (34.4) 
* Review carefully Sees, 12.12 to 12.14, 
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across a resistor of resistance R, an inductance L, and a capacitance C 
connected in series, as shown in Fig. 34.2, the potential difference of the 
source must equal the sum of the potential 

differences across the components of the cir- t 

cuit. Hence we have 


: dt, q 4 
Vn cos 2zft = Ri Lg t C (34.5) ^ 0 K 


eels ; Fic. 342. A series RLC 
where 7 is the current in the circuit and q is ran 


the change on the capacitor. Since the rate 
of shane of charge is equal to the current, dg/dí = i, and Ea. (34.5) 


can be written as 


dq, pad y d = Vn cos Daft (34.6) 


be solved to find the charge g. We have 


already met this equation in another guise 1n Sec 12.12, where the equa- 
tion was applied to forced harmonic oscillations of a mechanical system. 
It will be recalled that & complete solution consists of two parts, the 

transient that dies out rapidly. As before, 


steady-state solution and the à 
we shall concern ourselves with the steady-state solution only. 


By comparison with Eqs. (12.24) to (12.26), using Table 34.1, we find 


This differential equation must 


Yn sin (2nft — 4) 


1 = 2xfZ 
it ve cos (2nft — 9) (34.7) 
M Ls DE 


i b 
where the constants Z and ¢ are given by 


1 2 
Z= R + (cet = aic) (34.8) 
Inf. — 1/2nfC (84.9) 


tan ¢ = R 


NA om 


impedance of the circuit, just as in the 
a aise correspondence between the 
n fa 


hanical cases is shown in Table 34.1. 


The quantity Z is 
mechanical case. 
electrical and mec 
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Table 34.1. Corresponding Quantities in Forced Electrical and Mechanical 


Oscillations 
Electrical System Mechanical System 
Charge q Displacement z 
Current i Velocity v 
Inductance L Mass m 
Resistance R Damping factor R 
1/C 


Force constant k 
Force amplitude Fo 
Radian frequency w’ 
Phase constant œ 


Potential amplitude Fa 
Radian frequency 2zf 
Phase constant $ 


; : : m" ith 
As in the mechanical case, Tesonance occurs when Z is a minimum wit 


respect to f, that is when 2zfL = 1/2nfC, and the frequency of resonance 
fois given by 


oe, aloe (34.10) 
2r A/LC 


At resonance, Z = R, and ¢ = 0. 


TA 


Vand 
i 


c imped i i pd 
a au pedance are given Special names and sy: 
X, = 2rfL p K 
is called the inductive reactance; 
2) 
e o pas 
E Info 


Sec. 34.3] ALTERNATING CURRENTS ve 


The reactance of a circuit can thus be either positive or negative. The 
impedance of the circuit can be written 


Z= VRF X = VR + (Ki + Xo)? (84.13) 


A circuit for which X is not zero is called a reactive circuit. The react- 
ances, like the resistance, are measured in ohms if L and C are measured 


Fig. 34.4. Current and potential in a capacitive circuit. 
in henrys and farads, respectively. At the common power-line fre- 
quency of 60 cycles per second (cps), 2rf = 377 sec-!, and 1 henry has the 
reactance X, of 377 ohms. A capacitance of 1 uf has a reactance X c that 
is negative and equal to —10°/377 = —2,650 ohms. 

Although the value of the impedance does not depend upon the sign of 


the reactance, since the reactance is squared, the phase difference between 
the current and the applied potential does 
depend upon the sign. From Eq. (34.9), 


Kicks No d 
tinge =R (84.14) 
In an inductive circuit where X is positive, 
tan ¢ is positive, and ¢ lies between 0 and 
90°. The maximum value of the current 
occurs at a later time than Sadie hnaxi-- ^. gales, featur impedindo 
mum value of the potential. The current, Horn. 
therefore, lags behind the applied potential. p E 
The phase relations are shown in Fig. 34.3. In a capacitive circuit, on 
the other hand, X is negative, and the current leads the voltage as in 


Fig. 34.4. z 
The relations of Eqs. (34.13) and (34.14) are easily summarized in the 
vector impedance diagram shown in Fig. 34.5. The diagram is self- 


explanatory. The angle ¢is sometimes called the phase of the impedance. 
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The phase of a resistive impedance is zero, and the phase of a purely 
ive impedance is +90°. : 

Mo Differences across Parts of an A-c Circuit. The 
results of Sec. 34.2 are immediately applicable to part of an a-c circuit as 
well as the circuit as a whole. Equation (34.5) was obtained by equating 
the sum of the potential differences across each component to the poten- 
tial difference of the generator. For the circuit as a whole, if only 
maximum values, not instantaneous ones, are considered we have 


Va = inZ (34.18) 


This relation is valid also, then, for a part of the circuit. Across the 


resistor we have 


Va = ink 
and across the inductance and capacitance we have 
Va = dX, = pda fL (34.16) 
; x xl 
Ve = inlXo| = i, Daf 


respectively. Again, V, and V, Tepresent maximum values. We must 
use the absolute value of Xc in these equations, since the impedance is the 
Square root of X? and is always positive, 

It must be emphasized that the 


elements in series is not the sum of Va, Vi,and Vg. The total potential 
difference is the sum of the instantaneo 


us values and not the sum of the 
maximum values, 


Since phase differences exist. The phase of the 
current is, of course, the same through 
of the potential diff 


another. In general, 
well as for the whole. 


The equation 
rms values, 


If these are denoted b 


V=iZ 
Worked Example, 
with 1 uf of capacitan At a frequency 


= —2,270 ohms. The 
impedance is 


Z = V/0,000)* F 22795: 


If the generator produces a 
current is 


= 2,480 ohms 


potential difference of 110 volts zms, the 


s 110 
t= 2480 ^ 0.0443 amp 
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The potential differences across R, L, and C are 
Vpr = 0.0443 X 1,000 = 44.3 volts 
V, = 0.0443 X 377 = 16.7 volts 
Ve = 0.0443 X 2,650 = 117.6 volts 
The potential difference Vc across the capacitor thus exceeds the line 


voltage. 
Suppose now the frequency of the generator is varied until resonance 


takes place. By Eq. (34.10), this occurs for 
fo = 159 cps 


The impedance of the whole circuit is 
Z = R = 1,000 ohms 


110 
& [= =U. 
nd hence i 1.000 0.110 amp 


The potential difference across the resistor is 110 volts. The inductive 


reactance at resonance is 


dfi = A = 1,000 ohms 


and the value of the capacitance reactance is therefor 
Vi = Ve = Vr = 110 volts 


Since the voltage-current relations in an 
graphical representation of them is very 


e —1,000 ohms. 


Hence 


34.5. Rotating-vector Diagrams. 
a-c circuit are so complicated, some 
desirable. Tt is possible, of course, to plot 
the current and the potential differences 
as functions of time, as was done for two 
simple cases in Figs. 34.3 and 344. This 
is a time-consuming procedure, however, 
and a simpler method is advantageous. 
The vector impedance diagram (Fig- 34.5) 
can fortunately be modified for this pur- 
Pose. It will be recalled that a conven- 
ient representation of SHM is obtained 
from a uniform circular motion. i we 
have a point revolving about the origin 
with a constant angular velocity o = 2nf, 
then the projections of this point on thez Fic. 34.6. Representation of an 
and y axes move with SHM. Suppose we alternating potential difference. 


consider the potential difference expressec 
by Eq. (34.4). In Fig. 34.6 the projection of the vector Vm on the z axis is Vm 


cos 2nft, and this projected length varies with time in the same manner as does 
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» for example. Since the phase difference 
emains constant, the second vector has a con- 
t and the combination rotates as a whole about 
the origin. It is customary to choose for the representation that partica 
lies along the z axis and then to imagine 


Fic. 34.7. Vector diagram of the 


current and voltage in an inductive 
circuit. 


Fic. 34.8. Vector diagram of 
potential differences corre- 
sponding to Fig. 34.5. 

rotation of the whole picture. To represent the 
Eq. (34.4) and the current in th, le 
instantt = 0. The vector diagram is then shown in Fig. 34.7. The phase angl 


igure 34.7 thus corresponds to Fig. 34.3. m 
To represent, the poten e components of the series circuit, de 
utilize Eq. (34.16). If the vector impedance diagram of Fig. 34.5 has all t 1 
quantities multiplied by the current 1, then it becomes a diagram of potentia” 
differences, S redrawn in Fig. 34.8 with the proper change in ket 
tion. Since the current 7 has the same ee 

as the potential Vr across the resistor, th 
vector i,, has been added along the z S lie 

V It should be noted that Fig. 34.7 shows t 
i same situation ag Fig. 34.8 at a previous d 

Figure 34.8 is drawn for the time when t 

% Phase of the current is zero, or when 
Fic. 34.9. Vector diagram at rfi = d 


resonance, Figure 34.7 Was drawn for the time t = 0- al 

Another example of a yector diagram c# 
be constructed for th Scussed in Sec. 34.4. For the frequency 
of resonance, V; = Ve, and $ = 0 The vector diagram is shown in Fig. 34.9- 
T diagrams can be constructed using either the maximum 
values of the quantities or the rms values. The di erence is only a difference 1? 
scale. If a current and a potential difference are represented on the same 
diagram, a separate scale for each. 


% 


must, of course, be used 
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34.6. Power Relations. The power delivered by an a-c generator to a 
circuit varies with time just as the current and potential difference vary. 


The power P is given by 
P-YVi (34.17) 


where V and i are instantaneous values. If V and are given by 
V = Vn cos 2zft 
i = im cos (2zft — à) (34.18) 
then the instantaneous power is 
P = Vmin cos 2nft cos (2nft — 4) (34.19) 


In Fig. 34.10 the variations with time of V, i, and P are shown, with the 
assumption that the cireuit is inductive and hence the angle ¢ is positive. 


Fic. 34.10. The quantities P, V, and i in an inductive circuit. 


variation with time but varies about the 
he dashed line. 

d in the circuit can be easily found by a 
(34.19). Expansion of cos (2xft — 4) 


The power P has a sinusoidal 
average value P indicated by t 
The average power P dissipate 
trigonometric transformation of Eq. 
a 
nd the use of the relations D EU T3 nd 
sin 2zft cos Qnft = 4 sin 4zft 


result i 
^ p = 1V minlcos ġ + cos (4xft — $)] (34.20) 


The average power P is, therefore, 
SS 
P = 14V mim cos > (34.21) 
tao i ESI 
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The average power can also be expressed in ter 


ms of the rms voltage and 
current. Since 


where V, and i, are the rms values, 


P = V, cos $ (34.22) 

The quantity cos 
lies between 3-909, 
often, therefore, 


¢ is called the power factor of the circuit. Since $ 
cos $ lies between 0 and 1. The power factor as 
expressed as a percentage. Ina purely resistive circuit, 
$ = 0, cos ¢ = 1, and the power absorbed by the circuit is the product of 
the effective voltage and current, An incandescent lamp is almost purely 


resistive at 60 cps. If the circuit contains reactance, the power factor is 
reduced. From Eqs. (34.13) an 


d (34.14), we can express the power 
factor as 
R R 4.23) 
cos. ¢ = —— 2 nh (3 
VE LX: Z 


It is evident from Fi 
negative. This means t 


In a reactive circuit, then, energy 15 
Senerator to the circuit and back again. This 
orms no useful function, and power circuits a 
‘ve power factors as large as possible. Since mos 


alternating current is the 
current can be changed by means of transformers, A transformer COP- 
sists of two coils closely coupled together by winding them on the same 
iron core, as indicated in Fig. 34.11, The coi] to which a-c power 3$ 
applied is called the primary of the transformer; power is taken from the 
secondary. If the Secondary coil is unconnected or open-circuited, the 
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primary acts as a large inductance and a small current 90° out of phase 
with the applied potential flows. This current is called the magnetizing 
current. In a good transformer the inductance is large and the magnetiz- 
ing current small. : 

Suppose the secondary circuit is open. The changing flux then 
induces emf’s in both the primary and secondary coils. If the flux 
through the two coils is the same, then the emf’s induced in the primary 
and in the secondary are simply pro- 
portional to the number of turns and 


82 _ Ma (34.24) 
£1 nı 


In this equation, &: is the emf in- 
duced by the changing flux in the pri- 
mary coil. If there isan ipa Fra. 34.11. A transformer. 
emf i i as is normally 
the we EE that impressed emf because, as we have seen, 
the primary current is zero, and this can be true only if the induced emf 
is equal and opposite to the applied voltage. Hence the quantity & in 
Eq. (34.24) may also be taken to be the magnitude of the applied emf. 

The quantity nz/n is called the turn ratio of the transformer. If the 
turn ratio is larger than 1, the transformer is a step-up transformer and 
82/8: > 1; if the reverse is true, the transformer is called a step-down 
transformer. 

Suppose now that a load is c 
i, flows. By Lenz’s law the cu 
flux through the secondary coil an 


With a smaller flux the counter emf of the x urrer 
in the MEA Saar aad, and power is drawn by the primary circuit. 


Another way to state this effect is to say that closing the secondary has 
reduced the inductance of the primary circuit. If the magnetizing 
current and hysteresis losses jn the core are pica i 4 justifiable 
procedure in well-designed equipment); ibys conserva pon. Oi GEETEY WG 


must have 


secondary 


onnected to the secondary and a current 
rrent is in the direction to decrease the 
d hence also through the primary. 
primary is reduced, the current 


(34.25) 


£i = Este 


Consequently, if Eq. (34.24) is used, 
uen (34.26) 


The current is thus decreased in the same ratio as the emf is increased 


498 PHYSICS [Sec. 34.8 


In practice, transformers usually have efficiencies above 90 per cent 
and, in large installations, 


relations just derived are £ood approximations. 


dary turn on the transformer. Large currents 
°R losses in the core would be excessive. 
eddy currents. Figure 34.12a shows these 
hrough the primary coil. The eddy currents 
ers and other iron-cored coils by constructing 


to cireulate within a single lamination. Since, for # 


de the induced emf is Proportional to the area, the magni- 
udes of the currents are very small in a lamination of small thickness. 


1 Ki RE 
meena G line. Ing generator it is desirable to have fairly low 

erences between the Parts of the circuit since clearances 81€ 
usually small. The low 


and to the square of the ci 
the end of the line, 


e. The polarity of the 
emfs is as shown in Figs 
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three slip rings and three wires are necessary. The resultant of the vectors 
Vs and V; in Fig. 34.14 is equal and opposite to the vector V; and is indicated 
by the dashed vector. 

A little study, involving a composition of the vectors Vi, V2, Vsin various ways 
(which we leave as an exercise to the 
student), will show that, if the three 
armature coils are connected as shown 
in Fig. 34.15a, the potential differences 
between any two of the three wires 1, 
2, and 3 are equal. This circuit is 
known as a delta connection. 


_ (88) 


Fig, 34.13. A three-phase generator. 


Fia. 34.14. Vector diagram of three- 
phase emf's. 


Equal potential differences between any pair of wires 1, 2, 3 also result if the 
coils are connected as shown in Fig. 34.15b, which is known as a Y connection. 
(To prove this is again an interesting exercise.) Loads can be connected to any 
Pair of wires and power drawn from the generator. It is, of course, desirable 


1 1 
D | 
3 3 


(b) 
e. 34.15. The delta and Y connections. 


to have equal currents through the three wires. When this condition is achieved, 
the i nced. t 1 : 
o d Mud of three-phase power is the induction motor. 
The three emfs Vi, V2, and Vs differ in phase by 120°. Each emf is applied toa 
stator coil of an induction motor to produce a field that differs in phase by 120 
and also differs by 120° in azimuth around the shaft from the fields of the two 
d as in Fig. 34.16. Actually a six-pole 


other coi i ight be arrange E 2r 
por sies ml hd amc e The three field coils are connected in either the 


Y or delta connection, and the directions of winding are such that, when the pole 
g ] 


(Di 2) and (3) are south poles. 
Lesen Dec peres d analytically. Let us choose axes as shown in 


The resultant field can be foun 
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Fig. 34.16, and compute the z and y components of the field. The fields of the 
separate poles are 


Bi = Bo cos 2nft 


1 3. 
Bz = Bo cos (orje = = = Bo - 3 cos rft + E sin 2ft) 


(34.27) 
‘B: = Bo cos (rji - = = Bo - 5 cos 2ft — xs sin m) 
The z component of the resultant field is 
um Ss B Ma Bı (34.28) 
and the y component is 
B, = —B, + 34B, + 14B, (34.29) 
If the values of By, Bz, and B; are inserted from Eqs. (34.27), we find 
B.- Basin 2mft (34.30) 
B, = —3Bo cos 2mft 
The angle @ that the resultant B makes with the x axis is given by 
tan @ = E = — cot 2nft 
and hence 8- 2 + 2nft (34.31) 
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heavy copper rings at the ends, as shown schematically in Fig. 34.17. From the 
shape of the armature such a motor is called a “squirrel-cage” motor. When the 
armature is subjected to a rotating field, currents are in- 
duced on the rotor and exert torques on the motor shaft. 
If there is no load on the motor, the shaft rotates with 
the alternating frequency. When a load is present, there 
is some slip between the shaft and the field. 

Two-phase circuits and motors are also in common use. 
The field coils are placed 90? apart on the stator, and the 
phase difference of the emf is also 90°, or 4 period. 


34.9. Oscillations. If the series circuit of Fig. Fic. 34.17. The ar- 
34.2 contains no generator, but initially the capac- Ap ia induc- 
itor C is charged, it will discharge through the cir- $ 
The variation of the charge q with time is given by Eq. (34.6), 


cuit. 
with the driving emf set equal to zero, or 
aq, pti 9. ; 
Lip tha +G 0 (34.32) 


This equation will be recognized as the equation for damped oscillations 
discussed in Sec. 12.10. The solution is 
q = we cos 2zft (34.33) 


where qo is the charge on the capacitor at ¢ = 0 and a and f are 


R 
= a (34.34) 
1 T R? 
and fe B — ap (34.35) 


If the resistance is not too large and 1/LC > Re/AL*, the charge varies 
sinusoidally with time but the oscilla- 


tions are damped and die out, as shown 
in Fig. 34.18. If 1/LC = R?/4L?, the 
variation of q is critically damped. If 
1/LC < R?/4L*, the oscillations are 
overdamped and the decay is less rapid 
than for the case of critical damping. 
Fic. 34.18. The charge q vs. ¢ in It should be noted that the frequency 
damped aa eee ae a of free oscillation given by Eq. (34.35) 

j is somewhat less than the frequency of 


resonance of the cireuit when driven, as given by Eq. (34.10). 
It is instructive to consider the energy contained in these oscillations. 
Initially the electrie energy in the circuit is all stored in the capacitor C; 


q 
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and if the charge is go initially, this energy is 


Wass 1 go? 34.36) 
BOG ( 
When current flows in the circuit, ener 


£y is transferred from the capacitor 
to the inductance. 


The current i, by differentiation of Eq. (34.33), is 


i = —qu^" Qzf sin 2rfl + a cos 2nft) (34.37) 


The current first reaches a large and ne 


gative value at the time fo, which 
is given approximately for small « by 


2rflo = 5 (34.88) 
At this time, by Eq. (34.33), q=0. If ais not too large, this value ofi 
is approximately 
i = —qet2rf (84.39) 
The magnetic energy Wy stored in the inductance at to, is 
Ws = iL? = Lgo (Onf tee (an 
Since o is assumed to be small, 
1 
2nf)? = -+ 
(2xf) LG 
and Wy = H qo? g72ato (34 41) 
aa 


gy is returned to the capacitor. One. 
dor ; US be regarded as a flow of energy ba¢ 
and forth betwe ld in the capacitor and the magnetic fiel 


ach time the transfer takes place, S07? 
in the resistance, 


Q = 2nf energy stored in the circuit (34.42) 
energy lost, per sec 


The value of Q can now be found. The energy stored in the circuit 
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initially is given by Eq. (34.36). The energy lost in the interval to is the 
difference between Eqs. (34.36) and (34.41); hence 


NW 
Energy lost per sec We Wu 
0 


Lu 


go" — poate 
Ch (L — eat) 


tol 


For small values of a, this can be approximated! as 


Energy lost per sec — Iw 2a 


The value of Q is therefore 


2xf 
Q-75 (34.43) 
"The student can easily show that alternative forms for Q are 
LOU LEA L/C x 1 
Q-^g-7-R - R  29uRC (34.44) 
PROBLEMS 


must be placed in series with a capacitance of 100 uf 


1. How much inductance 
frequency of 2 Me/sec? 


for the combination to be resonant at a fi u k 
2. A 55-volt incandescent lamp (noninductive filament) taking normally 1 amp“ 


is to be used on a 110-volt 60-cycle a-c circuit. An inductance is to be used in series 
with the lamp. Calculate the inductance that would be required (neglecting the 


resistance of the coil windings). à * 

8. An alternating voltage, 110 volts rms and 60 eps, 15 applied to a series circuit 
consisting of an inductance of 2 henrys, & 4epf capacitance, and a resistance of 100 
ohms, Calculate the inductive reactance, the capacitive reactance, the impedance, 


the current, and the power factor of the circuit. : . ; 
4. An alternating voltage, 110 volts rms and 60 cps, 1s applied to a series circuit 


consisting of an inductance L of 1 henry, & capacitance C of 2 pf, and a resistance R 
of 400 ohms. (a) Caleulate the inductive reactance, the capacitive reactance, thé 
impedance, the rms current, and the power factor of the circuit. (b) Calculate the 
potential differences across R, L, and C, and draw approximately to scale the vector 


diagram of these V's. (c) Caleulate the power consumption. —— 

b. An alternating voltage with a peak value of 100 volts is impressed across a 
2,000-ohm resistor, a O.l-uf capacitor, anc 9. 0.4-henry inductance in series. (a) 
What is the Fane frequency? (b) What current flows at resonance? (c) What 
is the maximum energy stored in the inductance? (d) What is the maximum energy 


stored in the capacitance? 
p: an inductance, and a 1-zf capacitor 


Q-ohm resistor, 


6. A tuned circuit contains 8 1 š 
and is resonant at a frequency of 10? sec~!, Calculate the impedance and phase 
angle of the circuit at a frequency of 10* sec". 

1Note that 1 — ete = 1 -- (1 — 2ato uoc) Sato. 
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7. A radio receiver contains a tuned circuit that is resonant to a frequency of 1. 
cycles/sec. If the capacitance is 107!? farad, what is the value of the ——-« 
What is the phase difference between the current and the driving emf? What i 

actance of the circuit? 4 

ium inductance of 1.0 henry, a capacitance of 4 microfarads, and a Peevey 
of 10 ohms are connected in series with a 60 eps 100-volt (rms) generator. (a) w s 
is the inductive reactance? (b) What is the capacitive reactance? (c) State whet! he 
the current leads or lags behind the voltage. (d) If the generator frequency x 
changed to the resonant frequency for this L-C-R combination, how much power } 
dissipated? (e) What is the resonant frequency? s io 

9. An inductance of 1 henry, a resistance of 100 ohms, and a capacitance of ; 
microfarads are in series with a 110-volt (rms) 400 cps generator. (a) Compute u 
the inductive reactance and (2) the capacitive reactance. (b) Compute the average 
power dissipated in the circuit. 

10. A resistance of 100 ohms, a capacitance of 10 microfarads, and an laduotead, 
of L henrys are placed in series with a 110-volt (rms) 400 cps generator. The value o 
L is chosen to make the series resonant. (a) Compute the impedance of the circuit. 
(b) Give the phase of the current relative to the phase of the applied voltage. C) 
Relative to the phase of the applied voltage, what are the phases of the voltages 
across (1) the resistance; (2) the inductance; (3) the capacitance? (d) What is the 
rms voltage across the resistance? 

11. Draw the vector impedance diagram for a resistance of 200 ohms, an inductance 


of 2 mh, and a capacitance of 1,000 uf in series, at a frequency of 60 cps. What are 
the magnitude and phase of the impedance? 
12. Draw the rotatin 


A wattmeter measures the 
What is the power factor? 

an inductive load, x 
esigned for 60 cps, with 4 turns per volt. To what fn 
ould there be on the primary and secondary 
from 2,200 to 110 volts? the 
110 volts to light a 10-volt lamp. If the 
rrent in the primary of the transforme 
100 ohms is connected to the secondary of a 2:1 transformer 


ected across the Primary voltage source would show the same 
current as the transformer? (Answer: 25 ohms.) 


*20. Prove analytically that the sum of two mf is 
com e-phase e 
equal to the third component, Ponents of a three-p 
21. The frequency of resonance of 1 henry, 1 yf and 1,000 s " ghown 
, ,000 ohms in series was : 
in Sec. 34.4 to be 159 cps. What is the frequenc of d; illations in this 0- 
cuit? What is the Q of the circuit? y amped oscillation: 
22. Calculate the avera: 
23. The reactance of a 


lamp dissipates 10 w. 


atts, what is the cu 
19. A resistance of 


ge power developed in 


added in series with the motor to give a power fac 


CHAPTER 35 
ELECTRONICS 


35.1, Thermionic Emission. It is not necessary to have a material 
conductor in order to have a current. Edison found that current flows 
from a heated wire in vacuum to a positively charged electrode. No 
current flows to a negatively charged electrode. The current is caused 
by the motions of electrons that are emitted from the hot wire, or fila- 
ment, and are attracted to the anode. This process is known as the 
thermionic emission of electrons. It is found that the number of electrons 
emitted per second by the filament is independent of the potential 


difference across the tube, provided ^ 
that this potential differences large ; 2 
enough, but depends sensitively on f 

1 


the temperature of the filament 

and on the material of which it is 

composed. Thermionic emission is 

analogous to the vaporization of a 

liquid, Within the metal the elec- 

trons have a distribution of veloci- 

ties that is characteristic of the " 

temperature. Those with the high- Fic. 35.1. Thermionic current for two 
est velocities can escape and form temperatures of the filament. 

the thermionie current. The en- À 

ergy necessary to remove an electron from a metal is a quantity 
analogous to the heat of va ation of a liquid. This energy 
is usually expressed by the difference in potential $ between a point 
inside the metal and a point outside. The energy to remove one electron 
.isthereforeeó. The quantity $ is called the work function of the material 
and is usu ¿pressed in volts. 

If diim s i the thermionic current I is plotted as a function of 
the potential difference V across the tube, the curves shown in Fig. 35.1 
result. The current is not Zero when V is zero since some electrons 
Possess sufficient energy to reach the anode, or plate, without the aid of 
an accelerating field. In fact, to stop the current completely a slightly 

Negative potential is necessary. The shape of the curve for negative 
values of V can be used to find the distribution in velocity of the emitted 
electrons. ; 
As the potential is increased, the current increases as shown, until it 
approaches a saturation value that is independent of V, and ail the 
505 


poriz 
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electrons emitted are collected by the anode. The saturation value does 
depend on the temperature, however, and increases with increasing 
temperature. A second curve is shown in the figure for a temperature 
Ts T, The magnitude of the saturation current is proportional to 
the area of the filament. O. W. Richardson and S. Dushman have 


shown, both theoretically and experimentally, that the saturation- 
current density J, is given by 


J. = AT? exp ( e $/k T) (35.1) 
where T is the absolute tem 


perature and A is a constant that for pure 
metals has the value of 60 


amp cm? deg-?, The quantity k is Boltz- 
mann’s constant. It will be re- 
called (Sec. 20.3) that k is the gas 
constant per molecule and that 1 
has the value k = 1.37 X 107 
joule/deg C. Since T and ¢ both 
occur in the exponent, J, varies 
rapidly with both. The work func- 
tion ¢ for pure tungsten has a value 
slightly larger than 5 volts. The 

z presence of gas or other impurities 
Fic. 35.2. The variation of Potential On the emitting surface changes $ 
with distance from the filament, markedly. Since a large emission 
is obtained with a low work func- 
The presence of some 
o about 3 volts, and thus thoriated 


Filament Plate 


gsten lowers ¢ t 


from a fila; 
all distance away. 


filament and plate, a” 
, as indicated by the dashe 


possesses a minimum, and 
opposite directions on the 
electrons are drawn to the 
accelerates electrons back 


minimum. On the right: 


of the minimum the fiel 
toward the filament, At. the minimum the 
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field vanishes, and a cloud of electrons forms a space charge in this 
region. 

35.2. Diodes and Rectification. Devices that employ thermionic 
emission are much in use today in control circuits and in communication 
equipment. ‘The simplest of these devices consists of only a source of 
electrons and a collector in a vacuum tube. Since there are two elec- 
trodes, the tube is called a diode (Greek hodos, path). In most diodes, the 
filament is replaced by a cathode that is heated electrically by a separate 
heater circuit. The cathode sur- 
face is covered with a substance of 
low work function. A mixture of 
the oxides of barium and other 
alkaline earths on a nickel surface 
is ordinarily used. Often two sep- 
arate diodes are enclosed within the 
same glass envelope. i 

In diodes, and other thermionic Fic. 35.3. A diode as a rectifier. 


tubes, the current is not linearly ; 
related to the potential applied to the tube—the relationship that exists 


is a complicated one. If the anode is made negative with respect to the 

cathode, no conduction occurs across the tube; and even with a positive 

Potential difference across the tube the current I is not proportional to 

V, (see Fig. 35.1). Diodes are therefore nonlinear circuit elements, 

whereas resistors, capacitors, and inductances are linear. This non- 

linearity is an extremely useful property but a difficult one to treat 
quantitatively. p . 

i icati a nonlinear element is to produce a 

Perhaps the simplest application Si S rA a alter 

nating one, or to rectify the current. 

Tf a diode is connected in series with 

a resistor to some source of alternat- 

ing emf such as the secondary wind- 

t ing of a transformer, current flows 

Fio. 35.4, The current 7 in the cireuit through the dinde only fom the 

of Fig. 35.3. plate to the cathode, in the reverse 


direction to the electronic motion. Such a circuit is shown in Fig. 35.3, 
Where the conventional symbol for à diode is used. The source of emf is 


i R is shown in Fi 
th y urrent through the resistor s Y g. 
e transformer. The c Eur Dives uf un ae 


35.4 as a function of time. The e A 
are “cut off” by the nonlinear action of the diode, whereas the positive 
T The resultant current is unidirectional 


peaks are relatively unchanged. aeg Ee 
although EA A diode used in this fashion is called a half-wave 


. 35.2 
E PHYSICS Ese 


rectifier. In Fig. 35.3 the current for the cathode heater is Cher A 
by a separate secondary winding Era the E onn. The heate 

not be connected to the cat ode. í J ^ 
aen can be obtained by employing two diodes a 
circuit, as shown in Fig. BD: 
The current 7 through the resistor 
is shown in Fig. 35.6. The heater 
circuit is not shown in the a ee 
The peak value of the current e 
approximately 8/R if the pops 
drop across the diodes can arn 

wi 

Circuit for full-wave rectifica- Vom dias arie ES í 
of 28. It should be noted tha 


steady one, a filter must be added 
to the circuit. The simplest filter ; 
is merely a capa 
shunt with the 
indicated in Fig. 35.70. The ca- 
pacitor C is charged by the current 
through the diodes and discharged Fic. 35.6. Wave form of the current 
through the resistor R. If the time jin Fig. 35.5, 

C is long compared with 


rent 18 
ing emf, a nearly steady curren 

obtained. Tf better filtering j i i 
iron-cored inductances in 


to the filter, as indicated in F The fluctuating current p ae 
duces a counter emf in the i , Which flattens the peaks in “ 
current, Whereas the capacit intain the potential differen 


re supplying only small currents. 
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35.3. Triodes. Lee De Forest found that by introducing a third 
electrode between the plate and the cathode of a diode the current through 
the diode could be controlled. The third electrode consists of an open 
mesh of fine wires and is called a grid. The resulting thermionic tube is 


called a triode. Triodes are also constructed with a cylindrical cathode, 


having the heater inside, surrounded by a " 
coaxial cylindrical plate. The grid is a helix 

of fine wire between the plate and cathode. 

The conventional circuit symbol for a triode is 

shown in Fig. 35.8. The plate current ip of a y 
triode is a function of two variables—the poten- 

tial difference between the plate and cathode, +, 

e», and that between the grid and cathode, e;. 


Figure 35.9 shows the current ip as a function 
of e, for a series of values of e, taken with a Fic. 35.8. Conventional 


commercial triode, type 6C5. Such curves are ak for a triode. 

known as the characteristic curves, Or characteristics, of the triode. 
Each curve is similar in shape to the, lower portion of the diode 
characteristic shown in Fig. 35.1. Triodes are ordinarily used with the 
grid at a negative potential with respect to the cathode. Consequently 
no electrons reach the grid, and the grid current is very small. The 


ler €,70 
—4 6C5 
Tube 
12 
ip 8 
ma 
4 
90 100 200 300 400 500 volts 


ep 
Fre. 35.9. Characteristic curves for a 6C5 triode. 


potential of the grid can therefore be controlled by a very small current, 
and hence by a low power, to produce a relatively large change of current 
and power in the plate circuit. 

The Exe o of Fig. 35.9 cannot be represented easily by 
analytic functions, but there are some useful parameters that represent 
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the behavior of the tube. Triodes are usually used in circuits that are 
sensitive to changes in the values of e,, ep, and 2, rather than to the values 
of these variables themselves. Some operating conditions are chosen, 
such as those represented by the point P in Fig. 35.9, and the changes in 
the variables from the values at the operating point are utilized. The 


slope of the curve through P has the dimensions of a conductauce, or the 
inverse of a resistance; hence we can write 


Al, = ET A 35.2) 
Ae E € = const ( 


where R, is called the plate resistance of the tube. 


Ai, and Ae, the value of €; is held constant, as indicated in the equation. 
Tn a similar fashion tw 


0 other parameters can be defined as the ratios of 
changes in two variables when the third variable is held fixed. Thus 


In making the changes 


xe = fm €p = const (35.3) 

g 

- 4 =p 1, = const (35.4) 
"y 


where gm is called the mutual conductance and y the amplification factor. 
The three parameters are not independent but are related by 


i 35.5) 
Ry ~ m à 


t is found that, for a 


I wide range of operating conditions, the values of 
the amplification facto 

constant. variables are significant, the 
In actual practice the changes 
approximation as linear. For 


hms, gm = 2,000 umhos for the 


operating conditions of C= €» = 250 volts, ip = 9 ma. 
Li 


= —8 volts, 

35.4. Triode Amplifiers. 
amplifier. A circuit diagram 
voltage to be amplified, Ae,, 


A common application of a triode is as a voltage 


is shown in Fig. 35.10. The small alternating 


is applied to the grid through the coupling capacitor 
C, which has a negligible impedance. The grid is maintained at the operating 


potential e, applied through the resistor Ra, which is very large. The potential 
at the grid is thus the sum €; + Ae. The plate potentia] of the triode is applic 


to the tube through the load resistor Rz from a source of emf equal to e, Since 
the steady plate current i, flows through Rz, the value of e, is less than e, and ÍS 
given by the equation 


65 = e, — Riri, (35.8) 
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When the grid potential changes jn this circuit, a change in plate potential 
results, not only directly from the change in grid potential, but also from a change 
in the potential drop through the resistance Rz. Consequently, in terms of the 
tube parameters, we can writet 

Ae, = RyAi, — uA; (35.7) 


From Eq. (35.6) we also have 
hep = — Ri, (35.8) 


Elimination of Ai, from Eqs. (35.7) and (35.8) results in 


Ae, = —HAes Rı/(Rı + Ry) (35.9) 
The output voltage from the amplifier is taken through a second large coupling 


capacitor C". The output voltage Ae; is proportional to the input voltage Ae,; 
hence let it be denoted by @ Ae, The quantity @ is called the gain of the 


amplifier, and 
G = —uRi/ (Rs + Rx) (35.10) 
is expression means simply that, when the applied voltage 


voltage decreases. Several stages of amplifica- 
ed, the over-all gain is G^. 


The negative sign in thi 
on the grid is increased, the output 
tion can be used together. If n stages are us 


ip 
Ic’ 
Amplified Bi 


R, CA% output 


Input Ae, signal 
signal |" 
£s 
Potential difference = 
Ü 4 across Rr, 
F i mplifier. Fio. 35.11. Construction to locate 
Bie. 35.10. A iodain the operating point of a triode. 


T 3 1 1 analytically can also be obtained graphically from 
he relations just expressec 1 the line drawn through the value of the 


the ch. iati . In Fig. 35.1 anes 
a den t uix slope of — 1/Rz, often called the load line, intersects the 
a 


n t the operating point of the 
characteristi he chosen grid voltage e; 8t ine nl 
Side dS Um p nie poin! on the characteristic curve and must also 


satisfy the relation 


t must lie 


YThe student may recognize that Eqs. (35.2) to (35.4), which define the tube 
parameters, are expressed in terms of the partial derivatives of ip and ep. Equation 
(35.7) is the total differential of e» °F 

de, = ai di» +H de, 
If the values of the partial derivatives are substituted from Eqs. (35.2) and (35.4), 
Eq. (35.7) results. 
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ip = $5. ep (35.11) 
i xs Ri Ri 


- If the grid potential is now ganges n 
as a negative change), the operating poin 
in the plate current, The potential drop 
ndicated by G Aeg. 

he gain ier with increasing Rz. For 
» the plate-supply potential €, must also be 
ompromise by choosing p, = Rp, and for 


C5 triode is Operated with a plate supply e, of 250 pon 
and a load resistor R; of 25,000 ohms. (a) With the aid of Fig. 35.9 determin 
he plate potential €» if the grid potential e, is —4 volt. " 
The slope of the load line starting at 250 volts on the plate-voltage axis ad 
—(1/2.5) X 10! = —4 x 10-5, The intercept of this line on the plate-curre 


axis i$ 250 X 45610-8210 qne. We draw this line on Fig. 35.9. pes 
the intersection of this —4 characteristic curve we dr 


line with the & = ai 
perpendiculars to the two axes. This procedure gives ip = 4.7 ma a 
er = 130 volts. 

(b) What is the gain G of this amplifier? 


ider & 
To find the gain we must depart from the curve e, = —4 volt and consider 
neighboring curve. Let us choose e 


o = —6 volt. From the intersection of the 
load line with thee, = 


ds. 
— —6-volt curve drop a perpendieular on to the voltage axi 
This gives a value of about 160 volts for er. Therefore 


@Ae, = G X 2 = 189 — 199 or G=15 


Thermionic tubes with more electrodes can be designed 
i In a pentode, two more 
Brid and the plate, The grid nearest the 
is maintai cathode potential. It is 

ore they strike the plate, to prevent secondary 
electron emission (cf. Chap. 36). dyor arid and ‘the contro 
tive potential and draws ® 


s multiplied and divided by Rp, it becomes 


R,R, 


Es pu ei py wes 
ae 5 By / Rs + 1/R,) 
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If R, >> Rr, 1/R; in the denominator can be neglected and we have 
G = gults (35.12) 


For a 6SJ7 pentode, gm = 1,600 mhos. When the plate and screen-grid poten- 
tials are each 100 volts and the control grid is 3 volts negative with respect to the 
cathode, the plate resistance is about 0.7 megohm. Hence, with a load resistor 


of 100,000 ohms, a gain of nearly 160 can be attained. 


10 e=0 
8 
246 
tp 
ma 4 
-3 
2 -4 
=$ 
9 240 320 400 480 volts 


0 80 160 
€» 


Fra. 35.12. Characteristics of a 6SJ7 pentode. 


35.6. Oscillators. Thermionie vacuum tubes offer a convenient 
means for the generation of oscillations. As discussed in Sec. 34.9, in a 
circuit which contains resistance Or in which there are other means 


whereby energy is lost the oscillations die out in course of time. If this 
energy can be supplied to ined oscillations are produced. 


the circuit, sustat 
One method of accomplishing this is shown in the circuit of Fig. 35.13. 


Fra. 35.13. The tuned-grid oscillator. 


The oscillating circuit, uit, consists of the inductance L and 
tlie aspaditaio € TUR oscillating voltage is applied to the grid of the 
triode through the coupling capacitor, and there results a change in plate 
current. The changing plate current produces à change in flux through 
the inductance L, and hence an emf in the oscillating circuit. The 
amplitude of the oscillations puilds up until the energy lost is equal to the 


or tank circ 
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energy supplied by the tube. The necessary energy comes from esi ze 
supply &. The proper grid potential is maintained by the potentia id 
of the steady plate current through the resistance Ri. The fluctua T 
component of the plate current is by-passed through vob bane. 1 
and Cz. Since the oscillating cireuit is connected from grid to cathode, 
the arrangement is called a tuned- 
grid oscillator. 

There are many variations in the 
circuits of vacuum-tube oscillators. 
Each must have a tank circuit and 
Some means of supplying energy to 
it. One of the more common forms, 
called a Hartley oscillator, is shown 
inFig.35.14. Here the coupling be- 

i tween grid and plate circuits is pro- 
Fro. 35.14, A Hartley oscillator, sled [^ ds Deae inductance 
Energy can be taken out of the circuit 
he tank circuit. 
lation. If an oscillator such as that 
roduce signals for the transmission of 


between the two parts of the coil. 
by means of the coil coupled to t 


Sound wave 


Modulated 
oscillations 


Fra. 35.15. 


Sound wave and modulated carrier, 


intelligence from one p 
tude of the oscillations in some manner, This Process is called modula- 
Hon. The simplest method is to turn the plate-supply potential off and 
on to stop and start the oscillations. The Morse code can then be used 
to form letters and words. 
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To transmit speech the amplitude of the oscillations is varied in accord- 
ance with the form of the sound waves (see Chap. 38). The form of the 
sound wave and the modulated oscillations are shown in Fig. 35.15. 
The wave that is modulated is called the carrier wave. Amplitude 
modulation can be accomplished by means of the circuit of Fig. 35.16, 
which represents the grid-potential supply for an oscillator such as that 
shown in Fig. 35.14. A telephone transmitter is connected to the primary 
of a transformer. In the secondary of the transformer, there is an 
induced emf Ae, of an amplitude proportional to the varying sound wave 
striking the telephone transmitter. The secondary is in series with the 
steady grid voltage supplied by à battery. The by-pass capacitance in 


the grid circuit of the oscillator must S 
be large enough to have à small | 
impedance for the carrier frequency, 
but the capacitance must be small 
enough not to short-circuit the speech 
frequencies. Since this modulation fie. 35.16. Circuit for modulation of 
scheme varies the grid voltage of the an oscillator. 


oscillator, it is called “grid modula- 
tion." A similar arrangement can be used to vary the plate voltage, and 
plate modulation results. Considerably more power must be employed 


for plate modulation than for modulation of the grid. f 
modulated wave analytically. Suppose 


It is profitable to consider & 
the carrier frequency is fi and the amplitude A. The amplitude is 
modulated by a wave of frequency fo, so that 
A = A» cos Ifot + Bo 


e is then 


e+e, 


(35.13) 


The carrier wave of instantaneous voltage 
e = A cos 2afit = Ao COS 2rfıt cos 2rfat + Bo cos 2fit (35.14) 


A trigonometric transformation yields 
€ = WA, cos 2r(fı — Soe + 16 Ao cos 2r (fs + f2t + Bo cos 2rfit (35.15) 


The modulated wave is thus com 
quencies (f, — f), (fa + fa): and fr 
Side bands. 

Since the amplitude of the w 
Process is called amplitude modula! 
obtained by varying the frequency 9 
The resultant wave form can be expresse 


e = A cos [rifi + Ja cos 2nfol)] 


posed of three simple waves with fre- 
The first two waves are called the 


ave is varied during the modulation, the 
tion. A frequency-modulated wave is 
f oscillation instead of the amplitude. 


d as 
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: v 
To recover the original speech wave form from the modulated carrie 


the process of demodulation, or detection, is employed. 


C. R 


Fra. 35.17. Circuit for diode detection. 


capacitor has an impedance low 
but large compared with R att 
difference across R is then the 
ginal modulating wave, 

A triode can also be usea for 
detection in the very similar cir- 
cuit of Fig. 35.18, The grid volt- 
age is chosen to be large and 
negative where the characteristic 
curve is most nonlinear. The RC 
network must satisfy the 

The action of the triode 
ation of another character 


ori- 


Input signal 
Fic. 35.19, 


plotted against the grid i 
istic curves results, 


same condition 
detector is under: 


istic curve of the tube. 


One of these is show; 


In the simplest 
case a diode can be used as shown 
in Fig. 35.17, which is similar to à 
rectifier circuit. If a voltage wave 
form like that in the lower part of 
Fig. 35.15is applied to the terminals, 
the current is zero over the negative 
half of the wave. The values of R 
and C must be so chosen that the 


compared with R at the carrier pire 
he modulation frequency. The potenti 


Fic. 35.18. Detection with a triode. 


s as for diode detection. S. 
stood most easily by consi m 
If the plate curren 


Output 


ter- 
Parameter, a family of bw A 
n in Fig. 35.19. "The opera 
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point is shown as P, and the variations of the grid potential are indicated 
as the input signal. If vertical lines are drawn to the characteristic 
curve and then horizontal lines extended to the right, the wave form of 
the output signal is easily found graphically. A symmetrical input 
signal is transformed to an unsymmetrical output signal, and the action 
of the RC filter results in the reproduction of the original modulating 
wave. 

35.8. Radio Transmission and Reception. An electric circuit in which 
an oscillatory current is flowing can lose energy by radiation. Electro- 


R-f 
oscillator 


amplifier 


Modulator 


Signal 
Fic. 35.20. Radio transmitter. 


pace, even in the absence of currents or 
he vibrations of a string produce sound, 
string to a sound detector, so an oscillat- 
radiation, which takes energy from the 

Electromagnetic energy travels with 
o transmit intelligence 


magnetic energy can exist in s 
metallic conductors. Just as t 
Which transfers energy from the 
ing charge produces electromagnetic 
Circuit in which the charge flows. 
the velocity of light (Sec. 39.2) and can be used t 


from one place to another. 


R-f 
amplifier 
receding sections can be com- 


The circuit elements described in the P 
bined to form a complete communication system. An example of such a 
System is afforded by a radiobroadcasting station and a home radio 
receiver. Figure 35.20 is the block diagram of a circuit that might be 
used by a broadcasting station, and Fig. 35.21 shows a typical receiver. 
The range of frequencies used for broadcasting extends from 0.5 to 1.5 
Me/see. In both the transmitter and receiver shown in the figures, 
radio-frequency (r-f) amplifiers are used. The amplifier in the trans- 


A-f 
Detector amplifier 


Radio receiver. 


Loudspeaker 


Fic. 35.21. 
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mitter serves to increase the power level over that generated by be 

oscillator; in the receiver the r-f amplifier increases the power in the sign s 

so that the detector operates efficiently. The detector is followed by kie 

audio-frequency (a-f) amplifier, which amplifies the range of equate 

encountered in speech or music, from perhaps 100 cps to 8,000 cps. T! : 

quality of reception is largely determined by the width of the band K 
frequencies that are amplified and converted to sound in the lou 

speaker. 

Electromagnetic waves are pro- 

duced electrically by means of an- 

Antenna tennas. A transmitting antenna 

Y Often consists of a single vertical 

radiator, such as a steel tower, 

a insulated from the earth. b 

Fid. 35.22. The electric feld near a electric field near such an sud 
broadcasting antenna. is shown in Fig. 35.22. Since th 

earth is not a perfect gondueion 
uated, not only by spreading oU 

losses in the earth. It should be 

urface is almost vertical, and Gone 


from the source, 
noted that the field at the earth's s 


R2 


Fic, 35.23. The reflection of high-frequency waves from the ionosphere. 
reflected from the ionos 


Ji by the paths indicated. Tf the w. 
close to normal, it is not reflected a; 
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where the signal intensity is very low. The extent of this area is known 
as the skip distance. n 
Television signals are transmitted at still higher frequencies. More 
information must be transmitted per second to form a television picture 
with sound than for sound alone, and consequently a large bandwidth is 
A broadcasting station uses a band of only about 10 ke/sec 
whereas for television about 6 Me/sec is needed. To accommodate 
several stations in a given area, the carrier frequency must be large com- 
pared with the bandwidth. Carrier frequencies between 50 and 200 
To transmit and receive such high frequencies 
s are required than for broadcast 
ke the form of one or more pairs of 
like that of an electric dipole but 


necessary. 


Mo/sec are now in use. 
effectively more complicated antenna: 
frequencies. The antennas usually tà 


conductors which produce electric fields 
which oscillate at the carrier frequency. Other conductors are arranged 


as reflectors for the purpose of focusing the beam of radiation. Because 
the frequency is so high, television signals are not reflected from the 
ionosphere but pass through it. The effective range of a television 
transmitting station is therefore rather limited. It may be shown to be 
approximately 44 times the distance from the transmitting antenna to the 
horizon. To increase the range it has been suggested that transmitting 
Stations be located in airplanes and the programs relayed from the ground. 
Seven or eight such airplanes would provide nearly complete coverage 


of the country. A brief descrip- 
tion of a television system is given 
in Sec. 36.3. 

35.9. Cathode-ray Tubes. A 
thermionic tube of a type entirely 
different from those ae bes 
tected i We a cathode K, which emits ther- 
shown in Fig. 35.24. A heater H ne a Ce Menden c 


mioni An anode A in th : UD 
mede ved with respect to the cathode, guides the electrons into a 


ine in the figure, and the intensity of thebeam 
beam shown by the dashed ns beam of electrons falls on a screen S, 


wise P ridi of zinc sulfide coated vd id € 
glass envelope of the tube. When the screen Pero y js 2 pum 
it emits green light, or fluoresces (Seo. HER m va wi m ind ET 
the screen can be controlled by electric fiel i ri RA tical d. fie E | 
plates P, and Ps. A field across the pur Pi proc uces ul T i P ion; 
one across the pair P, makes the spot move ed : "e es 
of an electron beam was discussed in Sec. 25.10. e name “cathode 


rons. 
ray" is an old name for a beam of elect 


Fra. 35.24. A cathode-ray tube. 
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i indi rin 

One important application of a cathode-ray tube is as the tend 

an oscilloscope, a useful and interesting device for ORE EA e ee oe 

i ial di - Ifthe potential differe 

of a fluctuating potential difference j à ed 

s is applied to the plates P, and a potential Um M HMM 
ith time i lied to the horizontally deflecting plates P», the 

poder or duced by the electron beam tr 

Š out the wave form. For ame 

the variations of the poten : = 

t indicated in Fig. 35.25 produce » 

wave form shown on the tobe ir 

Fig. 35.24. If the saw-tooth o 

form is repeated at the eed 

quency as the alternating poten s ] 

t the trace on the screen is un ec 

Fre. 35.25. The potentials applied to each cycle and remains EEE, 

‘plates e al 

the plates of a cathode-ray tube in an ' Cathode-ray tubes ar E 

oscilloscope. in which the electron bea dd. 

; flected by magnetic fields a 
s are produced by pairs of coils 


of electric fields. The magnetic field. 
side the glass envelope of the tube. 


; İS a process quite similar to 


© receiver located 
then the same as 


‘om 
the direction in which the beam fr 
is pointed, 


the transmitting antenna tis 
To find the distance, o » of the reflecting object a time measureme? 
made. The electromagneti 
of 1 to 10 usec duration, The w; E 
then received in short pulses, also, The difference in time between the ep 
mitted pulse and the received echo pulse gives immediately the distance of s 
object, since the velocity of the pulses is known, If an interval of time t elapse? 
the distance d of the object is 6) 
ct 5.1 
a=5 (3 
where c is the velocity of light. An interval of 100 usec thus corresponds ae 
distance of 15,000 m. 
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The presence of an echo signal is detected, and the delay time is measured by 
the pattern produced on a cathode-ray tube. In the simplest system the antenna 


remains pointing in & fixed direction. The signals received are applied, after 


amplification, to the vertically deflecting plates, and a saw-tooth wave such as is 
lied to the plates for horizontal deflec- 


shown in the lower part of Fig. 35.25 is app 
is made equal to the repetition 


tion. The frequency of the saw-tooth wave 
frequency of the transmitted pulses. The pattern on the cathode-ray tube 


appears as shown in Fig. 35.26. The distances dı and d; of the echo pulses from 
the transmitted pulse on the screen are proportional to the distances of the reflect- 
ing objects. The screen of the cathode-ray tube can therefore be calibrated 


directly in miles or other convenient units. —— , 
In more complex radar systems the antenna is continuously and slowly turned 


in direction, so that objects at any azimuth can be located. A cathode-ray tube 


N 
Transmitted 
Ww E 
S 
a 1 -ray-tube Fic. 35.27. The sweep traces on 
Fra. 35.20. Cathode ray a plan-position indicator (PPI). 


screen in a simple radar. 
is again used as an indicator, but in a more complicated fashion. The proper 
potentials are applied to the deflecting plates to make the electron beam traverse 


i : “dial li t the center of the cathode- 
with i series of radial lines abou à 

Tay pup E. 35.27. The direction of the sweep changes in syn- 
chronism with the direction of pointing of the antenna. The electron beam 
therefor letely scans the tube screen. while the antenna scans in all direc- 
tions. pua rend of the onds to the angle of the sweep on 
: e azii 


tenna Corresp! 
the tube. Wh r Tocha 5. rid of the cathode-ray tube is at a 
e. en n 


are present, the g i 
negative potential and the electron current is so reduced that no fluorescence is 
visible, When a signal is received, the po 


tential of the grid is increased and & 

4 in Fig. 35.27. The distance of the spot from the 
chief s apes E E f the reflecting object. A tube used in 
this way is called a plan-position indicator (PPI). 


distance © ; 

S Tf a radar of this type is carried 

in an airplane, a map of the surrounding country is reproduced on the indicator 
] 

tube. 


PROBLEMS 
y for thermionic emission from a metal for 


s P t densit: 
<i pai panei E Ts cm~? deg? at T = 300°K; 1200*K ; 2000*K. 
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2. Compare the thermionie emission at 1800°K of a metal w 
4 volts to one with ¢ = 3 volts if A has the same value for both materials. 


3. What is the average current through a half-wave rectifier if the peak current is 
100 ma? What is it for a full-waye rectifier? 


4. A 6C5 triode is operated with plate voltage of 250 volts and a grid bias of —20 
volts. Find the plate current. 


b. The triode whose characteristics are given in Fig. 35.9 has a plate voltage of 
100 volts and a grid voltage of —4 volt. What is the plate current? A 

6. Find the approximate value of the amplification factor in the two preceding 
problems (use Fig, 35.9). 


T. What are the plate current and plate potential for a 605 triode with e, = —2 
volt, e, = 200 volts, Ry = 15,000 ohms? 


*8. What is the plate cu 


ith a work function of 


rrent in a 6C5 triode connected as in the circuit diagram of 
Fig. 35.28? 
200 volt 
10,000 ohms 
75 volt 
1000 ohms 
0 volt 


Fic. 35.28, Circuit for Problem 8, 
9. The a-i 


f amplifier of a radio receiver ampli i s. If 
i E plifies frequencies up to 8,000 cp: 7 
the radio frequency is 1 Mc/sec, what range of frequencies should the pa amplifier 


m What is the gain per fau Mec 
= > it ha’ 
with a plate load resistor of 30,000 okas 60,000 ohms. What gain does i 
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cillating back and forth along a trans- 
mitting antenna produce electromagnetic radiation that travels outward 
in all directions. A beam of electrons, on the other hand, moving with a 
constant velocity produces no radiation. It is the change in velocity, or 
the acceleration, of charged particles that generates radiation. If a 
beam of fast-moving electrons is suddenly stopped by allowing the beam 
to strike a metal target, radiation does occur, called X radiation, or 


X rays. Radiation also occurs 
when a beam of electrons is de- 
flected, as in a cathode-ray tube, or 
when electrons are accelerated or 
decelerated by electric fields. The 


intensity is so weak in these cases 
that the radiated energy cannot be Fro. 36.1. A Coolidge X-ray tube. 


36.1. X Rays. Electrons oS 


Anode. Filament 


+ 


detected. In a betatron, however, $ 
the centripetal acceleration of the electrons produces appreciable radiation. 
The frequency of the X rays ean be determined by diffraction methods 
described in Chap. 47. It is found that radiation of a range of frequen- 
ll-defined upper limit to the 


cies is produced but that there is a we i 
frequency. The limiting frequency is found to be independent of the 


electron current but proportional to the energy W of the electrons. 
Hence 
W = eV = Maas (86.1) 
where V is the potential that accelerated the electrons, fax the frequency 
limit, and A the constant of propor tionality. The constant h is the same 
Planck’s constant that was encountered in Chap. 11. Its*-value is 
h = 662x107 erg seo. E V= 10,000 volts, fn. = 2.4 X 10" 
8ec1, 
X rays of high freque. 
are opaque to light, an 


ney have the property of penetrating objects that 
d their usefulness in medicine and many other 
fields is well known. They are also called Roentgen rays ofan ile German 
physicist, W. K. von Roentgen (1845-1923), who discovered them in 1895. 
X rays are now produced in tubes of the type invented by Coolidge 
(Fig. 36.1). The source of electrons is & tungsten filament, and the anode 


of the tube is water-cooled to dissipate the electron energy that is not 
523 
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converted to radiation.  Betatrons also can produce X rays of extremely 


high frequency, and hence great penetrating power, if the beam of elec- 
trons is allowed to strike a metal target. 


This is known as ihe md 
electric effect. The ejected electrons have a distributio 


, the upper limit of energy is increased also. The 


energy being communicated as 2 
A. Einstein first explained es 
ollowing way: He postulated pss 
the energy in each bundle, or quantum, is related to the fre 
Fig. 36.2, quency of the radiation by the equation 


A phototub, H z; 
phototube Way (36.2) 
Where À is Plan 


Solid — black 

^ 1 NT e 
line is anode, ck's constant. Quanta of radiation = 
also known as photons. The maximum energy that a photoelectron on 
have is hf less the energy necessary to remove the electron from 
meta]. 


Mtm? = hf — ep eee 
where ¢ is the Work function: 


: e 
Subsequent experiments hav 
verified Einstein's > 


X ray production the energy ¢¢ 8 
usually negligible compared with the electron energy eV, 
Photoelectric tubes, 
applications. They consi 


Sec. 36.3] ELECTRONICS 595 


current is quite low, precaution must be taken to ensure good insulation. 
The photoelectric efficiency of a cathode, i.e., the number of electrons 
produced per incident photon, varies with the frequency and with the 


cathode material. ‘The sensitivity, expressed in amperes per unit light 


intensity, varies similarly. A curve showing this variation for a 929 


phototube is given in Fig. 36.3. 
The sensitivity falls to zero at & 
frequency of 4.5 X 10!* cps. From 
Eq. (36.3) with Vms: set equal to 
zero the work function ¢ of the 
surface is found to be 1.86 volts. Tj ee CeCe 
Phototubes are used in the repro- Frequency X10!* cps 
duction of sound for motion pic- Fic. 36.3. The sensitivity of a 929 
phototube. 


tures. The side of the strip of 
ed to an amount proportional 


film, or sound track, is exposed and blacken 
to the instantaneous pressure in the sound wave. To reproduce the 


sound, light is sent through the sound track of the moving film and onto 
the cathode of the tube, as in Fig. 36.4. The variation of the photo- 
electric current through the resistor R produces a varying potential dif- 
ference that is amplified and converted to sound in a loud-speaker. 


f Moving film 


Sensitivity 


with sound track 


Photo- 
cell 


Lamp 
to 
R amplifier 


! 
Fra, 36.4. The reproduction of sound with a phototube. 
ansmit visual images from one 


36.3. Television. A system to trans 
location to another requires three essential elements: (1) means of con- 
trical impulses; (2) means for trans- 


verting the image into & series of elec’ ; 
Mission of the electrical impulses; (3) a method of reconverting the 
The transmission of the 


electrical impulses into another visual image. à à 
electrical impulses can be done by conventional radio transmitters and 


receivers, and a cathode-ray tube can be used to produce a visual image. 


The conversion of the image to & series of electrical signals is done, in one 
known as an "'iconoscope." The tube is 


System of television, by a tube 5 : ; 

shown schematically in Fig. 36.5. The image 1s projected on the screen 
S by a lens. The screen is composed of many tiny photoelectrically 
Sensitive particles deposited on & thin sheet of mica. On the other side 
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f the mica is a metal plate from which the electrical signals can be pe 
When light falls on the screen, photoelectrons are emitted and the Pa 
cles become positively charged. An electron beam, formed by per a 
K and two anodes A; and A», is Swept across the Screen a ho 
horizontal lines by means of deflecting coils not shown in the = AE 
the electron beam strikes a charged photosensitive particle, t ro R. 
is discharged and a pulse of current passes through the resis ei 
The potential variations across R are amplified and used to mo a is 
radio transmitter. At the receiving station the electron beam on 
cathode-ray tube moves in synchronism with the beam in the en 
the synchronization being maintained by .special synchronizing s 


Fic. 36.5. The leonoscope. 


5 i : sof 
pulses. ‘The Intensity of the cathode-ray-tube Spot is varied by mean 
poten 


3 y A the 
the grid tial to correspond to the light and dark portions of 
image, 

36.4. Ionizati 


an 
sufficient energy, a collision ai the 
ult in the ejection of an electron fro 


is argon: 
* Suppose the residual gas 18 aie 
Possess more kinetic energy than 15.7 ev, the reaction 
n 


4 KE que 


the positive argon ion the other, Cons 
isincreased. The Presence of the E 
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tubes. The tube characteristic is altered as shown in Fig. 36.6. The rise of 


current at high potential differ 
tion. Amplification factors of 
If a uniform electric field is presen 


trons by ionization is proportional to the num 
dN =aN dz 


where æ is a quantity dependent on the field, the pressure, 


gas. Equation (36.5) can be inte- 
grated, and there results 

N = Nw 
where No is the number of electrons at 
z — (, The increase with distance is 
consequently very rapid. The coeffi- 
cient o also increases rapidly with the 
electric field. It is called the Town- 
send coefficient. 

A second application of 
cation is the Geiger-Mueller counter (see 
Fig. 36.7). If a fine wire stretched 
along the axis of a metal cylinder is at 
a positive potential with respect to the 
cylinder, a high electric 
and cylinder are contained i 


(36.6) 


gas amplifi- 


field exists in the 
n a glass enve 
is formi 


ences across the tube is the result of gas amplifica- 
5 to 10 can be attained with stable operation. 
t, the increase dN in the number N of elec- 


ber present and is given by 
(36.5) 


and the nature of the 


Gas-filled 
tube 


Fic. 36.6. Characteristic of a gas-filled 
phototube. 


neighborhood of the wire. The wire 
lope filled with gas to a pressure of 
ed within the volume of the cylinder, 


abou ingle ion pair i $ 
blÜomHg, Ifasinps n the high-field region, gas amplification 


the electron is drawn to the wire. 

takes place that may be as large as 10" 
through the resistor is easily detecte 
Geiger-Mueller counters are Wi 


Tra. 36.7. A Geiger-Mueller counter. 
emitted from the cathode is a small 
both positive and negative C 
Small, and no space-charge e 
through the tube at low po 
extensively used as rectifiers 

A triode containing gas Ca 
the gas amplification can b 
is called a thyratron. Once the large cul 
usually necessary to reduci 


tential. 


dely used to 


part of the total current. 


harges are present. 
ffects exist. 


for obtaining la 
n be made in 
e controlled by 
rrent 


e the plate potential to stop it. 


o or 10!!, and the resultant pulse of current 
d and recorded by an electronic circuit. 


record the presence of ionization 
produced by fast-moving particles or 
by quanta of radiation. 

If a diode or triode contains gas, the 
characteristics are altered but the 
device has other useful properties. If 
the gas amplification is large, the cur- 
rent carried by the electrons originally 
Within the tube 
The net charge at any place is 
Much larger currents can be passed 


Diodes containing mercury vapor are 


rge currents. 

which the starting of the current and 
the potential ofa grid. Such a device 
has started to flow in this tube, it is 
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btoas ampli 
The rapid change in current with potential that is characteristic pee d 
cation has been applied to obtain more efficient triode detectors. | 
i 1 
ib: Pos i ni: Emission. Another phenomenon that can w— 
to amplify a current of electrons is the emission of electrons Hom a ae a in 
by an electron beam. The number of so-called secondary electr a Jae ee, 
i ay be larger than the number of electrons bombarding à show 
fumer er and amplification is obtained. All surfaces E. 
the phenomenon to some extent, but pow) ER 
of secondary electrons is particularly pd ers 
beryllium and its alloys if the energy of 500 to 
mary bombarding electrons is in the range -4ko 
1,500 ev. At lower and at higher energie: 
number is less. : d 
Amplification by Secondary emission is NV 
to increase the current in a phototube. A Ho 
of electrodes are used, and the electrons a 
Fra. 36.8. The electrodes accelerated between each pair of m 368; 
in an electron-multiplier structure of one such tube is shown E P eleo: 
tube. it is called an electron-multiplier tube. Ph ME 
trons are emitted from the electrode 0, and se 


à rainable 
- An amplification of between 105 and nearly 107 is obtain: 
with this tube, 


36.6. Self-sustaining Discharges, 
can be maintaine 


Crooke's 
dark space 


Cathode Negative iti 
gow QV Bra 
Fic. 36.9. The structure of a slow discharge, 
discharges can exist only when both the eu: 


S from the Positive col 


column can attain is familiar to everyone who h. 
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the positive column is broken up into 
striations. 

A fluorescent lamp is & 
tube that absorbs the ultr: 
light. The luminous efficiency is muc 
Since fluorescent lamps must be opera 
electrons is used at each end. 

36.7. Photovoltaic Cells. 
of electrons in a complete or partial 
electrons in solids. An example o 
voltaic cell. 
copper by heating. 


layer thus becomes positively charge 
The light therefore generate 
layer and to the copper, the p 
substances show this effect also, 


Lead sulfide photoconductive cells are m 


infrared radiation. 

Photovoltaic cells are commonly 
Current meter is connected between 
the terminals of the cell, and the 
current indicated is proportional to 
the light intensity falling on the 
oxide layer, ‘The meter can there- 
fore be calibrated directly in light 
Intensity, 


36.8. Semiconductors, aS Rectifiers. 
Many substances have electric conduc- 
tivities intermediate in value between 
that of a pure metal and that of & good 
insulator, Examples are silicon, gèr- 
manium, cuprous oxide, and selenium. 
Such substances are known as semicon- 
ductors. The conductivity of & Semi- 
conductor is usually the result o! 
pure metal. The number of suc 
depends greatly upon the impu 
that do not influence the prope 
conductors are usefui because the co! 
tor has a resistance that depends on 
Such a contact can therefore be used 
bination of euprous oxide and copper 
a goodrectifier. A large area of co 
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A thin layer of cuprous oxide, 
If light shines o 


from it, not into the surrounding air, r 
d and the copper negatively charged. 
s an emf. 


hotovoltaie emf 
for example, a layer of selenium on iron. 


f a few fre 
h free electrons, 
rities in the material, the strains, 
rties of a good conductor to a large extent. Semi- 
ntact area betw: 
the direction o 
to rectify an alternating current. 
that shows 


ntact can 
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alternate light and dark bands called 


discharge tube with a coating on the inner surface of the 
aviolet light from the discharge and reemits it as visible 
h greater than that of incandescent lamps. 
ted at low voltage, a filament to supply 


Not all electronic devices employ the motion 
] vacuum; some involve the motion of 
f such a device is known as a photo- 


Cu,0, is coated on a disk of 
n the oxide, electrons are ejected 
but into the copper. The oxide 


Tf contacts are made to the oxide 
produces a current. Other 


uch used today as detectors of 


employed in exposure meters. A 


Fra. 36.10. The characteristic of a crys- 
tal rectifier. 


electrons, rather than of many as ina 
and hence the conductivity, 
and other factors 


een a metal and a semiconduc- 
f the current across the contact. 
The com- 
the photovoltaic effect also makes 
be employed, and the resistance to the 


530 PHYSICS [Sec. 36.9 


current in one direction can be made small. Many devices employ copper-oxide 
rectifiers, which are particularly useful at low potential differences. Pe 
An excellent “diode” rectifier can also be made with a fine tungsten De 

touching a crystal of silicon or germanium. Since such a device is Wi 
small, it is useful for the rectification of currents of very high frequency. Crys à 

rectifiers have been successfully used in microwave radars 
o— >} —o operating at frequencies as large as 30,000 Mc/sec. NE 

36.10 shows the characteristic curve of a silicon crystal 
Fic. 36.11. Cir- 


E rectifier; this eurve should be compared with that in Fig. 
cuit symbol for a 


i i for small 
rectifying contact, 35-1- These devices are satisfactory only 
currents. in 
Contacts that rectify are indicated in electric circuits by the symbol shown 
Fig. 36.11. 


36.9. The Transistor. In 1948, J. Bardeen and W, H. Brattain of the 
Bell Telephone Laboratori 


] 
hich electronie vacuum tubes perform. They 


As shown in Fig, 36.12, it consists simply 
des pressing upon the surface of a v 
oints of these two electrodes, the epu 
ally about 0.005 em apart. A large-are 


ints 
-contact transistor. The contact pA 
€ collector C, are but 0.005 cm apart- 


resistance, direction. A signal ie 
rs with both current gain and eri 
For example, in an early MO ‘ 

en I. could be —2.0 ma and en 
ent gains of 50 times have be 


could be 40 volts, 
attained. 
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by adding arsenic atoms in the proper amount. Each arsenic atom which 
has five valence electrons displaces a germanium atom Írom its regular 
position, uses four of its electrons to form bonds with its neighboring 
and contributes the fifth electron not needed for bonding as 


Ge atoms 
: In p-type germanium, on the other hand, the 


a mobile negative charge. 
conductivity is due to electron 
“holes.” These holes are created 
by adding boron atoms which have Xo less 
2 valence of three only and are 
therefore incapable of completing 
the valence bond structure of the — Emitter n-type 

germanium atoms they displace. Frag, 36.13. The n-p-n junction transis- 
The hole in one of the bonds to tor. 

each boron atom can be filled by an 
electron from an adjacent bond, an 
While the excess electrons are negative charges, 


all respects as carriers of positive electricity. v. 
Now the main body of the germanium conducts electricity by excess 
electrons, but there is a very small surface area surrounding the input 


d so the hole can migrate away. 
these holes behave in 


Be. 
oai 


ared with vacuum tube. (Courtesy of 


Fig. 36.14, N-p-n junction transistor, COMP: 


Bell Telephone Laboratories.) 
Point such that, if the collector is placed within this area and if potentials 
are applied as Susan in Fig. 36.12, there is a flow of electrons from C to the 
ase and a flow of holes from E to C. This action allows several electrons 
to flow in the collector circuit for every hole entering the collector region, 
esults. 


Power amplification of about 100 r 


. 36.10 
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" P ; ted 
In the more recently developed n-p-n junction transistor v 
in Fig. 36.13, a thin layer of p-type germanium is formed in rectifying 
of a bar of single-crystal n-type germanium. Ordinary non isn ane 
contacts are fastened to the three regions as shown. If the rection 
collector potentials are again in the forward and oe h voltage 
respectively, and if the base region is quite thin, very T pasta 
amplification results. Also this recent junction-type transis 38.13), 
considerably lower noise background (50 db lower, see Sec. sponse: 
greater power output (at least 2 watts), improved frequency do r 
and greater reliability. Because of their obvious advantages = hoto 
are now replacing vacuum tubes in many electronic devices. P 
graph of a three-junction transistor is shown in Fig. 36.14. m 
36.10. Piezoelectricity. Certain crystals that are insulators show Vm 
properties of another sort. If a potential difference is applied be tly, the 
the size and shape of the crystal change sligh Y vit 
dependent on the orientation of the crystal axes on 
nverse of this effect also occurs. If a crystal is 


If the frequency of the al 
occurs. The internal fricti 


ol 
e 
aused by an external emf. On the wae ‘nob 

i It is, at any one instant, howev asisto 
ne way and then the other., The ends of a ri 
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for which the apparatus that measures V is sensitive. For example, fz might 
be zero, and f, perhaps 10 ke/sec. 


If an amplifier is connected to the terminals of a resistor and the output signal 


applied to a loud-speaker, sounds that can only be described as noise are heard. 
The fluctuating potential difference given by Eq. (36.7) is one source of this noise, 
which is called thermal noise. In a similar fashion the plate current in a vacuum 
tube also fluctuates, since discrete amounts of charge are transferred by each 


electron, and shot noise is produced. 

The presence of electrical noise of this sort constitutes a fundamental limita- 
tion to the sensitivity of amplifiers and the properties of all communication 
systems. Often, of course, interference occurs from other sources, such as thun- 
der-storms or fluctuating power supplies, but that arising from the discreteness 

ded. 


of the electronic charge cannot be avoi 
A final illustration of the applica- 


ded by the electron microscope. If a 
hin object, the beam is scattered in 


36.12. The Electron Microscope. 
tion of electronic motions is affor 
beam of electrons passes through a t 

Vi<h 


ormed of two coaxial cylinders. The equipotential 


Fig, 36.15. An electron lens f 
dashed. 


lines are solid; the lines of force 


all directions, Each portion of th 
characteristic of its structure, & P. 


Scattering more than & less dense pë! à 3 4 
electron beam in exactly the same manner as a light beam is modified by a 


translucent substance. It is possible, moreover, to focus a beam of 
electrons by means of electric and magnetic fields in the same way as a 
beam of light is focused by lenses. The electron beam can then be made 
visible with a fluorescent screen. By 2 combination of lenses a micro- 


A hows the structure 
sco nd the image on the screen 8 x 
De can be constructed, a times. Wecan thus “see” with electrons. 


of the object, magnified many v $ 
The spies E Jens consists of two coaxial cylinders such as are 
shown in Fig. 36.15. Th he first cylinder is below the 
potential V; of the second cylinder, and both V: and Vz are higher than 
the potential of the cathod e electrons start. In the figure 
the equipotential surfaces are 7. 
figures of revolution about the axis i 
normal to these equipotential surfaces and are $ 


e object scatters electrons in a manner 
art with & dense collection of atoms 
rt. The object thus modifies an 


The lines of electric force are 
own as dotted lines. If 
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an electron traverses the lens along the axis, the acceleration that it 
experiences is always parallel to the velocity and no deflection occurs. 
An electron traveling from A along the path indicated in the figure is 


accelerated toward the axis as well as along the axis as it approaches the 


lens. As the electron leaves the lens, it experiences an acceleration with & 
component away from the axis. 


Since the acceleration along the axis 
is always present, the electron spends less time in the right half of the 


Fic. 36.16. The formation of a magnified image by an electron lens. 


lens than in the left half. The force away from the axis acts for a shorter 


time than that toward the axis, and the electron is deflected so that " 
Strikes the axis again at the point A’. Electrons coming from the point 
A are focused to the point A’, In a similar manner a point near A I$ 
focused to another point near A’, and the lens forms a magnified image 
of an object as indicated in Fig. 36.16. If the object at O is bombarded 
by a parallel beam of electrons from the left, it scatters the electrons and 


each point in the object acts as 9 
point source of electrons. i 
fluorescent screen is placed at J; ® 
magnified electron image is mac? 
visible. 

Electrons can also be focused by i 
magnetic field. An iron-clad coil © 
wire carrying a current, with & ae 
in the iron, produces a magne’ 
leakage field, as shown in Fig. 36- ft 

electron coming from the m 
tends to spiral around the ine? s 
induction and consequently receiv? 
a deflection toward the axis just 
in the electrostatic lens. 


Ope à combination of a heated cathode and "t 


[ZN 
LMA WTF. 


then form i sce! 
- e, a magnified image on a fluoresc 
screen. Since electrons impinging di pem 


n 
: rectly on ic emulsi? 
expose it, the fluorescent screen can b eae ee 4 
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and the image can thus be recorded directly. An important feature of an 
electron microscope is its high resolving power. This is discussed in 


Chap. 47. 
PROBLEMS 


1. It is desired to produce X rays with a maximum frequency of 8 X 10! cps. 


What energy in electron volts should the bombarding electrons have? 
2. What is the energy in one quantum of radiation at the following frequencies: 60, 


10°, 10:5, 10! eps? 
3. What is the frequency of 
(b) 10 kilovolts; and (c) 30 kilovolts? 
4. An X-ray tube is run at 10,000 volts and a current of 100 ma, How many 
quanta of X rays does it (ideally) produce per second? 
b. Electrons are accelerated by & potential of 25,000 volts and strike the target 
frequency of the X rays. 


of an X-ray tube, Calculate the maximum à 
6. What is the maximum frequency of X rays produced by electrons which have 


been accelerated by a potential difference of 50,000 volts? z 
th limit of the continuous X-ray spectrum from 


7. Calculate the short-waveleng i 
an X-ray tube in which the electrons are accelerated by falling through a potential 
difference of 10,000 volts. ; Sel ; 

8. A phototube cathode has & work function of 3 volts. What is the maximum 
velocity of the photoelectrons from light of frequency 4 X 1015 sect? . 

9. The maximum energy of electrons ejected from a photosensitive surface is 
lo:cw. TP the rident any bes )abtrenuencyaof2oc10., sede na? do (spl wort 
function of the surface? Ji ue 
uu An electron ionizes by collision 1n uu: 

ow far must it travel to produce 1,000 ion pairs t: 
11. An electron-multiplier tube has a gain of 106 in 11 stages. What is the gain 
per stage? If the gain per stage is increased by 12 per cent, what is the resultant 


X rays produced by electrons of energy (a) 1 kilovolt; 


a field strength for which a = 0.1 cm-!. 


total gain? 5 ` 

*12. What is the rms noise voltage generated in à resistor of 1 megohm over a fre- 

quency b E 
DER to 500 Mev, and they strike a target. What 


. 13. A betatron accelerates electrons 
is the maximum frequency of the X ray! 
ee The efficiency of a phototube x E 
Photons falli thode for light of freq E 

2 ee = ts d of am light. strikes the sensitive surface? i 
16. A gas-filled photocell has an amplification of 20. If the pearson by collision 
takes place over a distance of 1 cm, what is the value es Townsend eycosticient Ce 
16. Given the photocell illustrated in Fig. 36.18 where: A is a metal plate which 
emits photoelectrons, V is à source of emf, G is & galvanometer. (a) If plate B is 


made n. t ^ A, draw & graph which relates the frequency of the 
i legetive with repeii cu necessary to reduce the galvanometer deflec- 


Incident light to the minimum tential e A 
ua os a 5 i oem pu of the photosensitive metal is 5 volts and B is 
charged to —25 volts with respect to A, what will be the minimum frequency of the 


S produced? 
uch that 1 electron is produced for every 40 


uency of 5 X 10'*sec^*. What current 
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i i ill give ri flection? (c) If plate B is made 
inci ht which will give rise to a galvanometer de! 3 
M Ee c iod to A, draw a graph which relates the galvanometer deflection to 
light intensity. 


Light 


Evacuated glass chamber 


Fic. 36.18. Problem 16. 


Photosurface 


ni q^ Anode 


4 


from a surface of work function 
frequency was used to eject them? 
econd of electrons ejected from the 
cy of the light is 7 1014 sec? 
paveleogth 15 X 1075 om ig incident on a photosensitive 


- f surface, first by light of frequency 
l *; then by light of 4.76 X 10"sec-1, Tn the first Y been MluGBsccóDa 
foot eee DM Ng Potential of 1.71 volts in the second by 0.87 volts. 
om these data calcul i s . 
Planek’s constant, Culate the work function of the metal and the numerical value of 


CHAPTER 37 
WAVE MOTION 


in im ae! a The phenomenon of wave motion is encountered 
but ie ranch of physics. Water waves are the most readily observed; 
prm are also sound waves in gases, liquids, and solids, waves in 
Of du wires, rods, and diaphragms, radio waves, light waves, etc. 
meat nu years there have been many interesting and important develop- 
ide 3 with respect to the subject of sound, coming from research in 
ea ony, radio, supersonics, acoustics of rooms, and military applica- 

. Most of these advances in our knowledge of sound have resulted 


fr 
‘om the great developments in the field of electronics. 
placement of some portion of an 


oe waves originate in the dis r 
n. eine from its normal position, causing the layers of the matter 
ties of ate about their equilibrium points. Because of the elastic proper- 
the of the substance, the disturbance 18 transmitted from one layer to 
K next, and so the wave form progresses through the medium. l It is 
- IA to note that the layers, Or elements, of the medium oscillate, 
wit otate, only in limited paths—there is no bulk movement of matter 
i h the wave motion. For example, in the case of water waves the 
PM of water on the wave crest are moving in the direction of the 
ave, but in the trough the water particles are oppositely directed. In 
tE participation in the passage of waves along the surface the particles 
e water rotate only in elliptical paths while the wave form or con- 


figuration progresses. ! 
to y means of wave motion, energy may be transferred from one point 
he, other; but the entire region, from the source of the energy to the 

eiver of the wave impulses, must be filled with à pable of 


t xis 

Be ipe such waves. Now à 

Would. e, by striking a single blow against à taut rope. 
cur the single shock wave resulting f 
Simi] € vibrations of & tuning fork or & tele 
and ar periodic vibrations of the particles o 
Sof ae of waves results. The single distu 
Pro; € vibrations are transmitted at a unif orm spee 
cp EIE modulus and the density of ihe me 
Vien its energy, consisting © both kinetic d s Y 
to om energy due to its displacement from its equilibrium position, 
e next layer in line. There is thus an energy flow from the vibrating 


80 A 
urce through the wave train to the receiver. 
53. 


Another example 
Or the 


in the direction 
the waves, 


Will in most 
variety. The Vibrations of 


Mitting the wy, 


that are Connected elasti 


verse simple harmonic vj 


bration, 
2, 3, ete., suce 
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Uppose Particl, 


This wil] be 
essively, and the wa 
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Eo 00 —0— Ey CI 


g —- 


Ep S S 


| 
"head 


imple 
Fre. 373. The development of a simp 


T i ically 
harmonic Wave in a row of elasti 
connected particles, 


If periodic vibrations 
y be conside; 


red to be made up of 2 
nents (Sec, 37.3). 


Let us consider, 
of particles of equal mans 
ce 1 to be given a trans 


Communicated to particles 

Ve form win develop as indicated in 

Fig.37.1. In the Wave as drawn, the phase difference between successive 
Particles is one-eighth of a Period of the SHM. 


€ wave configuration 
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has r " ' 
the shape of a sine or cosine curve always associated with simple 


harmonic vibrations. 

ml P and amplitude A of the wave are the same as those of the 
E d ual particles in their transverse simple harmonic vibration. The 
iin Lem Ais the least distance between any two particles, such as 2 and 
e 4 37.15, which are in the same phase of vibration. In Fig. 37.1 it 
ihe at while one particle, such as 2, has made one complete vibration, 
Bich dh has advanced a distance ^. Denoting this constant speed with 
i e wave advances by v, we have then à = vP. Since the fre- 

ncy f — 1/P, this may also be written 


v= 
he properties of the elastic medium 


(37.1) 


ie Speed v is a function only of t 
sd n of these mass particles and is independent of the values of ^ 
on i For media that show dispersion, however, the velocity does depend 
pue (Sees. 39.8, 40.9). Equation (37.1) is a perfectly general relation 
i ing for all types of wave motion. 
z 4 Chap. 12 it was shown that the displacement y ofa 
simple harmonic vibration may be represented by 


y = Asin (z + s) (37.2) 


If y = 0 when 


particle executing 


"i rues 8 is the phase constant, or phase at time t = 0. 
= 0, then 6 = 0, and Eq. 37.2 becomes 
. 2 
y = Asin P! (37.3) 
ation of our reference particle, 


If this ; A 
f this is the equation representing the vibr: e pa 
e that leaves its equilibrium 


t H 
SHE dur any other particle down the lin 
sition at a time // later, 
ed i t p 
2r e t) = A sin 2r (5 = 6) 
between this particle and the 
f this particle from the 


y = A sin (87.4) 


wi 

zm —(2nt’)/P is the phase difference 

moe particle. Now, if z be the distance 0! 
erence particle, it is seen from Fig- 37.1 that 

pas (37.5) 


PX 
Ty 
herefore we may rewrite Eq. (37.4) in the 
i T 


Re 3) 


usable form 
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i i erse waves of amplitude A and period 
bos iin i Fe sepa of elastieally bound particles in the 
£ eres bd If we hold ¢ constant and plot the values of y for 
Ext i increments in z, we obtain the wave configuration in space as 
in Fig, 37 1f. If, on the other hand, we hold z constant and allow ¢ x 
in a me may compute the transverse displacement at any instant o 
at Said Which is vibrating with simple harmonie motion with a 
phase constant — (272)/A. 


fab fess s : re 
The equation for a similar wave traveling in the negative x direction 


` t T 97.7) 
y= Asin 2e (£ +2) ( 
Since \ = vP, Eq. (37.6) may be written 
- 2r B 37.8) 
y = Asin P ( j ( 


cles in their vibratory 


motion. The latter 
differentiation with res 


we obtain from Eq. (37.6) by 


pect to t (partial differentiation, holding constant; 
such a partial derivative is denoted by ay/dt). 
Y _ wA E. 37.9) 
wa = pe cos Oe (5 3 ( 


Similarly, ðvy/ðt gi 


ves the acceleration 
its transverse vibr: 


a, of the particle at any instant in 
atory motion, 


(37.10) 
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In Fig. 

ede = Lm € E aee three component vibrations with frequencies 

pace s 4 an amplitudes in the ratio 1:44:14. Note that t 

a in " along the horizontal. The resultant vibration is dim 

N Ri a ine. Even for this relatively simple case the resultant 

ag gins to have a somewhat complicated contour, but it is 
, its frequency being that of the longest component vibration in 


y 


Fic, 37 
2. The resultant of three superposed vibrations having frequencies in the 


ratio 1:2: 
1:2:3 and amplitudes in the ratio 1: 3:1. 


ns with frequencies in the ratio 


vibratio: 
y line) incipiently of square 


Fie, 3 
1 7.3. The addition of three component 
]tant (heav. 


:3:5 p 
Wave Eg as 1:14:16 gives a resu 
the 
Hin. soup, If the phase relations among the three component vibra- 

iffer are different from those shown, the resultant vibration will have à 

renis t appearance but will have the same periodicity. The algebraic 
a for the resultant vibration sketched in Fig. 37.2 is 


As 
y = Asin ot + 4 sin 2ot +3 sin Sat 
sition of several vibrations, assume 
the ratio 1:3:5 and 


frequencies in 
d in Fig. 37.3. If 


As 
three A urthin example of the superpo 
omponent vibrations to have 


amplit 
udes as 1:14:14. This situation is plotte 
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iti 7. requencies 7, 9, 11, . . . and amplitudes 
pm ur ced ride fundamental were included, it would 
ts. Hr MC resultant would increasingly take on the d 
of a square wave as more components were added. The audent Al ata 
as an exercise plot at least one such resultant vibration with a di > zu 
set, of assumed relations among the amplitudes, frequencies, and p. cs 
of the three components (Probs. 2 and 3). It is also easy to cw. 
graphically that, if the components differ in amplitude and phase 


not in period, the resultant is a sine wave form of the same period but 
with some intermediate value of the phase. 


Since we may build up a complex periodic vibration 
number of simple vibrations, the 


SARI dedu Bsp ardere... 11) 
+ Bo + Bi cos wt + B, cos 2ot + Bs cos dot +--+ (37. 

in which the periods and wavelengths of the components are in the ratio 1:14:14: 

+++. The Fourie 


T series representing a Square wave alluded to in our discussion 
of Fig. 37.3 would be 


y = A sin wt +4 sin 3wt +4 sin Swi... (37.12) 
If the periodic vibration 


d is a fairly simple one, this mathematical analysis into 
the proper sine and/or cosine function components is Dot too difficult. 


: a complex sound wave is with a cathode-ray 
oscilloscope (Chap. 35). The sound is Produced before a microphone 
and changed j i 
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apes by light plucking or that sent along a taut rope by giving 
ants sidewise jerk. We shall assume that the string, wire, 
wih it ectly flexible and uniform and that the displacements are 
is p be shall neglect the effect of reflections at the ends. 
Bs a .4 is depicted the wave pulse between a and b proceeding 
He Wa to left in the stretched string, with velocity v. Let us imagine 
thatthe e string to be moved from left to right with this same speed so 
oo form remains fixed while the particles composing the string 
eileen y round the curve. Such a stationary pulse can actually be 
DUE h in a long, loose pulley 
a a are section of the wave 
de TE Al may be considered to 
Piera ofa circle of radius r as 
sity me , If d is the linear den- 
eia the string, the mass of this 
ment is d Al. The tension F in 


th aa 
MAE is a tangential pull at 
end of this small segment of the string. The components of these 


tw i 
9 forces along the vertical are equal, and their sum has the value 


Fig. 37.4. A wave pulse in a stretched 


string. 


A 
OF sin 0 = 2F X55 T" T 
T * 3 
hese forces supply the centripetal acceleration directed toward O. 
s d Al moving in a circular 


ee: 7 the centripetal force acting on à mas 
of radius r with velocity v is (d Al v?) /r. We therefore have 


Al dab 
and thus T T 
E 3 

oe F (37.13) 
Án 


Me that the velocity of a tra veina string is a function 
iil. 3 f the tension F and the linear density of the string- If F is in dynes 
lb/ft aes be v is expressed in cm. sec. Lf F isin poundals and d in 
; in ft/sec. 
"ue Example. Caleulate the total kinetic and potential energy per 
€ of a transverse wave in & stretched string. 
€ E, per unit length of mass dis. 


2 4 242 2v he x 
Eu. = 34 (2) = la^gr- cos? p ( j (37.14) 


nsverse W& 


at 


25 
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Since the restoring force per unit length is d(9*y/àt*) 
(37.10), —d(4z?/P?)y, the Epo per unit length is 


ty? 1 4g? ` 22m x 15 
foe fp ev e e date etr (12) (37.18) 
0 p 


, Which equals, by Eq. 


2° P? 
Therefore 
Eus + Epo = 3E At [os 2m ( = 2) + sin? 27 (« = 2) 
= qma =d X wfA? (87.16) 


The result that the total energy varies directly as the square of both 
the frequency and the amplitude is general, holding for all types of wave 
motion. 

37.5. Sound Waves in a 


Fluid. In a fluid 
sound waves are longitudi 


nal. That is, the 
B' y c 
lt 
Il 


» either a liquid or a gas, 
particles of the medium 


H " ] H i B 
vibrating piston Produces alternate condensations and rarefaction: 
which travel to the right, with the |; 


i ing in the 
yers of fluid in the condensations moving in th 
direction of Propagation, while in the i 


ube. The medium we Suppose to be homo- 
Beneous, isotropic (same properties j 


in all directions), and elastic, Since 
messed by a fluid is a bull modulus, 


Us supp stured in Fig. 87.5 is closed at the lefi 
end with a piston that į uttle back and forth periodically 
with a short Stroke. The tube is filled 
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ios eter ot propagation of the wave train, while in the rare- 
cotiplete. e particles are moving in the reverse direction. During one 
n stroke of the piston from B to B' and back to B the wave dis- 

ance will have moved forward to the right a distance equal to one 


wi P z 
avelength A. The maximum forward velocity of the particles is at c 


in : e A x 
the middle of a condensation, but in the entire compression extending 
ving in the direction in 


f 
or half of a wavelength the particles are mo 


whi SK: 
which the wave train is proceeding. In the other half of each wave all 


th i a z : 
e particles are moving backward, with the maximum. velocity at r, the 
re superposed on the random 


ta a the rarefaction. These motions 8 

Smal pa motion of the molecules of the fluid medium and are actually 

hee ass movements of layers of the substance. As we shall show at 

vith of Sec. 37.6, however, there is some relation between the velocity 

rig Ae the waves are propagated in 8 gas and the kinetic-theory 
te ocity of its molecules. 

can be shown that these compressional waves travel through the 


Bins 
uid with a velocity v given by 
ie E (87.17) 
p 


y of the fluid and p is its density. 


wh ‘ 
ere M is the bulk modulus of elasticit; s i 
heck Eq. (87.17) dimension- 


Recallin 
1 g that M = —Ap/(AV/V), ve can C 
ally as follows': p/(AV/V) 


v= JE -ET = Lr 


e TM] 
Similarly it can be shown that the velocity of propagation of compres- 


sioj A 
nal -waves in a solid rod is 
Y 
"n KE (37.18) 
p 


wh : 
oh Y is Young's modulus. . i i 
ol € kinetic energy in a longitudinal progressive wave train per unit 
‘lume of the medium is 14 pv’, where ¥ = ay/dt is apes Eq. (37.9). 
e potential en i be obtained as follows: 
e lume can be 1 
rgy per unit VO distance x from its 


f a small volume of matter is displaced through 2 c 
ing the displacement being à simple 


ka? = MP (see Sec. 12.2). 
d an extension l 


tential energy 


alo endicular to F an 
ng F, so that it equals Al. We then obtain for the po 


Per uni 
nit volum. 

e 

ds for mass, not modulus. 


'N 
ote that M in the dimensional equation stan 
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Eye lFz LIE 
PS2 iugis, 
But F/A is stress and equals Ap by Sec. 19.2, and z/lis the strain. This 
result, 
Es 


p 1 (stress X Strain) 
is very general and holds for all types of volume waves. 


(Table 4.1, page 55) is about 2.2 x 1010 dynes/cm?, while, at 4°C 
of course, 1 gm/em?, Substitutin 


9—4/(22x 10/1 or 1.48 X 105 


erature rises above this value. 


tely 2 X 10!? dynes/cm? while 
EY em Rüsdeuits Rr Ba, a 


2 X 107 
” T A-7778 m/sec = 5,96 X 10° cm/sec = 5,060 m/sec 


» according to Eq. (37.19) 
= [1.013 X 19 dynes/cm? 
ars m/e = 2805€ 104 
= 280 


cm/sec 
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parts of e " am 
expansi moe tes bw is slightly heated, while in the rarefactions the 
and cooled are a slight cooling. But the regions which are heated 
cules, and the ka much larger than the mean free path of the gas mole- 
effect temperat ime available is so short, that heat conduction cannot 
that the bulk a equalization. We have already shown (Sec. 19.6) 
given by M ome ulus of elasticity of a gas for adiabatic compressions is 
Pressure to n YP; where y is the ratio of the specific heat at constant 
normal pre: specific heat at constant volume of the gas and p is the 
ssure. We thus have for the speed of sound in a gas 


Bre 
Ard NE (37.20) 


ue 280 m/sec cal- 
v = 332.0 m/sec, 
If we were to use 


multiply p by 32 


The 

dined of y for air is 1.403. Multiplying the val 

livery dose Eq. (37.19) by 4/1408 = 1.187, we have 

Ib/ft? A ae agreement with the experimental value. 

ft/sec? p and lb/ft? for p, we must remember to 
, and v would be in ft/sec. 


From = ya 
the equation of state for an ideal gas we know that 


» RT 
p m 


Where m i 
m is the mass of 1 mole of the gas- Equation (37.20) may there- 


01 
Te be written 

i JE (37.21) 
it is to be concluded that 
ressure is atmospheric 
eal gas. This means 
nd for equal tempera- 
locity of sound at the 
as at T», then, 


Sine 

e, f š 

vis len a given gas, y, R, and m are constants, 
pendent of the pressure, provided that the p 


9r bel 
Ow so that the gas closely approximates an id 
e velocity of sou 


absolute And if v; is the ve 
temperature Tı, v2 the velocity in the same gi 


from 
have Eq. (87.21), v = /yRTı/m and ^ = „/RTa[m. Dividing, we 


T: 
97 eiii (37.22) 


7.18) for the velocity of longitudinal 
i vibration back and forth 


Ind s 
eveloping Eqs. (37.17) and (3 
The 


Sound 


utter h 
displaceme at all times their random ther 
ents are superposed. In? give 
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onstant replacement of molecules 
by others need not concern us here, for these 


RES ti- 
37.7. Water Waves, In the case of Waves on the surface of a liquid the ae 
cles execute a Periodic elliptical motion. If from the impact of an Dirt ae 
i aped above or depressed bel 


$ be 
Be, as for ripples, surface tension should : 
the important force tending to restore 


Ja a + = (37.23) 


ension, Tespectively, of the me 
€, obviously only the first term under the radical is aisi 
Whereas if X is nd term predominates, For Wavelengths in wa 


Considering the variation s 
elength of an intermedia 
the velocity of Water waves is a minimum, This minimum value 
of v is 23 em/se 8 em, 


n frequency are made with a vibrat- 


n Own density p, measurement of the 
wavelength in the train 


of ripples Will give 
(37.1) and (37.23), t 


9ne enough information, using Eqs. 
9 compute the Surface tension g, 
37.8. Interference of Waves, Beats. In 
vibrations of co 


Sec. 37.3 we considered kor 
mplex form result from the Superposition (interference) o! 
ations with diffe 


sinusoidal vibr ring amplitude, frequency, and phase 
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relati i 
aes bora one other. Similarly there can be interference of wave 
cem Ets ne with the production of a resultant amplitude, at every 
Sam of oa e ew of the waves, varying from zero to the arithmetical 
E Lo mplitudes of the component, waves. 
tore kor ED of sound waves occurs when two sources situated close 
urbia A y two tuning forks, whose frequencies fı and f differ by 
iw Rip gem amount, are vibrating simultaneously. We detect the 
man, T wave trains at a given point in space. In Fig. 37.6 we 
tudinal ied such vibrations, using the device of plotting the longi- 
j pedea ations as transverse, starting in phase with each other at O. 
ant of these two vibrations of the same amplitude and nearly 


n amplitude varying slowly and 
d 2A, where A is 


equal e 
qual frequencies is seen to have a 


periodi 
ically between the values zero an the amplitude of 


Fro, 3 T 

37. ime 

fares ond The resultant (heavy line) of two vi 

of the ty mplitude with the beat frequency equ? 
9 component vibrations. 


the same frequency 


brations of nearly 
he frequencies 


] to the difference int 


eit] 

Co iae components. Now the loudness of à sound depends on the 
uctuat, s. of the vibrations, and hence the resultant sound wave will 
times ^ in loudness periodically. It is evident that the number of 
equal e two vibrations will be in phase with each other per second is 
to the difference in their frequencies. There will therefore be 


Ta 
E : beats per second, 
of the cba this analytically, assume that 
: iR tS vibrations at any one point in 
ple harmonic relations 


the displacements m and 2 
the medium are given by 


m= Aia fii — "7 A sin 2ft 


The resultant displacement is 

and becay esate einn En 
se of the trigonometric relation 

sin a + sin b = 2 sin yat b) cos }4(4— b) 


We m; à 
ay rewrite this resultant in the form 
USD t (37.24) 


n= [2 NNXZDEL 
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2)/2 
According to this expression the resultant has a or mu we 
A ; i onent vibra s 
f the frequencies of the two compo ed 
* Eire square brackets is a variable amplitude factor, o vd 
Bon with time being of frequency (f; — E Pareh e TE 

ion i = intensity will be a maximum. 

tion is 1 or —1, the sound in E 
rei or beats, will occur then at a rate 2(fi — f2)/2 per seco: 

ü 


is made of this phenomenon of 


Beats can be distinguished by Bs 
ear as separate pulsations up 
almost 5 per second. As the differ 
ence in the frequencies of the bi 
notes increases gradually beyon 7 
this value, the resultant sound i 
comes to the ear more and more s 
a discord, up to the point ks 
the two frequencies bear som 
fairly simple ratio to one another 
The combination then become 
harmonious. 

37.9. Stationary Waves. m 
two wave trains of the same uie 
I and amplitude moving in bs o 
! ! directions are carried simultan 

| ously by the particles of a sonore, 
ay N N N stationary, or standing, waves resu i. 
D ES. The resultant, Me four These may be of "ecsap i ie 
oe Pae pase pated peter ety ina Stretched string, longi 2 E 
the positions N, nal Stationary sound waves " 
fluid, or Stationary surface pe 
ced phenomenon for all types of ls 
Wave trains, 4 moving to the right, 
B to the left. In (a) the two wave trains are in phase opposition, the 
resultant being zero dis 
heavy horizontal line. 
one eighth of a y. 
eighth of a wavelength. It is to be no 
there is always zero displacement, These Positions, known as the nodes 
of the stationary Wave, are half a Wavelength apart. Between these 
points of complete interference the pa e medium are always in 
vibration; but all these vibrating Particles Pass through the equilibrium 
position at the Same instant, and th i 
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between them. The positions of maximum displacement midway 
ae the nodes are called antinodes, or loops. Between two adjacent 
d the particles are always moving simultaneously in the same 
AN while on opposite sides of a node the displacements at any one 
are always in opposite directions. 
Let the displacements in wave train A be represented by 


yı = Asin 2r G 29 


T r T 
i hen the equation for wave train B traveling i 
S given by 


n the opposite direction 


y» = Asin ax (5 +8) 
The resultant is, 


E i z 
yan tna Ama ($2) ai (eH) 


0 3 
n employing the trigonometric relation 
sin (a + b) = sin a cos b + cos a sin b 


thi : 
is equation for y may be put in the form 


y= (24 cos 2r 3 sin op 
sQuation (37.25) is an analytical representation of all the facts we have 
in ntioned about stationary waves. Notice that the sine function 
Volves the time but not the distance 7. The amplitude factor In 
parentheses is a function of z, the coordinate in the direction the waves 
E Moving. When x = A/4, 3^ /4, BA/A, nn. the cosine (regem E 
ad and we have the points of zero amplitude, the nodes, spaced à 5. 
Avelength apart, For z = M2, EV EE the cosine Qe me is 
dl or —1, and hence at the points of maximum P eye Pee ee = 
fin e is2A. Finally the sign of co 25 (z/^) chang 
T E i 
ex titionary waves in a stretched string may be Kul S ee s 
ž Periment, in which a long string under tension 15 attache A : por 
wave electrically driven tuning fork (Fig. 37.8). Dye pce and 
refi es having the frequency of the tuning fork 1s sent ella d E 
ected from the far end with but little diminution in amplitude. Since 


© velocit ; depends upon the tension in the 
Stri y of propagation of the wave z Paoi] NIA 


ing according to Eq. (37.13), for fixed 


(37.25) 


.10 
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i mass m. For certain values of the 
und ege oy a De waves are observed with E 
icu jbrütne inet, 28 e sos loops. Let us compute the tensio 
Reed ive standing waves with four loops, in a string 1 m long 
ve Bin 0 Fam and hanging from a fork vibrating 200 times per second. 
B = 50 ont v = 10,000 cm/sec, and hence from Eq. (37.13) 


F = (10,000 cm/sec)? x = gm/em 
= ő X 105 dynes = 510 gm 


37.10. Wave Fronts and Rays. 


Fic. 37.8, Stationary waves in a String (Melde's experiment). 


large, a small portio 
plane wave, If the 


» & Contemporary of Newton. If e 
at some given time, then with the ai 


velocity v. 
This is illustrated in Fig. 37. 
wave surface that originated at 0. 


9 construct the wave front a time ¢ 
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Brun arcs of radius r = vt from any points on ABC. The sur- 
ihe hd tangent to all these arcs is the required wave front. It might 
Bebop t that, if all points along the surface ABC are new sources of 
Detail cs another wave ought to be propagated back toward 0. 
form E analysis shows, however, that Huygens' principle in this simple 
5 gives correct answers only if we ignore its prediction of a back wave. 
fas RR or the bending of the wave disturbance into the region 
Th Fi an obstacle, is easily explained by using Huygens’ principle. 
ae 37.10 a spherical wave front from O is pictured as it strikes an 
and Be BC. On taking points along the wave surface between B 
ae Pn new sources it is evident that 
Sum sturbance is to be found in the re- A 
finin qpeenty blocked by the stops de- 
PN ES e opening. Whether or not this 
ing of the waves around the sides of 


Obst; : 
Sings is observable depends upon the A 
ive dimensions of the waves and the 
0 
€ 
D 
So Sr i 7 Since every point 
5 .9. Given the spherical wave Fic. 37.10. sin e every pi 
icm ABC, any suessding wave sur- between B and C on the wave 
ace as A'B'C' may be found by Huy- front is a new source, some dis- 
Sens’ construction turbance is found behind the 
i obstacles. 


me or opening. If the length of the waves and the width o the 
float are comparable in size, the bending around the corner wi no = 
with and there will be no part of the region | e opening viia 

TO the disturbance. This is the case for ordinary m ; p sing 
of m open windows and doors, since sound wavesin alr witha d * y 
a $4 vibrations per second, for example, have & wavelengt greater 
m. 4 ft. For such sounds a ilor aney large building ue a 
0.000, sharp sound shadow. With visible light waves of ae vds ; Sn 
care 5 mm, one must use openings of very small width and 0 serve 

In order to detect diffraction effects (Chap. 47)- 

“11. Reflection of Waves. The law of reflection for a wave front 
upon a smooth obstructing surface may 


be obtained by applica- 
Huygens’ principle. In Fig 37.11, AC represents à plane wave 
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re just 
i 3 ith the end A of the wave j 
inci liquely on the surface IJ, and wi ere 
An or e In the time it takes for the C end of the in dts 
um the distance CE to the surface, the disturbance at A wou 


: t 

© represented by this circle at the instan 
When th. H 
Next consider some intermediate point B ^8 
the incident wave. The disturbance from 

í | proceeds to D on the reflecting surface. nd 
becomes a new center of disturbance, "Da 
drawing at this point a circle of eie om 
We know that this represents the wave ^ of 
this center at the instant when the c m EF 
the wave has arrived at E, The line ces 
tangent to these Spherical wave disturban 


arising from 4 and D represents the reflected 
wave front at this instant, 
Since the ri t triangles ACE and d 
(e) (5 are equal, the angles ¢ and y Pagus ve 
Fig. 37.12 À wave Pulse in ncident and reflected TOSS fronts ani uasa. 
the rope 18 reflected at the Teflectin Surface, Tespectively zB od to 
fixed end with a ¢ ange of But because the rays are perpendicular " 
phase of 180°, the wave fronts, KA and AF also oy px 
Bameréquej angles «1 ormal 
the surface This proves the law E: reflection, eng mr of incidence 
t equals the angle of reflection r 
The change 
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importance. 


u j : 
Fus e: reflection at the fixed end of the rope. 
eling up the rope involves displacements to the left. 
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In Fig. 37.12 is pictured a single transverse pulse in a rope, 


The wave form 
Because of 


the ; ia 
elastic reaction of the fixed end of the rope the displacement there 


be 

Pose reversed, and the reflected pulse there 

call p ete reversal of phase as indicated. To 
y, we represent the displacements in the up 


fore starts down, with 
demonstrate this analyti- 
wave pulse by 


yı = A sin Qnlft — (aM) + $1) 


those in the down pulse by 


y» = Asin 2«|ft + (2/d) + CA| 


wh 
Pus $1 and $» are the necessary phase constants. 
end of the rope, and since the resulta 


Mus , i 
t be zero at this point, we have 


sin 2r(ft + gx) = — sin Qa(ft + 62 


whi 
CA c é can be true only if 
1 = lj, When the wave 


tr i 
Rok dom the rope arrives at 
under Ls " however, thisend, being 
with in © restraint, will move out 
Reece ita displacement. This 
: ee of the free end, in 
pear co that in the inci- 
of the td starts a reflected wave 
and if an. phase back up the rope, 
tied out eu) above were car- 
end it or reflection at the free 
it would show that $:— $» 


cus phase effects occur when compre 
Sion ite reflected from the end of the tube. , 
Closed Sus down the tube from 

nd. On recalling that in a 


of th n 7 
. the fluid are moving in the same directio 
f a small steel sp 


18 : 
quite anal 
ur 6 x 
mass of El i. to the impact 0 


Ompr essio: iv the open en 
n arrives at p! 


com 
Pressed layer of the fluid continues tom 


left to right is 
compressio 


Just as the ball will reboun' 


e directio: e 
COR e int mation in the compres § 
Pression starts back moving from right to left (Fig 37.132). 


Taking x = 0 at the 
nt displacement y = V: T ys 


Incident wave 


E mmi 
Reflected wave 


Incident wave. 


p ch 


— 
— 


(a 
Reflected wave 


Fig. 37.13. A longitudinal wave in a 
fluid is reflected from the fixed end of the 
tube with reversal of phase, but with no 
phase change at an open end. 

ssional waves in a fluid in a 


Suppose that à compres- 


n the layers of particles 


n as the W 
here on & much larger 


d, so there will be a reversal of 
at the closed end, and the 


sed layer 
If the 
d of a tube (Fig. 37 .13b), however, that 
d from left to right 


ove forwar 
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d 
lection of a compression from an opa fini 
O represent a change of phase of 180 f 3 
Tom a fixed end there is a delay of 


as a rarefaction might seem t 


or of 
Fic. 37.14, The Tefraction of a plane Wave upon passing obliquely with increase 
velocity into a different medium, 

Ina similar manner w 
from a denser medium 
as a compression, Als 


Waves, When a 
hich it 


the case for Sound waves if the lower medium 
or solid, with air above it. 
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At i ; 
did ap e Y the point A of the wave has just reached the 
fasti 1. T w the wave will usually in part be reflected back into 
Huygens? n be assume that in part it passes on into medium 2. By 
ine ti eben e, A becomes a new source of disturbance; and in the 
SE Seed or the wave to travel the distance CH in medium 1, the 
medina 9 wies from ‘A will travel a distance (w/v) CE = AF in 
- e draw a circle of radius AF centered at A. In the same 


time j 2 
ph mne the disturbance from the point B on the wave AC will 
n the interface between the two media and then a distance 
this radius from D as 


DG = E 

the ni. v/v)DK in medium 2. We draw an arc of 

the x ne Fe line EGF from E tangent to these two arcs represents 

this refra s wave at the end of this time interval. The angle r that 

refrac on. ed wave front makes with the surface is known as the angle of 

The fac 

Brown fact that the ratio sin i/sin r is a ¢ 

as Snell’s law.! To prove this relation, 


87.14, th 
; that 
sini _ CE _ CE 200i 
t =ar mE C n (87.20) 


uid medium will be less 
from air into à solid 


onstant for any two media is 
we note, referring to Fig. 


olid or liq 


For li 
igh 
ght waves the velocity v2 in the $ 
aves passing 


D MP 
SH vu With the result that, for light W 
quid, sin r < sin i. ' 
PROBLEMS 


en in the alternative f 


y-4 sin [2zft — (22/9) 


1. Sh 
^w ow that Eq. (37.8) may be writt one? 
sin 2zf(t — (z/)) y = Asin (2x/r)(vt — 9 


2. 
but 


a ves of the same period 


sine W: 
Comment on 


PL 
S the resultant wave form for three component 
mplitudes in the ratio 1:1/2:1/3 and phases of 0, 5/2, and v. 


e n; 
ape of the resultant. 
and am isi superposed sinusoidal vibrations have frequencies in the ratio 1:2:3:4 
meee in the ratio 1:1/2:1/3:1/4 but d odd-numbered com- 
P use opposite signs. Plot the resultant vibration. Note the near approach 
-tooth” for! 

- If form. 
the equation for a transverse Wave ina stretched 
y =3sin 24[(/0.03) — (/30)] 
and time in seconds, 
f the wave- Also, calcul 

ticle of 

Fhe positive 7 irection has an amplitude of 
i propagation of 25 m/sec. 


string is 


With len . 
Wave] compute the amplitude, 
= Jate the maximum 


Tan; 


cw Un deeem in centimeters 
SVerse C and velocity © 
amplo y and acceleration of a 

7h, freque armonic wave moving in 
ney of 50 vibrations per second, 


1 
Snell 
gles, M 91-1626) actually did not state the law 25 the ra’ 
e law was first expressed in this form bY Descartes 


tio of the sines of the two 
(1596-1650). 
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igi = the wave- 
i = from the origin at £ = 3 sec, 
he displacement yatz = 125 cm D | - 
meee aaa velocity dy/dt, and the particle acceleration d¢y/at E 
nes Y ai ea sinusoidal wave Progressing along the X axis has a à pitt de 
200 SOUS and travels with a velocity of 10m /sec. Ifthe displacemen 


T t 
the particle displacement; for the displacemen 


it be 
i » with what tensile force in pounds i it 
i " its length in 0.2 sec 
tched in order that a transverse wave would travel i miat 
br The string mentioned in Prob. 4 has a linear density of 0.02 gm /em. Compi 
transverse wave, 


i the 
ty of longitudinal waves shall equal 100 times 
velocity of transverse waves? 


e 
12. Observers A a; d B, 175m apart, both see a lightning flash somewhere cud ien 
extension of the line Joining them, Observer A hears the thunder 1 sec after the 
ec after the flash, What was the temperature of the air? ue 
Velocity of sound in hydrogen and in air at 27°C. By m 
sound in air increase for each degree rise in temperature ave 
ine the depth of the water, compressional bon 
the elapsed time for the reflected waves to d the 
this time is measured as 0.88 sec, and assuming thai is 
bulk modulus for sea water ig the same as that for pure water and that the ave 
» calculate the depth of the ocean. . 
is 400 m/sec at 17°C, what will be the 
6. Two men at different 
from an aircraft. As the bi 
the sound at first rise in Pitch, then begin to drop again: 
quency and hold there. E i i 
relative safety. 


A Compute the tensi 


e 
s avn WY 2,000 yards is heard by the man af P 
Eun to strike the target 6 sec after leaving the gun, the air temperature is 176^ 
caleulate the Average speed or the shej f 

19. A rope 200 ft long Weighing 10 Ih is stretched between two trees with a force 0! 
400 Ib. If the Tope is struck a blow at one end, how long will it take the wave form 
to travel to the far end and return? 

20. The velocity of * compressional waye from an explosion in rock is measured 98 
5,200 m/sec, Compute ¢ effective ici i 


density is 2.6 gm/em?, 
21. A section of & welded 
observer at the other end rec 


steel Pipe line 3,000 ft lon, 
Pipe. Calculate the time in 


eives the Sound wave both t] 
terval between the two 


n 
E is struck at one end. 2a 
hrough the air and along 
Sounds heard by the observer. 
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2 " 
ode pose! wire of 1 mm? cross section is under the tension produced by a 2-kg 
gitudinal wa. culate (a) the velocity of a transverse wave, (b) the velocity of & lon- 
23. Thi pu m this wire. 
the ratio a ma of helium gas under standard conditions is 0.000178 gm /cm?, and 
Pressure of a0 specific heats is 1.6. Calculate the velocity of sound in helium at a 
velocity ch: PLONG. of mercury and a temperature of 20°C. By how much would this 
constant? ange if the pressure became 75 cm of mercury but temperature remained 
2 
i ey sound wave in air strikes & 
temperature d the ref racted wave in the wi 
a altar les 0°C and that of th 
25. A one the water for every angle of incidence? 
ainer is filled with a gas (xenon) at the same pr 


water surface at an incident angle of 12°. 
ater make with the surface? Assume the 
e water 4°C. Will the sound be 


essure as the surrounding 
the velocity of sound 


air, b d 
in d density of this gas is four times thatofair. What is ii X 
Of refracti (The ratio y of the specific heats is 1.67 for xenon.) What is the index 
* on for sound waves in this gas relative to air? 
g value of ^ for water 


26. 
rino that the minimum value of v and the correspondini 
ST A ace in Sec. 37.7 are correct. 
that the pen medium is transmitting & 
€ kinetic E strain, and material velocity are toge n 
potential energies per unit volume of the medium are 


longitudinal progressive wave train. Show 
ther in phase. Also show that 
together in phase. 


CHAPTER 38 


PRODUCTION AND RECEPTION OF SOUND 


38.1. The Nature o 
Motion considerable attention was 


type. When the compressional sound 

e amplitude of the vibratory motion o 
the layers or particles is Surprisingly small, being only about 10-8 cm for & 
sound that is barely audible, 


Since a fluj 
shearing force, ie., its shear modul 


e velocity with ge 
is velocity may be easily measure 
Y when Propagation occurs in any solid, liquid, or gas by r 
n the material, using a source 0 
known frequency. 
Sound wa, 


and diffraction ch 


On dioxide gas, as well as the 
of the leng and the iffraction at its edge. 
es has already been mentioned in Sec 
560 
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G. 38.1. Reflection of spherical sound wave from a plane surface. (After Foley.) 


: x E 
Eig Sij y pale 
wate Sound wave through lens of carbon dioxide £85 ae D E 
Waves Upper right corner of photograph) and the reflected, refracted, 

* (After Foley.) 


37.10, 


3 etu 


The bending of sound waves around corners 38 the rule, since the 


daria i he obstruction 
ngth is ab -zo of the opening OT the obs ) 
sles ge ie 7 m (20 vibrations per second? 


Audi 

{ible sounds range in wavelength from 1 ae ee 

as val m (20,000 vibrations per second). For the sho ce i s » 

Structi as for supersonic waves, One would expect from Huygen - 
ìon the sharp sound shadows that are observed. 
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ise and à 
nction between a n ied fee 
you drop a stick of wood on om e Xo 
esulting sound a noise. But if y 


aa "ood, 
sion four suitably chosen sticks of w 
usical chord, 


dae 
he shape of the Wave form, which, in turn, 


i tones 
higher frequencies or over 
ental tone, 


" tone 
*$. Pitch of a Sound, Doppler Effect, That the pitch of a E 


n th i is & 
in t € source increases ; 

i i u speed 
en an electric motor picks p 


he 
W cuts through a pcre 
given to the air, and hence the frequency a d the 
, Varies directly with the speed of the saw. 


: dily 
The pitch of this sound rises Se diet 
ed. Incidentally, if the holes in the 


v 
etect tones of frequency as = 
as high as 20,000 per Second, although this pod 
it is lowered by age and by diseases of the ear. Supersonic vibra ünë 
CPS can be Produced by oscilla 
Suitable electronic Circuits, 


ver 
between the Sound source and the obser 
ining them, the Pitch of 


ver 
the sound as heard by the obser 
is known ag the D 


Dpler effect, first elucidated by s 
nalogous Optical case, Tf the source shall 
€ observer, the Pitch of the tone heard is higher t 

is Stationary ; but if the 


È E rver 
Source ig receding, the obse 
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n when the source is at rest. Similar 
he observer is in motion toward or 
with our high-speed trains, auto- 
very common. 

f the source be f, its velocity 
pagation of the waves be 


pres sound of lower pitch tha 
Bigs in the pitch heard occur if tl 
» 2 rom the source. Nowadays, 
obiles, and airplanes, this phenomenon is 
E Source in Motion. Let the frequency o 
ard the observer be v’, and the velocity of pro 


as usual denoted by v. Since the f waves produced in each second are 
the wave 


crowded into the space v — v' (Fig. 38.3a), length of the sound 


w- LC. 
. (b) Observer 


Fig S E 
teda Doppler effect. (a) f Dr d 
Waves in space v + v each second. 


wil 
of us shortened from à = v/f to X = (v — 
ne sound heard is, then, 
v (38.1) 
: j^ edem 
ft z (ith the result 
t he source is receding, the sign of v’ should be reversed, WI 


at 
v (38.1’) 
f-fypw 
b. Obse . is m! 
rver in Motion. When the observer 38 
0’ . : 
vhs a stationary source (Fig. 38.3b), there 15 no crowding of waves but 
ar rece}: the Í waves in 
al, ves each second, not only 7 
na additional number v’ 7% in the distance y'. Therefore, the increase 
quency heard is f(v’/v), and the pitch f' 9 


f =s(1 41) 


(38.2) 
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If the observer is moving with vi 


elocity v’ away: from a stationary source, 
the sign of »' should be reverse 


Ges ui (38.2) 
F=f ( z) 
Equation (38.1) may be expanded as follows: 


v CAI v 
fgg 771-2) ZR iss] 


if the binomial theorem is used. When '/v is small the terms indicated 
by dots may be neglected, and the result is identical with Eq. (38.2). 
But as v’ approaches y in value, by Eq. (38.1), f œ while, from Eq. 
(38.17), f-—]j/2. Te the observer is 
in motion, with v’ nearingthe velocity 
v, by Eq. (38.2) f' — 2f; but when 
Eq. (38.27) applies, f^ — 0, And jet 
airplanes are already flying at speeds 
greater than y! 


Fic. 384. A Source moving with A 
he velocity velocity Breater than the velocity i 
ody arrives Sound creates a wave front making 
fronts of the  3eute angle with direction of motion. 


Positions as the body passed those 
Sound wave from Sı will have tra- 
veled a distance SiP while the body 


With the line of motion of the body 
is given by 
-SiP_» 3.3) 
Sin 6 S8; = (3 


A familiar example of such a 
moving through quiet water, All sh 

Worked Example. Two trains each 
receding from each other. Motives whistles, the frequency 
of its sound being 200 per second, at is the frequency of this sound 
as heard by an observer on orm of the other train? On 
assuming v = 1,100 ft/sec, J’ from Eq, (38.1), and then 


the rear platf 
calculating first 
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using this as the f in Hq. (38.2’), the result is 


1,100 — 88 BRE cas 
7 = 90 2 = y 
Jd: 0 x 1.100 + 88 170 vibrations per sec 
tensity I of a sound is defined as the 
er unit area of a surface perpendicu- 
Let us assume that we are dealing 


es Sound Intensity. The in 
hs a time rate of transfer of energy P 
d the direction of propagation. n 1 à 
“ à train of plane compressional waves of the simple harmonic variety, 
raveling in the a direction. In Sec. 12.9 it was shown that the energy of 
an oscillating particle is 272f*4*m. The energy W per unit volume isn 
times as great if the number of oscillators per unit volume is n. But 


mn = p, and hence 
W=pX 242f2A* (38.4) 


Where p is the density of the fluid. Therefore, since the energy flow takes 


Place with the velocity v with which the disturbance is propagated, the 
nergy passing per second through each unit area of & surface perpendicu- 
ar to the x direction, or the intensity 7 of the sound, is 
—— 
T = paf Aw (38.5) 
ee 
d varies directly as the 


si According to this result the intensity of à Soun direct 
Quare of both the amplitude and the frequency of the vibration. 
the waves proceed through the fluid medium there will always 

e à certain amount of damping, OF loss of energy from the waves to the 
Damping may be explained as due to viscosity and to heat con- 

uction from the condensations to the rarefactions. Also, at certain 
oe high frequencies there may be marked absorption of the sound 

ergy into the internal motions of the molecules. 

as: Ow does the intensity of a sound vary with the oe oni 
: Sociated with the waves? To answer this question we gel q. (37. 

nd employ the value of the modulus M derived in Sec. 19.2, 


M p 


Where y denotes the original volume and AV the change in a re 
Produced by the excess pressure P- Now the change m solue 2 
$ Curs in the fluid in the transmission of these compressional wave os 
ae the displacement 7 of the fluid layers from their mie “ x * 
Mong, Therefore the strain AV/V i8 solely longitudinal an' at ? 

7/Ax, or, in the limit, to 2/02- Substituting an/az for AV/V in the 
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equation for v and Solving for p, we have 


P = —v'pón/àx (38.6) 
For these simple harmonic waves, 


7 = Asin 2x (i -3) 


v 
on _ _ Af x 
Hence aS Uy cos 2af ic 


Equation (38.6) may therefore be Written 


P = 27Avfp cos Inf (: = z) (38.7) 

We thus see that the maximum excess Pressure Pras in the sound waves 
is given by 

Dua = QnvfoA = ae 7 (38.8) 


Equation (38.7) may then be written 


3 z 9 
P = Dass COS Inf ¢ - 2) (38.9) 


uation of a pressure wave. The 


about 2 x 10-4 dyne/em? 
Eood ear! up to about 200 
i For ordinary 


1 This 2 x 1074 dyne/om? value is the dards Assptlatión (ASA) refer- 


1 American Stan 
ence level for pressure amplitude, 
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conversati 

in air a tones, Pax may be about 1 dyne/cm?. For sound waves 

calculitef at normal pressure of 76 cm Hg and for \ = 1 m, we may 
rom Eq. (38.8) the amplitude A of the vibrations of the particles 


of the medium. 
NS 1 dyne/em? X 100 em 
I X 0.00121 gm/em? X (3.44 X 10: 
a = 1.12 X 1075 cm 
is veri : 
Soe erifies our statement in Chap. 37 that the vibration amplitudes in 
The Waves in a gas are very small. 
intensity of these same sound waves is 
Wes (1 dyne/cm?)* 
2 x 0.00121 gm/cm* X 3.44 X 10° 


= 1.2 X 10-? erg sec? em™ 
= 1.2 X 107? watt/cm* 


cm/sec)? 


cm/sec 


This i 
is F 
a small amount of power per square centimeter of the wave front, 
f very much lower intensity than 


but 

Hx so ear can detect sounds o! 
of ADRE use the value Pm: = 2 X 10-: dyne/cm* for the lower limit 
Shows that y, the corresponding value of J is 6 X 10-2" watt/cm°, which 
note that the ear is an extremely sensitive organ. For comparison, we 
ce a mosquito in flight develops & power of about 10-* watt! 
e iae T fact almost sensitive enough to hear the noise produced by 
Finall al motions of molecules. 
istance r Hs should mention that the in 1 l 
Passing rom the source because the total energy radiated per second is 
through an ever larger surface as 7 Brows: Jf the sound source 
1l directions, the 


May p, 
€ assumed to be a point emitting uniformly in & 
ical waves passing per second through 


tota] s 
any "red in these expanding spher? i igl 
ampin a-« surface concentric about the source is constant (neglecting 
erred s . Since the surface area of & sphere is Agr? the energy trans- 
i th rough unit area thus varies 2s j/rt. It follows from Eq. (88.5) 
enote e amplitude of the waves decreases 8$ i/r. If therefore we 
the amplitude of the waves by A'/r, then the equation for a 


mons, 
ni : 
€ spherical wave is 


= Asin at (t-5) 


has a Wav’ 


tensity of a sound decreases with 


e form of the simple 


38.5 ; 
- Quality of a Sound. A pure fone 
brating tuning fork, 


rmonj : í 

but e ic variety. Such a tone is produced by 2 V! 

Sounds from most sources have complex Wave shapes. As already 
prations result from the 


iscus : 
Sed in Sec. 37.3, complex periodic vi 


[Sec. 38.5 
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w, however, that b 

t frequencies have little to do w ve 
the quality of the resultant tone It must be remembered woke 
i uality are Psychological quanti i 
Very precise measurement. Tar 
ities frequency, intensity, and As 
ured exaetly, for they can be. Sound has the tw 
aspects; subjectively i 


: it 
the judgments of pitch and m 
quencies are comin 
lephone system have been repor 


quencies from 1,000 
lin quality was e 
en an organ pipe sounded C (264 p 
Ponent frequencies above 750 per second wer' 
eliminated, the i 


hearers Said that the sound Was “dull.” 
ee” 


Tecognizable as à particu 
whether uttered by a deep p; 


er 
lar sound, no matt 
ass Voice of pi 


tch about 90 cycles/sec or by 2 
high-pitched Soprano voice o /sec? The harmonic analysis 
of this vowel Sound spoken at Various pitches sho 
high-frequency components clustering around 23, 


Jl 
00 per second as we 
rH. Fletcher, “Speech and Hearing,” 


Van Nostrand, 1929. 
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as a Ci 
For vaga iM at about 375 cycles/sec (Fig. 38.5). If the high-fre- 
detini ahs ia overtone frequencies were filtered out, there would be a 
lise, pen ge in the quality of this vowel sound. The “ah” in father 
fom ths i. eee around 900 cycles increased in intensity. These 
It. flo third , tenth, and eleventh harmonies for the bass voice, but 
Vowel gii Sce fourth harmonies for the soprano voice speaking the 
takes 9. aW : at is, whenever this vowel is spoken, the oral cavity 
rei nforeing Ur t that it resonates to a frequency of about 900, thus 
Site oF ati i part of the total sound coming from the vocal cords. 
inenta each h e vowel sounds and the tones of various musical instru- 
as particular overtone frequencies or & characteristic 


z as in Peel 
Fundamental frequency 
137. 


Amplitude 


500 1000 1500 2000 2500 3000 3500 4000 4500 
Cycles/sec 
» at pitch of 137 cp: 


characteristic 


Fig, 

The oe Sound spectrum of vowel “ee s (after Harvey Fletcher). 
Matter redd around 375 and 2,300 cps are of this vowel sound, no 
at the fundamental pitch. 

t to be possible to imitate 
f a set of pure tones covering the 
s been done, first by D. C. 
tly by Fl letcher, at the 
lectronie circuits that 
paced over the 


Li 
Speetr 
rum” ere 
of component frequencies, it ough’ 


any o 
bes sounds by proper mixing © 
ler, tet AM range. This indeed ha 
Tele i. a set of organ pipes, and more recen 
enable ne ane Laboratories, with a group of e 
Princi to mix in any proportions 100 pure tones 8 
S ^w audible range. 
E Vibration of Strings. s of musical sounds the 
Eroup instruments such as the violin and piano form an important 
the dist When a string that is under tension is truck or bowed or plucked, 
With dis Tbances travel to the two fixed ends, where reflection occurs 
each eui of phase and with but little diminution 1m amplitude. At 
Queney. t then, the incident and reflected waves, being of the same fre- 
es spaced at half-wave- 


e 
Y, tend to produce stationary waves with nod 
i are re-reflected from 


f nodes 


Bell 


As source: 


570 


wavelengths. Only those frequencies satisf. 
and produce standing waves in a vibr: 


free vibrations of a string, 


PHYSICS 
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ying this condition persist 


ating string. These are the oci 
as opposed to the forced vibrations that might 


impressed upon it by some applied periodic force, 


When a string stretched between two su 


middle, it will vibrate in the si 
at each end (Fig. 38.6a). 
mental tone of the String. Its 
string. 'The string merely vi 
positions, and twice in each 
straight-line appearance, 

A string may also vibrate in 2,3, 
4, etc., segments as indieated in 
Figs. 38.6b to d. Since the distance 
between adjacent nodes is always 
/2, the wavelengths are 21/2, 21/3, 
21/4, respectively, for these three 
overtone vibrations, Employing 
the general relation v = M, we have 


for these four lowest frequencies of 
the string 


V w 3v 4y 
2/ W W a 


Thus, these Overtones are exact 
multiples, or harmonics, of the 
fundamental frequency, 
tomary to Speak of thefun 
as the first harmonic, or first 
harmonie, or second Partial, ete, 
Since the velocity v of 
tension in the string and 


f= 


Partial; the first 


these Waves 


pports is lightly bowed in the 


mplest manner, in one segment with à joge 
The note produced is a pure tone, the de 

wavelength is 27, where Z is the length of the 
brates as a Whole between the two ping 
complete vibration it wil] have its normal, 


E— — —4 >| 


Fundamental or first Harmonic 


(b) 

Second Harmonic 
(c) 

Third Harmonic 
(d) 

Fourth Harmonic T 
Fia. 38.6, Standing waves in a tret e 
String. "These forms may all be pre 


simultaneously, 


nd 
overtone as the seco 


Š Ln i e 
ese is V/F/d (Sec. 37.4), where F is th 
d is its linear density, we have 
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the Strings for the low-pi 
t -pitched notes are t i yhi i 
p pepe fine, lightweight strings are Pi bild dd 
baison Anata to ie the sound is very largely emitted by the 
cea " vibrates in resonance with the string. A sustained 
tm ean by bowing a string, the bow alternately gripping and 
e string. The pleasing tones from these instruments have 


Complex w 
X Wave i ichi i 
shapes, i.e., they are rich in harmonics. Therefore a string 


must be c; 
a ribrating i 
pable of vibrating in a number of modes simultaneously. The 
each setting up its 


Wave ^ 

own ied e s lengths pass through one another, 

depends get : nodes and antinodes. Just which overtones are present 

point ido cna on where the string is bowed or struck, for obviously this 

One-eighth th anode. Usually the striking or bowing is done at about 
e length from one end, thus eliminating the seventh and 


ninth ha: : : 
ratios of Fia ae Since the basis of harmony is the simplicity of the 
e frequencies that are sounded together (cf. Sec. 38.11), these 
combinations. 


Particu 
ee ee do not give harmonious 
Musical € Vibration of Air Columns. Another important class of 
Columns of xumenis wind instruments, make use of the free vibrations of 
are the pi air in tubes with rigid walls. Examples of such instruments 
pe organ, horn, clarinet, and flute. Some of these, €. the 


clarine 
t : 
of the Tose vibrating reeds. With others, such as the cornet, the lips 
ormer generate the vibrations. In all of them the tube, whose 
ening or closing holes placed 


effecti 

ve " 

E Viel Le is usually controlled by OP 

these vibr ntervals, acts as a resonator to reinforce, sustain, and control 
ations. And since in a vibrating air column there is already 


a consi 
nsider, A : 
able mass of air in motion, no additional resonating body is 
The overtones are har- 


Needed to i 
Monics, m rice the loucuess of the tones. 
are to bs u ich is an essential characteristic of vibrating systems if they 
as the ee as musicalinstruments. The percussion instruments, such 
for these m, the bell, and the cymbal, are exceptions to this statement; 
Vibration, as indeed for most vibrating bodies, the normal modes of 
jur SP Inheemonio. 
Bently - Prototype of all wind instruments, consider a jet of air blowing 
will mie the edge of the open end of a pipe, as in Fig. 38.7. This 
With the, the pressure slightly at this end, and a pulse of condensation, 
Pipe, ox particles moving in the direction of the wave, starts down the 
tion Gin the closed end this condensation will be reflected as à condensa- 
ase change of 180°). When this reflected condensation or 


Press 
ur * ae 
away iiie returns to the open end of the pipe, it will throw the air jet 
m the edge, if, indeed, it has not already been forced out by the 
he returned con- 


Mere, 

ased . j 

ensati pressure in this region. This expansion of t > 
efaction traveling down the pipe, 


on 
at the open end starts & rar 


8.7 
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; NOE ina 
with the air particles moving upward, opposite to the direction of prop: 
gation of the rarefaction. 


n of the air jet and hence the pitch of E 
sound. The energy comes from the jet. Since the closed end of the Ph 
is a point of no motion, it is a node, while t * 
open end, being a point of maximum motion, i 
an antinode of the Stationary wave pattern. " 
Similar considerations apply if the pipe ! 
A condensation is reflecte d 
a rarefaction, however, an 
at the jet end, where the 
jet will alrcady have been forced outside the edge 
of the pipe by the rise in pressure from ‘the blow 
ing, it will pull the jet back inside the bi 
Thus the next condensation will be started E 
ginning of the next cy¢ a 
Fic. 38.7. The jet of air vibration of the air jet oye 
vibrates back and forth the edge the disturbance will have traveled twice 
across the edge of the 


e e 
c the length of the pipe. This length is therefor 
Pipe at a rate controlled the wavelength of thi 
by the reflected pulses. : 


from the other end. if the Pipe has the sa 


and the closed 
a second node 
indicated in Fig. 38.8b. 


* In. this discussion we are Considering sta. 


: " cor- 
‘ ‘tionary displacement waves, The ye 
responding pressure Waves would have antinodes where the displacement waves h& 
nodes, and vice versa, 
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1 
ee td the second overtone of the closed pipe, one node must 
ibd vira : the length from the open end, so that à = 41/5. For a 
41/5, . pe, ur the fundamental and overtones have à = 4/1, 41/3, 
that lie ra therefore frequencies v/Al, 3v/Al, 5v/4l, . . .. Notice 
Desa n-numbered harmonies are missing for a closed pipe. 
Bveronss ep ae patterns for the fundamental and first and second 
Hicks ede he open pipe are sketched in Figs. 38.8d to f. Since the 
that the it is two adjacent loops or nodes is always M2, it follows 
The eie engths of these three particles are 21/1, 21/2, and 21/3. 
Hen goa. cies of the fundamental and overtones for an open pipe must 
s v/21, 2v/21, 3v/2l, . . + - Thus it is seen that all the harmonics 


are pre : 4 
sent in this case. The tones from open pipes are therefore of 


richer 4 
quality than those from closed ee Al 2 2 2 
gd "e dy 20 aS. 


i 
im the presence or absence of the Y. 3 
for mo: ei harmonic accounting 
We 4 of the difference. 
tion xe assumed that the reflec- 
Place exa open end of a pipe takes 
his DAN in the plane of the end. 
tion occu act not true, for the reflec- 
into E za only after some expansion 
pipe, ecran beyond the end of the (a) (b) (¢) (d) (e) (P) 
a greater E UL large-diameter pipe Fic. 38.8. Sta 
a small-di ass of air vibrates than in showing ae ‘ 
Pect th lameter pipe, we should ex- first three armonics 
Su ao ee Muxdal as ON l 
ment eed the expansion farther in the case of the larger pipe. Experi- 
added ewe this conclusion and shows that the end correction to be 
Wake ^j three-tenths of the diameter. . 
Pipes in ample. The longest pipe commonly used in a stop of 
v=] i004 organ is 8 ft. If it is an open pipe; 5 in. in diameter, and if 
Wo en ft/sec, compute the pitch of the fundamental note. Adding 
t = 66 corrections, 1 = 8.25 ft. Therefore, f = (1,100 ft/sec)/2 X 8.25 
7 vibrations per sec. Without the corrections, f = 688 vibra- 


ti 
ONS per sec, 


8. Stationary Wave patterns 
s of nodes for the 
of closed and 


38. 2 r E 
8. The Vibration of Rods. A rod may be made to vibrate either longi- 


din; ; 
ally or transversely. To produce longitudinal vibrations it should be 
l de of vibration will depend both on 


roked wi 

" Cage a rosined cloth; the exact mo : 

end (Fi À: and on the manner in which th Jamped. If clamped at the 

anting d 8.92) the rod's fundamental mode has & node at this point and an 
ance t at the free end, so that à = Al as for the closed organ pipe. The resem- 
‘© the closed-pipe vibrations is apparent also in the first overtone, for 


tu 
St; 


8 
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which the additional node comes at one-third 1 from the free end, with e Apr 
that A = 41/3. To generalize, only the odd harmonics are produced by n Es 
clamped at one end. If, on the other hand, the rod is clamped in the p i 
at points 1/4 in from each end (Figs. 38.9 and c), these points are nodes ME 
ends are antinodes. The first of these, b, corresponds to the paises dai: 
of open pipes and with À = 2l, the second, c, gives the harmonie note w pes ues 
As with the open pipe, both even and odd harmonics may be produced by 2 


is stroked with the rosined cloth, 
the rod (ef, Fig. 38.9b). d 
also possible in a solid rod, If clamped at one en 


nd, a rod will vibrate as in Fig. 38.10a when giving 


opz (a) 


(b) 


(o) bee. 


Fig. 38.9. Methods of clam 
for longitudinal vibrations, 


ping a rod Fic. 


: ins OF 
38.10. Transverse vibrations © 
rods 


off its fundamenta] tone. 
overtone (Fig. 38.105), but 


When struck more shar 
such o 
integral multiples of the fu 


ply, it may vibrate in its first 


r being a material 
maller interna] friction. If the fork * 
i d closed and with a length 
Considerably augmented by 
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38.9. T Vi i 

"o he ibrations of Plates and Membranes. A thin metal plate or a 

membrane supported at its outer edge will in general, when struck a blow, vibrate 
2 


in a compli i 
mplicated fashion. Ina plate such as the diaphragm of a telephone receiver 


or tra i a 
ansmitter the restoring force called into play by the distortion of the surface 
as a drumhead or 


ari 2 
[TE Tie its stiffness. In a membrane such 
caused h: € of a condenser microphone the restoring force is 
undergo ae eur in the surface. The two-dimensional waves 
a standin ee e reflections from the boundaries, thus setting up 
overtone ra ave pattern, which usually involves à number of 
The i Mu along with the fundamental. 
lines, The or us two-dimensional stationary Waves are nodal 
WC EE y may be demonstrated by supporting the plate or 
Eer orizontally, sprinkling the surface with fine sand, and 
Tats dine y oaaae it to vibrate. The particles of sand accumu- 
amples of a quiescent nodal lines. In Fig. 38.12 are shown ex- 
the nodal lines thus exhibited for a square plate clamped 


at the E 
center and bowed in several ways at theedge. More than Fre. 38.11. 
e been demon- A tuning 


250 differ. a 
by cin standing-wave patterns in plates hav! 
ported a this technique. For circular membranes or plates sup- fork has but 
at the edge, this boundary is, of course, à nodal line, and one mode of 
vibration, 


face vibrates symmetri- 
thus giving 


de at the center. The ^ 
rs and/or circles con- a pure tone, 
iese overtone frequencies 


for 

id hepa: mode the entire sur! 

overtones n with maximum amplitu 

centric ab ave nodal lines that are diamete 

are not h out the center of the surface (Fig- 38.12). TI 

A bell armonics. 

In Fig ass be regarded as a round plate be 

. 38.13, looking up at the mouth of the 


aracteristic bell shape. 


nt into the ch 
+ mode of vibration is 


bell, the lowes' 


QQ 


(b) 


at its center and (b) & 


Fro (a) 
+3) 
8.12. Nodal-line patterns for (a) a square plate clamped 


Tound dj 
diaphragm clamped at its edge- 
produced when a bell is 


ndamental. The pitch of 
difference tone (Sec. 38.12) 


indica: 

struck, ax Actually, however, overtones are always 
B son and some of these are more intense than the fu 
i nd from a vibrating bell is some combination OT 


involy; 
vin, : 
E these overtone frequencies. 
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38.10. Resonance. We have already referred to the phenomenon of 
resonance in connection with the mounting of strings and tuning forks on 
bodies that by resonating with the applied vibrations from the source 
greatly amplify the intensity of the sound. As a matter of fact, many 


ipm 


Fie. 38.13. Lowest 


mode of vibration of a — two identieal tunin 
bell. 


wavelength boxes o 
open ends of the boxes face each other. 


being 


encountered. For this, À = 4] 
error due to neglecting the end 
ence between the first two reso 


»—2(5—1f 


E. important examples of resonance are encountered, 
not only with sound waves, but also with light 
and radio waves and in vibrating structures gen- 
\ erally (Chap. 12). Whenever the forced vibrations 
/ in a body have nearly the same frequency as its 


» but of course with much less 


Fic. 38.14. Rein- 
forcement of the 
sound from the fork 
occurs when the air 
column above the- 
water is of length 
MA, 34/4, . . .. 


using the differ- 
Then, 


(38.12) 
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Kundt’s method of measuring the velocity of sound affords an additional 
En ! A metal rod R is clamped at its center and carries on one 
nd a piston P, which fits loosely into a glass tube T (Fig. 38.15). An adjustable 
ll closes the tube at the far end. The rod is set into longitudinal vibra- 
= A y stroking it with a rosined cloth, and the air column T is adjusted in 
ESL y means of P' until resonance occurs. The standing waves in the air 
uk are detected with cork dust or lycopodium! powder sprinkled along the 
id m of tube T. At resonance the dust is strongly agitated and lines up in 
idges at the displacement antinodes but is quiescent at the nodes. P’ is of 


s a node, and P is close to a node. 
i l'he wavelength Ar of the waves in the rod is twice the length J of the rod, 
while in the air inside the tube the wavelength X, is twice the average distance da 


kc 


1 
I 
1 


example of resonance. 


LLLA 
2 


prz = 
BA P 


Fic. 38.15. Kundt's method for determinin 
y the cork dust. Now the frequency of 
e air column is the same. Hence 


AT TID 


g the velocity of sound. 


bi adjacent nodes, as indicated b 
he standing waves in the rod and in th 


UR Va VR aes 
x TX or jg (38.18) 


If va at the existing temperature is known, the velocity of sound, vp, in the 
metal of which the rod is made may thus be determined. 

If the air in T' is replaced by another gas in which the velo 
and for which the average distance between nodes is d,, then 


city of sound is v; 


mou oœ T7 Se (38.14) 


às M 


When two or more mu: 
d, in which cas 


sical tones are sounded together, 
e the component notes are said 


the result may be a pleasing soun : 2 
rsh, unpleasant sound, in which case the com- 
is for dissonaite is the 


to be consonant, or it may be & ha i 
ponent, notes are said to be dissonant. The physical basi i 
existence of beats (Sec. 37.8) either between the fundamentals or between their 
Overtones. As already mentioned in Sec. 38.9, if the pitches of two tones are so 
nearly alike as to produce no more than, say, 5 beats per second, the effect is 
rather pleasing. In fact, on large organs there is a “tremolo stop” in which each 

a about 3 beats per second. 


of the notes : i djusted to give 
comes from a pair of pipes 9' jus AE 

But as the number of bm becomes larger, they cannot be distinguished as 
Separate beats and the result is 2 rough, unpleasant sound. When the beat 
the club mosses. The 

y the sound 


38.11. Musical Scales. 


1 From the Greek 1 foot; the genus name for 

ykos, wolf + pous, ‘oot; 5 E 
Powder is composed of the spores and is very light and easily moved b 
Waves. 
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frequency is great enough, however, it will no longer be noticed, and then there 
is consonance if the two tones have a simple frequency ratio. 

The simplest frequency ratio for two notes is 1 :2, corresponding to a note and 
itsoctave. Other most pleasing combinations are the “fifth” (2:3), the “fourth 
(3:4), and the "third" (4:5). If three notes are to be sounded to form a con- 
sonant triad and if the interval from the lowest to the highest note in the triad is 
to be less than an octave, it can be shown that there are only two possibilities, the 
major triad with frequency ratios 4:5:6 and the minor triad with ratios 10:12:15. 
The major and minor scales of modern Occidental music are based on these 
consonant triads, but it should be emphasized that many other musical scales 
have been devised. The Arabian scale, for example, has more than 50 intervals. 

A major scale of eight notes is formed by three major triads. On taking 
middle C as the keynote and designating the notes up to the octave by D, E, F, G, 
A, B, C’, the frequencies of these notes are determined by the three triads CEG, 
GBD’, and FAC’. In the key of C major the scale of notes, based on the standard 
pitch of 440 vibrations per second for A, and the frequency ratios are as follows: 


Major Scale 


CIL E F G A B qt p 


do | re | mi fa | sol la si do re 
264 | 297 | 330 | 352 | 396 | 440 495 | 528 | 594 
% 96 ls 3 195 9 iu 


The ratios 36 and 196 are called full-tone intervals, while the ratio 19(5 is 
known as a half-tone interval. 


ased on any one of the notes appearing 


Each of these keys introduces 
ations are restricted to major 
$ h octave interval. Since with 
keyboard instruments such a large number of no 


nt, giving the 12 notes per octave 
: gan. In this system of tempering 
, Successive frequency ratios are each N72, or about 1.0595. Two of 
a fora half tone, This very simple 
g up the octave Works remarkably well. The differences 
v i pered scale and the just scale are so slight that even the 
musical ear judges it as satisfactory, 
38.12. Combination Tones. 
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de d a summation tone, whose frequency is the sum of the two frequen- 
ae E ue detected. All these are known as combination tones. Helmholtz, 
ey n ied much to the study of sound, was the first to offer the probably 
"pi at anation of these tones, attributing them to the nonlinear response of 
mp 5 the vibrating mechanism of the ear, especially in the “middle ear” 
e ds .14), the restoring force is not a linear function of thedisplacement. Also, 
| bes aeons $6. a greater restoring force arises from a displacement in one 
We n than from a displacement in the reverse direction. 
represent the excess pressure p of the two driving vibrations at the ear by 
p = A(cos ait + cos wet) 


Now the nonlinear response R of the ear may be taken as 


R = ap bp 


whi 
ere a and b are constants. Hence 


R = aA (cos wt + cos os) + bA? (co; 
The three terms in the second parenthesis, the nonlinear part, of this equation 
a to be interpreted as follows: Since cos St = 34 + M cos Qut, the first two of 
ese terms represent the second harmonics of the impressed frequencies f; and fz. 


For the third term we can make the substitution 


s? «it + cos? wet + 2 cos wt cos wet) 


+ cos (wi + e»t 


frequencies appear in 
s are called side bands 


= cos (v1 — wot 
nee and summation 
nd summation term 


2 cos wit cos wet 


n thus see that the required differe 
(S product term. These difference 2. 

ec. 35.7) in the electrical case. 
ssion of sound intensity 


. 38.13. Loudness. The Decibel. In our discu isi 
In Sec. 38.4 we have mentioned that the ear is à remarkably sensitive 
organ, the lower limit of audibility for & good ear being an intensity of 


about 10-!5 watt/cm?*. Yet before the sensation of sound becomes 
1018 times this value. The loud- 


Painful, the intensi ise to about ] 
ness of a agio e jenen proportionally with the intensity, how- 
ever, but, more nearly as the logarithm of I. This is an example of 
the well-known Weber-Fechner law in psy’ chology, 2 
Magnitude of any sensation is proportional to the logarithm of the 
stimulus. The minimum fractional increase in intensity that is just 
perceptible to the ear as a change in intensity should, according to this 


law, be a constant independent of the intensity- The difference in loud- 
ity level, between two sounds is therefore 


ness, technicall j 

d y known as intenst S nee d 

defined as the logarithm of the ratio of the two intensities, the unit 

difference being the bel.’ Since this is & rather large unit, one-tenth of it, 
standard. The intensity level 


the decibel (abbreviated db), has become 
Graham Bell (1847-1922), the 


! The word “bel” was chosen to honor Alexander 


Inventor of the telephone. 
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of a sound is then defined by the equation 


* Intensity level = 10 logis (7) db (38.15) 


where Io is a reference intensity arbitrarily taken as 10-16 watt/em?, 
which corresponds roughly to the lower limit of audibility. 

If the intensity level of a sound increases by 1 db, the increase in loud- 
ness is barely perceptible. When I rises to 10-4 watt/cm? and the sound 
becomes painfully loud, the intensity level is 10 logio (101/101) = 120 


db. In Table 38.1 we give the intensity level for Some common noises. 


Table 38.1. Approximate I ntensity Levels of Various Sounds 


Noise Level, db 
Airplane, near by...........,,,. 120 


Noises of busy street. 


75 
Ordinary conversation. 70 
Quiet automobile. ... 50 
Purring cat. 25 
Rustle of leaves... . = 10 
Threshold of hearing....... weis D 


For the acoustical engineer, interested in such problems as noise 
abatement and soundproofing, such description of the intensity level of 
the sound without regard to frequencies is quite satisfactory. Small 
pressure amplitudes may be accurately measured with the aid of modern 
developments in electrical engineering. It happens, however, that the 
ear is not equally sensitive for all frequencies, so that, at the same inten- 


sity level, sounds of different frequencies may be judged to be of quite 
different loudness, 


the frequency scale is logarithmic. The Course of the lowest curve, giving 


,000 vibrations per second, but 
intensity-level rangeissmall Unless the inten 


as 20 db, even a sound of frequency 200 vibrations per Second is not heard, 
while at 20 vibrations per second the level must be at least 100 db, or 
close to the threshold of pain. The entire audible Tange is represented 
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b : 
od area between the two extreme curves. For persons hard of 
ng the lower curve is raised by varying amounts at the different 


frequencies. 
T a EM 

Mei a is much more sensitive to change in pitch than to changes in 

sity. At about 2,500 cycles/sec, for which the ear has the greatest 


Pain level 


120 


100 


80 


60 


40 


Sound intensity level in decibels 


Unobjectionable 


20 noise 


2000 6000 10,000 
4000 8000 


600 1000 
400 800 


les per second 
mal ear show the threshold of 
etween these two curves 
es represent the 


20 40 60 100 200 
80 


Fig Frequency in CYC 
. 88.16. The lowest and highest curves for a nor! 
cy. The area b 


A HAM 
MM and of pain as functions of frequen 2 
de es the entire audible range The numbers labeling the curv 
cibel level at 1,000 cps. 
sible to detect a change in frequency of 
y must be at least 5 pər 


one-fifth of 1 per cent, but à change in intensit; s 
ow frequencies, however, the change in 
dness can be detected. 


2 to be detectable. At very 1 ! 
ensity must be tenfold before & change in lou 3 

Another interesting fact about our auditory perception is the sense of 
fhe direction from which the sound comes. The fact that the sound 
might be more intense at the ear facing the source could only contribute 


rn 
itensity-level range, it is pos 
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to this effect for the high-pitched notes, for which the wavelength is 
considerably shorter than the diameter of the head, since for the long 
wavelengths the pressure variations must be the same at both ears. 
Experiment shows that for the lower pitches our judgment of direction 
comes from the difference in phase of the sound at the two ears. Such 
phase differences produce certain time differences in the impulses in the 
nerve fibers going from the two ears to the brain and these time differences 
apparently give us a clue as to the direction from which the sound comes. 


38.14. The Ear. Figure 38.17 is a diagrammatic section through the huraan 
ear, with the inner ear drawn on a larger scale to bring out details. "That part of 


M 


a 


a 


nw 7 
N 


Eustachian tube 


Fic. 38.17. Diagrammatic section through the right car. 


m is know; 
small middle-ear portion between th wn as the outer ear. Then comes the 


Za e eo and the oval window. To the 
Zi à ner ear. eSt h er 
while the inner ear contains Watery fida ter and middle ear contain air, 


Sound waves arrivi pase 
; ving at the ear pa 
e the eardrum to vibrate, These vibrations are 
the anvil, and the stirrup, 
window. Since the eardrum 


In the inner ear is the cochlea, only 6 
twisted into a spiral of 234 turns like a snail sh i 
e : ell. I ing. 
Uncoiled, the human cochlea is 30 to 35 mm long. The oh erae i mi 
divides it into two canals consists in part of the flexible dv M or ak long 
which are about 23,500 so-called “Corti rods.” The rods cine KE 
oved by vil 


or 7 mm in diameter at its widest part and 
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of the membrane. At the end of each rod is a hair cell, which stimulates the 
nerve ending at its base. 
p There is evidence to indicate that the various regions of the basilar membrane 
in the cochlea are sensitive to different tones, as indicated in Fig. 38.18. These 
frequencies thus allocated decrease progressively from the oval window to the 
apex end of the cochlea, this trend being in agreement, for one thing, with the 
fact that the vibrating mass of fluid becomes greater as the stimulated region 
goes toward the apex. Also, it is to be noted that resonant vibrations such as 
these in the basilar membrane must be highly damped, varying in exact syn- 
chronism with the stimulus. Considering that our discrimination of pitch is so 
keen, it is indeed remarkable that the resonant mechanisms in this small organ 
can produce such sensitivity. 

38.15. Architectural Acoustics. The sound arriving at the ear of a listener 
in a room comes in part directly from the source and in part after reflections from 
the walls. Hence a speaker may utter two to three syllables per second, and a 


ài 

ss 2 

Sa $ 3 E g 2 2 
P S4. 8 8 8 


( 


oval S 
window — N, 
Distance from oval window (mm) 


Characteristic frequency regions on the basilar membrane o: 


s each second, with the consequence 
llable or note by the direct route at the same instant 
te after one or more reflections. Reflections will 
d but may result in making the speech rather 
n a room because of reflections from 
surfaces with porous, sound- 


Fra. 38.18. f the cochlea. 


musical instrument produce two or three note 


that the ear may receive a Sy 
as the preceding syllable or no} 
increase the loudness of the soun: a 
unintelligible. The persistence of sound ii 


surfaces is known as reverberation. By covering the 
absorbing material such as hair felt and draperies the reflected sound may be 


damped out to any desired degree. Experiment shows that the intensity of the 
sound undergoing multiple reflections decreases exponentially with the time 
(like e^). The reverberation arbitrarily defined as the time required 


for the intensity to fall to one-mi intensity or for the inten- 


sit; by 60 db. 

This tr | phidceie em time for a room was made as à matter of con- 
venience by W. C. Sabine (1868-1919), an American physicist who first placed 
architectural acoustics on & scientific basis. Before his studies i was common 
practice to string wires across à hall to disperse the reflected sound waves. Sabine 
showed the futility of this method and determined by ay mesaurementrwitk 
an organ pipe of frequency 512 and a chronograph the coe cients of absorption of 
various sound-reflecting surfaces and y er d m time to 

i power of the ha E e à 
e era pud mes at a wall, a fraction a of the intensity of the 


time T is y defi 
llionth of its original i 
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sound is absorbed and a fraction 1 — æ is reflected. The quantity à is called the 
absorption coefficient of the surface. Its average value a for the room is obtained 
by adding the products of the æ of each surface times the area of that surface and 
dividing by the total surface area. 


Aw + Aat (38.16) 
FLUE 


a= 


Some average absorption coefficients are given in Table 38.2. 


Table 38.2. Absorption Coefficients Jor f = 512 cps 
Open window.............,... 1.000 
(ce es .. 0.025 
CAPe ee ieu .. 0.20 
(COOL. MENOR 0.36 
Draperies, heavy - 0.4-0.6 
Hair felt, 1 in. thick... 0.78 
Plasto ri ier cies Sos 0.025 
Wood, varnished.. 0.03 
Adult person, . . 0.44 
Upholstered seat... 0.50 


It is arbitrarily considered that the s 
between reflections (cf. Prob. 29), 
total area of its surfaces, Havin, 
these sound waves make in a ti 


ound travels an average distance 4V/A 
where V is the volume of the room and A is the 
g a velocity v, the average number of reflections 


me tis Avt/4V, Therefore the intensity J after 
this time is 
I = I — ajsa (38.17) 
where Iois the value of the initial intensity. If tis set equal to the reverberation 
time T, I = 19-5 X Io Then 


104 = (= ü)4vr/Av 


Taking natural logarithms of both sides, In(10-) = (AvT/AVyIn(1 — a) or 


dac rr - (38.18) 
Since a is usually considerably less than 1 


(Table 38.2), we m; 
as a series and retain only the first term, 


EG. 


T = 0.165 
a 


ay expand In (1 — &) 
hen, approximately, 


(38.19) 
where a = aA = Aim + Av + is the total absorbing power, V is in 
cubic meters, and A is in Square meters. If V ig in cubic feet and A in square 
feet, the numerical coefficient in Eq. (38.19) becomes 0.049, 

In a room whose surfaces are completely covered with sound-absorbing 
material, the absence of reflections makes 


Sounds dull and lifeless. The rever- 
beration time may be made too short, then, even for speech, Also, since the 
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a person would have to produce 
tion in order to be heard 
is too long, the strong 

Making a compromise 


damping is so great in a perfectly absorbing room, 
about 100 times the normal power for ordinary conversa 
distinctly 30 ft away. But if the reverberation time 
reflected sound tends to make speech unintelligible. 

between these two effects, it has been found that the optimum reverberation 
time varies from about 1 sec for a large room to about 2 sec for a large auditorium. 
These values of T are also about correct for music, for which a certain amount of 
reverberation is desirable in order to blend the notes. 

38.16. Ultrasonics. The term ultrasonics is used for sound having frequencies 
above 20,000 cycles/sec. These high frequencies are usually produced by a 
quartz crystal plate mounted between metal electrodes and set into elastic 
oscillations by.resonance with an applied alternating electric field (piezoelectric 
effect). The natural elastic frequency of the crystal varies inversely as its 
thickness and also depends on a characteristic modulus of elasticity and the 
density of the crystal. It is possible to produce ultrasonic vibrations up to 500 
Me sec! (1 Me = 105 cycles) in this way. At this very high frequency the 
wavelength is but 6 X 10-5 em in air and 2.4 X 10-4 cm in liquids, or about the 
length of the waves of visible light. The magnetostriction effect, in which a rod of 
ferromagnetic material in a suitable, rapidly alternating magnetic field vibrates 
in resonance with the alternating current, is also used to produce ultrasonic 
vibrations up to about 300,000 cps. 

A beam of ultrasonic waves passing through a liquid in a cell produces periodic 
density changes in the direction in which the waves are progressing. : 

In water, ultrasonic waves of frequency around 40,000 cps travel many kilo- 
meters before their intensity has dropped to half because of absorption, but 
at 1 Mc this distance decreases to 40 m. In submarine signaling, ultrasonic 
waves of frequency about this 40,000-cps value are used for talking from ship to 
ship, the quartz vibrations being modulated by the speech frequencies. Another 
application is the detection of submerged submarines by the echo principle. 
The ultrasonic signals are suitably pulsed, the transmitter being changed, in the 
interval between pulses, into à receiver to register any ape ett In T 
way the time taken for the sound to travel to the object and back, and hence the 
distance of the objec d. Essentially this Bum porns S 
used in echo soundin the depth of the sea. By using ultrasoni 


Rar be continuous, soundings 
waves the operation 1$ sile A than 
may be taken in shallow wa 


if audible wavelengths are used. 

When ultrasonic waves are passed um M 
tion or absorption of the sound occurs at a f 
The detection of such flaws in large pieces of metal prior to thi 
matte: iderable importance. 7 ERN 

oa aq" transform colloidal suspensions, liquid mixtures, and gels 
int fi table emulsions. ‘Aerosols (mist, dust, smoke, ete.), on the other 
^ e ne, S : m by ultrasonic vibrations. Various biological effects of 
usd are à t discovered: mieroorganisms and small animals in 

sonic waves have d, yeast cells lose their power of 


water are killed, red blood corpusales are destroy® 


t, may be foun 


g to determine h 
nt, the echo sounding may 


ter, and the accuracy of measuremen 


mass of metal, noticeable reflec- 
owholes or cracks in the interior. 
eir failure in use is a 
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reproduction, and milk may be sterilized. All such effects are perhaps in part 
due to the local generation of heat, but in greater measure they probably are 


produced by the large acceleration of the particles of the liquid in their very rapid 
vibratory motion. 


PROBLEMS 


Nore: In most problems the velocity of sound ma: 
or 340 m/sec unless its calculation is required. 

1. The Diesel engine of a streamliner sounds its horn 
per second while traveling at a speed of 80 miles/hr. 
an observer on the station platform hear as the trai 

2. Two musicians some distance apart both sou: 
second); but because they are slightly out of tune wi 
detects 4 beats per second. How fast must the 
toward the other so that he will no longer notice the beats? 


3. An automobile traveling at a speed of 90 ft/sec approaches a whistle sounding 
at a frequency of 500sec7!, What is the apparent pitch of the whistle’s note as heard 
by the driver? 

4. A sound source moves with velocity v’, an observer with velocity v2’ in the same 
direction. Using Eqs. (38.1) and (38.2) calculate the apparent frequency heard by 
the observer. What if v’ = v? 


5. The two wave fronts of the bow wave of a Ship make an angle of 20? with each 
other. If the Ship's speed i; 


y be assumed to be 1,100 ft/sec 


of frequency 130 vibrations 
What change of frequency would 

n passes him? 

nd the note A (440 vibrations per 

th each other, an observer between 

observer travel from one musician 


so for a sound at the threshold of pain. Take the pressure 
, respectively. f = 2,000 vibra- 

tions per second. 

T. Caleulate the intensit; 

0.001293 gm /ecm?) if its fre. 


Sion in a string 50 cm long and of mass 1 gm to give a fre- 
quency of 165 per second? 
10. What are 


overtones? 


12. Two open pipes of lengths 72 and 74 in. are 
beats per second are produced by the two fundamental notes? 


13. Compare the fundamental frequencies of an open o i y! e 
pipe is filled with air and when it is filled with X dan E cwn acm 

14. Find the fundamental frequency and first overtone f. 
200 cm long at 27°C, (Velocity of sound — 

15. The first two lengths of air column, 
resonance with a tuning fork of frequency 1, 
culate the velocity of sound. 

16. The dust piles in a Kundt’s tube were an average distan. 


and 13 cm for methane gas. Compute the velocity of sound 
17. The fundamental frequency of a sun 


Sounded together, How many 


Or a closed organ pipe 
332 m/sec at 0*C.) 


ce of 10 em apart for air 
4 in methane. 
note is 100 sec, What does this fre- 
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quency become when the speaker has filled his lungs with helium gas? The wave- 
length will be the same in the two cases. 
18. Calculate the frequencies of an octave of notes of a major scale based on 
G = 396 as the keynote. 
_ 19. Denoting the relative frequencies of the 
integers 1 through 10, show from a consideration 0| 
frequencies that 7 and 9 give the least harmonious combinations. 
20. The intensity level of a sound is increased by 6 db. If the original intensity 
was 107? watt/cem?, what is the new intensity? 
21. An organ pipe of frequency 512 sec“ produces a note of intensity level 80 db at 
a distance of 10 m. What is the amplitude and maximum excess pressure at a dis- 
tance of 5m? (Use inverse square law to compute sound intensity.) 
_ 22. The intensity of a sound is 1 »watt/em*. To what value should this be raised 
In order to produce a 5-db increase in the intensity level? 
23. For a certain sound in air the waves are essentially plane and have a pressure 
amplitude of 5 dynes/em?, Compute the intensity of this sound, the number of 
decibels it is above the lower limit of hearing, and the amount of energy passing 
through each square meter of a wave front per minute. i 
di » Two sounds have intensities of 1 and 30 uwatts/cm?, respectively. How many 
*cibels is the one sound above the other? 
i The intensity due to a number of indeper s 
th, eee of the separate sources. (a) W hat is the i 
Sio Produced by a single violin, when two violins pi 
oe duet à sound of intensity level of 40 db, ho’ 
evel to 60 db; ne 
26. A steel dk a 1m high. If all the energy of the ball as it hits 
Me ar is transformed into a pulse of sound energy mum cni Log js the inten- 
“tay el of this s i f 1 m from the point o impac D 
a A a due “300,000 ft? is found to have a reverberation time 
of 2 sec. What is the total absorbing power of all the surfaces In the hall? If the 
àrea of all the sound-absorbing surfaces is 40,000 ft?, what is the average absorption 


coefficient? gh 
28. A broadcasting studio of volume 70,000 ft? has a reverberation time of 0.6 sec 
Then empty. If the gain in absorbing power is 1.5 ft? (effective) for each panon 
PME one of the upholstered seats, what will be the reverberation time if an 
lence of 300 per "| ant? . 
*929. Using d ben ri? iral) / (surface area) for the à aine 
Sound travels between reflections in a room, calculate this distance tor a ni Lon 
cube in terms of the radius and edge, respectively. Give the maximum an min 
istances of sound travel for each of these cases. 


first 10 harmonics of a note by the 
f the ratios between the various 


endent sound sources is the sum of the 
nerease in intensity level, over 
lay in unison? (b) If a single 
w many are needed to increase 


CHAPTER 39 
THE NATURE OF LIGHT 


39.1. What Is Light? From earliest recorded times up through the 
period of Newton’s and Huygens’ great discoveries, i.e., to about 1700, 
practically all thinking about the physical world was confined to the fields 
of mechanics and light. Prior to 1678, when Huygens studied the 
possibilities of a wave theory, it was commonly believed that light con- 
sists of corpuscles shooting out in straight lines from a luminous source. 


The ancient Greek philosophers knew such facts as the regular reflections 
of light at a smooth surface where the angle of reflection equals the angle 
of incidence; they knew qualitatively about the refraction of light at a 
surface separating two transparent media, such as air and water, and the 


apparent straight-line, or rectilinear, Propagation of light. All these 
facts could be explained quite well by a corpuscular theory. 

The transmission of energy by a beam of light, such as sunlight, was 
also, of course, known to the ancients, As already noted in Chap. 37, 
energy may be carried from one point to another in only two ways— 
either by matter moving between the two Points or by a wave disturbance 
traveling through the intervening medium. But light is transmitted 
by empty space, as in its passage from the sun to the earth! A stream of 


rapidly moving, invisible corpuscles could conceivably carry the energy- 
As to the speed of propagation of light, 


time of its first measurement in the si 
century whether the speed is large but 


observed that light bends around obstacles as sound Waves do. We now 
know, as we have already shown in our discussion of Huygens’ principle 
in Sec. 37.10, that to detect readily this Phenomenon of diffraction the 
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wavelength and the width of the obstacle or opening must be comparable 
in size, but in Huygens’ time the smallness of the wavelengths of light 
was not known. And the great prestige of Newton and of Laplace 
(1749-1827), who also supported the corpuscular theory, helped to 
sustain belief in the correctness of this idea, in the absence of any crucial 
experiment favoring the wave theory. 

Both Hooke (1635-1703) and Grimaldi (1618-1663) almost discovered 
the wave nature of light, for they did observe slight deviations from the 
Straight-line path when light passes through small openings. The 
Satisfactory explanation of rectilinear propagation on the wave theory, 
however, did not come until the beginning of the nineteenth century. 
Thomas Young (1773-1829) in 1801 and Fresnel (1788-1827) in 1815 
demonstrated the phenomenon of interference of light and showed that 
their experiments could be explained only if light is a wave motion. We 
Shall discuss the interference of light in some detail in Chap 46. Young's 
double-slit experiment enabled him to measure the wavelengths of visible 
light, and Fresnel showed conclusively that interference effects between 
these very short waves could account for rectilinear propagation. —— 

his work of Fresnel was so convincing that the wave nature of light 
came to be fairly generally accepted. Its acceptance became universal 
after Foucault (1819-1868) about 1850 proved experimentally (Sec. 
39.8) that the velocity of light in a liquid such as water is less than the 
Velocity in air, a result contradictory to that demanded by the corpuscular 
cory. For to explain refraction on this theory it must be assumed that 
© corpuscles, as they approach obliquely the liquid surface, experience 
n acceleration in a direction normal to the surface, and if the liquid 
E “TS no resistance to the motion of the corpuscles (transparent liquid) 
this Increased velocity should be maintained. — 

With the fact that light is a wave disturbance firmly establishe a 
Seemed necessary at that time (mid-nineteenth century) to believe rh e 
existence of an all-pervading medium, the ether, which transmits h "m 
ee This, however, raised new difficulties. For if these were e F » 
Waves, their velocity should equal the square root of the elasticity 1 
medium divided by its density (Sec. 37-9)- But the very large ve eid 
of light then indicated the elastic modulus to be very large, 2-6» the e s 
Should bea very rigid medium, and yet it offers no resistance r tl e 
Motion of bodies like the planets, which travel through it with un ERA 
bed sped. T inner eei Pr euin & i 

er w and resolved unti gt 
seem val nor; i vas Mt ri i an aoa din 
turbance the transmission of which is & property of empty space. ere 
18 no ether, 


a 
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39.2. The Electromagnetic Theory of Light. Another difficulty with 
the concept of an elastic-solid ether was that a study of the polarization 
of light (Chap. 48) had shown that light is strictly a transverse wave 
motion. Now all elastic solids are capable of transmitting longitudinal 
as well as transverse waves, but no longitudinal waves had been found. 
Then Maxwell in 1864 brought out his famous electromagnetic theory, 
which required the vibrations in light waves to be transverse and which 
indicated a fundamental connection between light and electricity. 
Maxwell’s analysis showed that an oscillating electric circuit, should 
radiate electromagnetic waves in which the vectors representing the 
electric- and magnetic-field strengths are perpendicular to each other 
and also in general to the direction of propagation of the waves. 


E H 


y 


Frc. 39.1. The fields E and H in a plane transverse electromagnetic wave. 


Electromagnetic energy can exist in s 
currents or metallic conductors. 


ated in Fig. 39.1, hink 
of the electric vector as determining the direction Tw usually thir 


Nate 5 vibration of the 
wave, If E remains in the same plane, the wave is said to be polarized; 
but according to an old tradition the “plane of polarization” is taken 
to be the plane of the magnetic vector. 

In 1887 Heinrich Hertz (1857-1894) detected these electromagnetic 
waves radiated from the rapidly accel 


lerated charges in illator; 
spark discharge. By measuring the Bn CSch y 


; e E wavelength of the waves in a 
"standing-wave" experiment, and knowing the frequency of the electrical 
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discharge, Hertz determined that the velocity of these waves, now called 

radio waves," had exactly the predicted value. Tt is of interest to note 
that Hertz’s brilliant experiments came 23 years after the publication by 
Maxwell of the guiding theory. The time interval between theoretical 
Prediction and experimental confirmation is much shorter than that 
today! 

39.3. The Quantum Theory. The conclu 
electromagnetic waves of smaller wavelengths than those produced by an 
electric circuit is inescapable. Nevertheless, from the beginning of the 
ae century, there has been an impressive accumulation of evidence 
5 at When light interacts with matter it behaves as if its energy is con- 

ained in packets of value hf, where h is Planck's universal constant of 
action and f is the frequency: of the light. In the photoelectric effect 
(Chap. 36), for example, there is complete confirmation of the idea that 

e incident light delivers energy in units of hf. In the Compton effect 

hap. 50), to cite another example, X rays are shown to behave like 
Ma of energy hf in collisions with electrons, although in other 
le Periments X rays behave like electromagnetic waves of short wave- 
ee (1 to 10 x 10-8em). The energy packet hf is now referred to as a 

oton, 


sion that light consists of 


or the " B 
Stant Propagation of light, however, and 


of th. 


of E 4 Wave Motion. Huygens’ Principle.” .- Much of the ages 
nh ave motion in general in Chap. 37 applies to n c 
and nitions of wave fronts, rays, and trains of waves hold for ig s nd 
Th We shall use these terms continuously throughout our BS y o! ight, 
Ri description of the course of a train of light waves throng ie o e 
Der fe 15 often simpler if rays are used, a ray being merely à ine E i 
Pendicularly to tne wave front to indicate the direction In w dl 


© Wave is tr. é i ce the wave fronts are 
av Near ll light sour i 
elig belegen radii When & spherical 


Spherical i 
surfa re their i 
ces, and the rays & f it may be considered as 


Way, à E 

e front is sufficiently large, a section © 

‘This duali ts to explain optical 
uality i from our attempts P! p 

y is only apparent and results in modern quantum iisory 


Prog, 
esses i t 
2 es in terms of mechanical models, a8 19 shown 1 


Review Secs, 37.10 to 37.12 
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a plane wave and the rays are then nearly parallel straight lines, nor- 
mal to this plane. In optics spherical waves may be changed into plane 
waves by means of lenses or mirrors. 4 

At all points on a wave front the electric intensity and the magnetic 
intensity oscillate periodically. Since the electric intensity and the 
magnetic intensity are always at right angles to each other, it might be 
asked which of these represents the displacement in our previous dis- 
cussion of wave motion. Actually it could be either one, but in most 
ways the electric component plays the dominant part, for it is the electric 
intensity that blackens a photographic plate, causes fluorescent effects, 
and presumably affects the retina of the eye. 

That the ordinary laws of reflection and refraction of waves follow from 
application of Huygens’ principle has already been shown in Chap. 37. 


The demonstration that the princi- 


A C ple of superposition (constructive 
and destructive interference of two 
sets of waves) applies to light was 
first made by Thomas Young in 

S P 1801. Diffraction effects will be 
considered carefully in Chap. 47; 
but to emphasize the wave nature 
of light and the correctness of 

B D 


Fic. 39.2. Diffraction of waves at a 
very narrow opening. 


out as indicated. Experimentally it is fou if Si i 

: nd th bl; 
wider than the wavelength, only a veh. ee 
As the slit S is gradually narrow. 
broadens over the entire screen, 


: , but with the slit nar r than the 
wavelength of the light some illumination will b EONA ies 
of 90° with the line SP. found even at an ang 


39.5. Rectilinear Propagation. For most practical purposes, light 
does travel in straight lines. It is a matter of common ex anal that 
sharp shadows of objects are cast by a small source of li *4 and we use 
this fact of rectilinear propagation whenever v a 


racine 3 ve place things in a straight 
line by “sighting.” The line of propagation is a ray. S 
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Shera Al emus of light are of finite size, there is always a region of 
m Memo ow surrounding the region of complete shadow. An interest- 
decent p run this is the shadow cast by the earth. The sun being 
m - the earth, the region of complete shadow, called the umbra, is 

e (Fig. 39.3). Surrounding this is a region, known as the penumbra, 


Fic. 39.3. The shadow of the earth illuminated by the sun. 


(eade minina by light from a part of the sun's surface. Going 
contrib rom the umbra, an increasing portion of the surface of the sun 
E in this region of partial shadow. When the moon is 
if onl ely in the main shadow cone, there is a total lunar eclipse, while 
ister à portion of the moon is in the umbra it is partly eclipsed. In the 

case the remainder of the moon's surface which lies in the penumbra 


"een a copper-red hue. "d 
the a HEMOS of parallax arises because of 
ea LIDeRE propagation of light. Parallax is 
mar displacement of one object with 
is is s another when the observer moves. 

e fis ustrated in Fig. 39.4, in which, when 
Object ple eye moves from Fi to E», the 
respect t appears to move from left to right with 
9i-- 9 © object A by an angular displacement 
* The apparent relative motion of near 


and f i 
ar objects as viewed from a moving railway 


I A 


Tain 
h is ; 
a matter of common experience. 


I] the ; 

Scope image from the objective lens of & tele- “Fz $ E 

of pa and B denotes the cross hairs, an absence Fie. 394. Beale Ms 

sides lax between A and B when the eye move deret ta A sti 
e indicates that A and B are in the same the eye moves from E, 


ane, ý 2 : s 
astro Parallax is also of importance 1n certain to Ez 
nomieal observations. ] 
ation of light is the forma- 


f 
urther example of the rectilinear propag : 
As the pinhole becomes 


ding from any point of the 
becomes narrower and the 


Perfectly good photo- 


Small 
Büupne the cone of rays, or pencil, procee 
i and defined by the edges of the hole 


iny 
erted ; 
ed image on the screen becomes sharper. 
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graphs may be made in this way with a small pinhole substituted for ie 
lens in a camera, but of course the exposure time must be prolonge 

(several minutes in full sunlight) because of the small amount of light 

passing through the tiny aperture. Although it is true that the sharpness 

of the image increases as the pinhole decreases in size down to a certain 

size, diffraction effects will actually 

make the image more diffuse again 

if the aperture is decreased further. 

39.6. The Velocity of Light. 

The velocity with which light is 

propagated in empty space is one 

of the fundamental constants of 

the physical world. It has the 

same value for all frequencies and 

is the same not only for visible 

light but for all electromagnetic 

Fic. 39.5. A fairly sharp inverted image @diation from the longest radio 
is formed by a pinhole. waves to the shortest X rays. 


Because it is so very large (186,000 
miles/sec), its accurate measurement is difficult. Galileo was the first 


to attempt it by a method correct in principle but doomed to failure. 
He caused two, observers on hilltops about a mile apart to flash signals 


to each other, each noting the time required for the acknowledging signal 
to come back from the other. This woul 


d serve for a fair determination 
of the velocity of sound in air, but 
because of the short distance and 
the reaction time of the observers it 
could not serve for the measurement 
of the huge velocity of light. 

A few years later (1676) Olaf 
Romer, a Danish astronomer then 
working in Paris, made the first suc- 
cessful determination of this velocity 
by an astronomical measurement. Ps 
He was engaged in a careful study Fis. 39.6. 


Rómer's observations on 
K B TA j it 
of the periods of revolution of the sat- Jupiter's moons from which the velocity 


s. È f light 5 

elites of the planet Jupiter. There ^ ^ could be determined. 

are 11 of these satellites, all of which revolve in orbits nearly in the same 
plane as that in which the earth and Jupiter 


à 3 š move. Therefore the sat- 
ellites are eclipsed by Jupiter once during each revolution about the 
planet. Römer made a long series of obser 


r ; f vations on the times of the 
eclipses of the inner satellite, measuring always the times of emergence 
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from the shadow, and determined accurately the average period. This 
average period of revolution for the inner satellite is 42 hr 28 min 16 sec. 
Römer first noted the exact time of an eclipse when the earth was at E; 
and Jupiter at J, (Fig. 39.6). Then, using the average period for this 
Satellite, he computed the time for a later eclipse when the earth was, 
Say, at E» But this calculation did not agree with the facts: the eclipse 
Was observed to come more than 10 min later than the calculated time. 
Since the period of revolution of Jupiter about the sun is nearly 12 
Years, during this interval Jupiter will have moved only to Jz. Römer 
decided that delays such as this in the observed eclipse times are due to 
the t ìme required by light to travel the increase in the distance between 
Jupiter and the earth. His conclusion was that it takes about 22 min 
for light to go a distance equal to the 4 op 
fameter of the earth’s orbit. In 
hee day this distance was thought 
der € 172,000,000 miles, and hence the 
leated value of the velocity of light 
was 130,000 miles/sec, or 227,000 
m/sec, 


= 


to pisa of Rómer's contemporaries refused 
so jy, Ce that the velocity of light could be 
arge, but in 1727 the English astronomer 
MY determined this velocity conclu- 
lea] Y by an entirely independent astronom- 6 y 
Des method. He discovered that the ap- (a) ® 
carth pa ection of the light seeping ba Fra. 30.7. Aberration of light. 
m i otion 
of the ra er Her "e eut known as aberration, causes all m 
aperved in a direction perpendicular to the plane of the mt s ims 
zPParently to move in circles of angular diameter about 41 sec. z ge p» 
iS effect an analogy will be helpful. Suppose & raindrop falls 


iS of a verti i ity of the drop being V. If the tube 
3 a vertical tube (Fig. 39.7a), the bo ded oF eb with a velocity s, hs 


"de E € f motion relative to the tube and t 
t its side. The path of the drop relative to the tube is BC. DID : 
ve "drops are to move down the axis of the tube, the latter mus! 

trtica] through an angle æ given by 


e 


v 


tana = y 
aindrops be light coming with velocity 
to the velocity v of the earth in its 
t be tilted forward through the 
] down the axis of the tube. 


Now let the tube be a telescope and the ri 
orbital a star in a direction perpendicular 
Ang] at motion about the sun. The telescope mus 

Sle à if the ray of light from the star is to trave 
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While the earth makes one revolution about the sun, then, such a star will appear 
to move in a small circular path of angular diameter 2a (about 41 sec). Tie 
velocity v of the earth in its orbit is about 18.5 miles/sec. On combining the bes 
recent values of these two quantities, V is calculated to be 186,200 miles/sec. 


39.7. Velocity of Light Measured by Direct Methods. The first 
successful direct measurement of the velocity of light was made by A. H. 
L. Fizeau (1819-1896) in Paris in 1849. He used a rotating toothed 
wheel to interrupt the light, which then traveled over a two-way light 
path 10.72 miles in length. When the wheel was rotated at a certain 
speed each returning light pulse was eclipsed by the next cog following the 


M open space on the wheel. From the known 
speed of the wheel and the length of the 
path the light traveled, the velocity of light 
could be calculated (Prob. 4). 

An important modification of this method 
was made by J. B. L. Foucault (1819-1868) 
in 1850, the principal change being to sub- 
stitute a rotating mirror for the cogwheel. 
Foucault’s method wasimproved and brought 
toa high state of perfection by A. A. Michel- 
son (1852-1931) in a long series of experi- 
ments begun while he was an instructor at 
the U.S. Naval Academy in 1878 and still in 
progress at the time of his death, to be 
completed in 1932 by Pease and Pearson. 
I ' Michelson introduced a long-focus lens L 
es aed po a (Fig. 39.8) between the rotating mirror m 
velocity of light. and the distant mirror M. In this way 


the distance D could be greatly increased. 
If the mirror m is stationary, the returning beam of light is brought to & 
focus at S. But if, during the time when the light is traveling the rela- 
tively long path 2D, m has 


turned through an angle.0, the returning 
light will be focused at S", 


where the angle SmS’ is 29. If m makes ^ 
revolutions/second and T is the time required f 


s or light to travel the 
distance 2D, then T = @/2rn and the velocity of light c (the usual symbol 
for this constant of nature) is given by 


2D 
C= ar = 47Dn/0 


The angle 20 may be obtained from the displacement, SS' of the image. 
In 1926, at the Mt. Wilson Observatory, Michelson considerably 


increased the accuracy of such measurements by using accurate, many- 
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M — mirrors. The speed of these was adjusted until one 
et sem replaced an adjacent face during the time for the light to travel 
im eu pes The distance D (Mt. Wilson to Mt. San Antonio) is 22 
ae He » was measured by triangulation to the remarkable accuracy 
fee te se i| in. For an octagonal mirror the required speed for the next 
The roma se the first reflecting face was about 528 revolutions/sec. 
km/ ge of a large number of observations yielded the value 299,796 
re for the velocity of light. 

velocity o gar! a number of modern experiments to measure the 
valso § ight, using electrical methods. They all give values of the 
started b n — agreement with that from the last experiments 
timing a : ichelson. The latest and most interesting possibility is the 
B M pulses of microwaves ” returned from distant objects, 
1946 the TS ar techniques perfected during the Second World War. In 
from the S. Signal Corps succeeded in detecting a radar signal reflected 
miles, th moon. Since the mean distance to the moon is some 238,860 
ines d e trip there and back takes the pulse of microwaves, which are 
2.5 x UM waves identical with light but of larger wavelength, over 
10-5, - This time interval may be measured to an accuracy of probably 
in its ec, and with the distance to the moon well known for stated points 
tude en this should constitute another method of determining the 
woud 4 of light in empty space. Irregularities on the surface of the moon 

be expected to lessen the accuracy of this particular experiment. 
mid ge experiments carried out in Sweden by E. Bergstrand with 

ern techniques and reported in 1950 yielded the value 
c = 299,793.1 + 0.25 km/sec 

time was discovered. Since 
high accuracy, it has become 
s detector of the light pulses 


E T of any systematic variation with 

ponies of light is now known with this 

reto ie, using pulsed light with a photocell a f the light 

mea: M from the distant mirror, and modern amplifier circuits, to 
Sure in this way long base lines for geodetic surveys. 

cil of light crosses 


ams Velocity of Light in Matter. When a pen 
r refracted, at the interface, the 


Je of incidence 7. Furthermore 


hi 
© shorter wavelength blue light js refracted more strongly than the 
Newton explained this by 


Sa; 
bin that the corpuscles of light are at 7 
the denser medium and that therefore they should have a greater velocity 
f this refraction on the wave 


in th; 1 
this medium. To explain the direction 0 r 
37.12), we require that the velocity 


ei : 
in ae ; using Huygens’ principle (Sec. q t 
e liquid be less than that in air. It is thus possible to decide between 
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the two theories by determining experimentally the speed of light in 
water. 

Inserting a long tube of water into the light path, Foucault observed 
that light does indeed travel more slowly in water. Michelson made 
more accurate measurements of this kind in 1885. Using white light, 
he found the velocity in air to be 1.330 times greater than that in water, 
while the velocity in carbon disulfide was found to be less than that in air 
in the ratio 1:1.758. He also noticed that with carbon disulfide in the 
path the final image of the source was spread out into a short spectrum, 
which indicated that blue light was slowed more than the red light in 
traveling through the medium. These findings were all in complete 
agreement with the wave theory of light. 

The ratio of the velocity of light in vacuum to that in a medium is 


called the index of refraction of the me- 
dium and is denoted by n. This quantity 
may be determined by application of 
Snell's law (Sec. 37.12): 


n = 


In practice n is usually reckoned as the 
ratio of the velocity in air to that in the 
medium, since for air under standard con- 
ditions n is almost unity (n = 1.0002926 
for yell 1 : a 
Fic. 39.9. Refraction. or yellow sodium light). For gases, 7} 


un : always near unity. For transparent 
liquids and solids, n ranges from 1.333 for water to 2.42 for diamond. 


The subject of refraction is treated more fully in Chaps. 40 and 41. 
, 39.9. The Origin and Lengths of Electromagnetic Waves. Most 
light sources are either bodies at high temperatures, such as a lamp 


filament, an electrie are, or the sun, or they are electric discharges in 
gases at reduced pressure, such as neon si 


: ee gns and fluorescent lamps. In 
all cases the light originates in the vibrations of charged particles, chiefly 
electrons, of which matter is composed. As already mentioned in Chap. 
22, all frequencies are present in the radiation emitted by an incandescent 
solid. This will be discussed in more detail in Chap. 48. In an electric 
discharge in a gas the atoms and molecules radiate the energy that they 
have acquired either by collisions with electrons or by absorption of light 
from other similar atoms and molecules. The emission and absorption 
of light by matter is always a quantum phi 


n c enomenon, a light quantum Or 
photon having energy proportional to its frequency. 


The quantum theory of the energy states of heavier, more complex 
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atoms resembles that for the hydrogen atom.! When one of the outer 
valence electrons of an atom is knocked into a larger orbit, the return of 
such an electron to its stable orbit closer to the nucleus is accompanied 
by radiation, the energy radiated being the difference in the energies in 
the two states. This radiation is usually in the visible range. Such 

Spectra" will be treated in Chap. 49. 

As for all wave motions, the velocity of propagation, v, is the product 
of the wavelength \ and the frequency f. The wavelengths of visible 
light range from 4 X 10-5 em for the shortest wavelength violet light to 
7 x 107* cm for the longest red wavelengths. These are often expressed 
m microns [1 micron (u) = 10-5 m = 10-? mm], millimicrons [1 milli- 
ru ad (mu) = 10-5 mm], or Angstrom units [1 Angstrom unit (A) = 

0 mm]. The extreme values of ^ for visible light are, then, 


4 X 10-5 cm = 0.4 p = 400 mg = 4,000A (shortest violet X) 
7 X 10-5 em = 0.7 p = 700 mz = 7,000A (longest red X) 
The orange-yellow light from a sodium flame or the modern sodium-vapor 
amp has a wavelength 
^ = 0.00005893 em = 0.5893 u = 589.3 mu = 5,893A 


ts; they are able to measure 


Spectroscopists always use Angstrom uni 
Angstrom units, or to 10% 


Wavelengths to the third decimal place in 
cm, which is indeed high precision! 

Since v = Mf, and the velocity of propagatio 
Such as water is less than that in empty space by a factor 1/n, the ques- 
tion arises whether it is the wavelength or the frequency of the light in the 
medium that is reduced in this same ratio. Direct measurement in a 

Ouble-slit interference experiment in water (Chap. 46) shows that the 
Wavelengths are just three-fourths (= 1/n for water) those found in air. 
A little reflection would lead one to expect this result; for if a train of 
ight waves passes through a transparent material, the number of waves 
ipi the substance per second must equal the number entering per 

cond, 


On the long-wavelength side the 


n in a transparent medium 


electromagnetic radiation spectrum 18 


unlimited; for since à = v/f, the radiation from & charge that oscillates 
slowly, with a period of, say, 2 sec, will have a wavelength 


^ — (8 X 101° em 5ec-1)/(0.5 sec) = 6 X 101° cm = 6 X 105 km 


The ordinary 60-cycle a-c circuit produces & wavelength 


_ 8 X 10" cm/sec _ & x 10% cm = 5,000 km 
60 sec? 
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Radio waves of the very highest frequency, so-called “microwaves” or 
“radar waves," have now been produced with wavelengths less than 1 cm, 
and as long ago as 1920 Nichols and Tear experimented successfully with 
electromagnetic waves as short as 1.8 mm, using sparks between tiny 
pieces of metal foil. Hence a gap between radar waves and infrared 
waves no longer exists. In fact, characteristic absorption frequencies of 
certain molecules have been detected by using microwaves in the centi- 
meter range, and a molecule that absorbs such frequencies also can emit 
them (Chap. 48). Similar overlapping occurs between all the other 
regions of the electromagnetic spectrum. A chart of the entire electro- 
magnetic spectrum is given in Fig. 39.10. To be noted are the short 
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Fre. 39.10. Chart of the entire electromagnetic spectrum. 


range of the visible wavelen 


gths and the fact that th lete chart 
does not end at the extremes shown. The onl. via oil 


X-rays Gamma rays 


PROBLEMS 
1. Assuming the earth to move in a circul i i 
distance from the sun, 92,900,000 miles, reular orbit of radius equal to our mean 


I compute i i is- 
tance equal to the diameter of the earth's orbit, aa posce 
2. The diameters of the sun and earth are 864 
while the mean distance of the earth from th i 
e sun ma; t 
kx the length of the conical umbra of the ung sy TEn 
3. Calculate the maximum aberration an, 2 
. : c gle due to i 
its axis, the telescope being placed on the earth's roban D Od agri N 
" D x 
, 5. Fizeau’s cogwheel had 720 cogs, the cogs and spaces between being of equal 
width. His two-way light path was 10.72 miles. Using the present value of the 
velocity of light, caleulate the minimum angular velocity of the wheel to produce 
eclipses of the light pulses returning from the distant mirror. š 
b. In an experiment on the velocity of light such as Michelson’ 
the distant mirror is 35.0 km away, what must be the speed of ro: 


1000 and 7,920 miles, respectively, 


s on Mt. Wilson, if 
tation of a 12-sided 


10* 10$ 105 199 i919 107? cm 
—————————— 
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mirror in order that the following mirror face be exactly in position to reflect the 
returning pulse back to the source? 

6. In a laboratory version of the famous Michelson velocity-of-light experiment 
the distance D is but 30 m. For a plane mirror m rotating 600 rps, what angular 
displacement 20 is to be expected? Take c = 3 X 10° m/sec. 

7. Calculate the elapsed time for a microwave beam to travel to the moon and 
back when the moon is 238,860 miles distant, taking our best value forc. If this is 
to be used as an experiment to determine c and the probable error in the distance is 
+5 miles and that in the time is +1077 sec, calculate the percentage error in the 
velocity c. 

Bi 8. Calculate the frequency of light of wavelength 7,000A; of X rays of wavelength 
9. The index of refraction n for water is 1.33 and for a certain glass n = 1.67. 
Calculate the wavelength of the orange sodium light in these two substances. 

10. Rutile (titanium dioxide) has the high index of refraction 2.62 for orange 
Sodium light. What are the velocity and wavelength of this light in rutile? 

11. Planck’s constant h is 6.62 X 107? ergsec. Calculate the energy in ergs and in 
electron-volts of a photon of violet light of wavelength 4,300A. 

12. Assuming that c = 3 X 10! cm/sec and that for air at NTP, n = 1.0003, 
calculate the number of waves per centimeter (called the wave number) in vacuum 
and in air for orange sodium light for which à = 5,893A in air. 


CHAPTER 40 


REFLECTION AND REFRACTION 
AT PLANE SURFACES 


40.1, Geometrical Optics. In Chap. 37 we derived with the aid of 
Huygens’ principle the laws for the reflection and refraction of plane wave 
fronts at the surface between two media. Since light is a wave motion, 
these laws should apply to the reflection and refraction of light. We 
considered in these derivations only the case of plane waves, but it can be 
shown that these laws hold in general for waves of any shape. In this 
chapter, for example, we shall use Huygens’ principle in the analysis of 
the reflection and refraction of spherical wave fronts at plane boundary 
surfaces. Provided diffraction effects may be ignored, however, it is 
convenient, in considering the changes in direction of light at surfaces 
that in optical instruments are usually curved, to employ only the normals 
to the waves, or the rays. That portion of the study of light which deals 
with the course of rays as they undergo successive reflections and refrac- 
tions is known as geometrical optics. The remainder of the subject, 
including topics such as energy transmission by light, interference, 
diffraction, and polarization, can be discussed only in terms of waves. 
These topics are grouped under the heading physical optics. 

40.2. Plane Waves Reflected at a Plane Surface. We shall consider 
only regular, as distinguished from diffuse, reflection. The latter type of 
reflection occurs at a rough surface; but since the reflection from each 
tiny element of the surface follows the laws of regular reflection, we need 
not discuss the diffuse variety further. The case of a plane wave incident 
obliquely on a smooth plane reflecting surface has been treated in Sec. 


37.11. Using Huygens' principle, it was shown that the reflected wave is 
also plane and that the angle of reflection is equal to the angle of incidence. 
In Fig. 37.13 the incident and reflected rays are also seen to make equal 
angles with the normal to the reflecting su 


Bon rface. In this diagram the 
planes of the incident, and reflected wave fronts a 


: nd the plane of the 
mirror surface are all perpendicular to the plane of the paper. Therefore 
the incident and reflected rays and the normal to the surface, being each 
perpendicular to one of these planes, all lie in the same glana the plane 
of the diagram. From the equality o ‘ 


: : 2 f the angles c^ incidence and reflec- 
tion it follows that, if a mirror is rotated through a 


" n &ven angle about an 
axis perpendicular to this plane, the reflected ray will be rotated through 
twice that angle. 


For this regular reflection of light the surface must be so smooth that 
602 
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irr iti 
Pe et i ys small as compared with the wavelength of the light 
uUo abuni cami form the best mirrors, of course, but a — 
lito onbutem of regular reflection occurs, also, when light passes from air 
incident i i such as glass or water. In these cases the fraction of the 
If a ae EE reflected increases with the angle of incidence. 
TE qe ight strikes a glass or water surface at grazing incidence 
hain dub ), the reflected light is bright, the intensity of the light 
40.3 Plans the transparent medium being correspondingly weak. 
de ES Fen Refracted at a Plane Surface. When a wave front 
M nam quely from one medium into another in which it is propagated 
dicen wih oe velocity, its direction will change. This has already been 
benicar t e aid of Huygens' principle in Sec. 37.12. Since for light 
lumen y vs in the lower, denser medium is less than the velocity vi 
angle aa less dense medium, we redraw Fig. 37.15 to indicate that the 
Let th Tefraction r is now less than the angle of incidence 7 (Fig. 40.1). 
e index of refraction of medium 1 be nı, that of medium 2 be ne. 


Then, by definition, 


n = 2 and n = n 
Ui v2 
Whe i : " 
re c is the velocity of light in empty space. Therefore 
i m 
99 m 


&ni 
d thus Snell’s law [Eq. (37.26) may be written 


sin? _ n2 
or sinr m 
nı sin i = nasin T (40.1) 


aa gears lis air, then n; for most purposes may be set equal to unity 
z ratio sin i/sin risa constant ns for & given medium 2, say glass. 
Passi $ ien sin i > sin r, the rays will be bent toward the normal upon 
riko rom air into glass, as indicated in Fig. 40.1. If the light is 
T g 2 the reverse direction, the rays will be bent away from the 

eee When entering the air. The incident ray, the refracted ray, and 

s rmal to the surface at that point all lie in the same plane. 

is tae example of the application of Eq (40.1), suppose that medium 1 
; er of index 1.33, that medium index 1.50, and that 


? 30°. Then 


2 is glass of 


1.83 X 0.5 = 1.50 sin 7 
r = 26.3° 


sin r = 0.443 or 
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If the light is incident on the glass-water interface from the glass ain 
with 7 = 26.3°, then 1.50 X 0.443 = 1.33 X sin 7, or sin r = 0.5, an 
r = 30°. In other words, the light is exactly reversed in its path. 

If a pencil of light passes obliquely through a slab of transparent 
material with parallel sides, there will be some lateral displacement of the 


Fra. 40.1. Refraction of a plane light wave at a plane surface. 


rays but no change in their direction. 
The deviation of the rays by refractio: 
compensated by a deviation in the opp 

expression for the lateral displacem 
d of the slab and the angles i and r may 


This is illustrated in Fig. 40.2. 
n at the first surface is exactly 
osite sense at the second surface. 
ent LM in terms of the thickness 
readily be caleulated (cf. Prob. 13). 
40.4. Total Reflection. In the 
example just cited there is some 
light reflected at the boundary, the 
light going in either direction and 
at any angle of incidence. Of par- 
ticular interest is the case of light 
traveling in a denser medium and 


striking a plane refracting surface. 

0.2. Ra: mesh tn tract. O0 taking water and air as the two 

Fra. 40.2. y passing through refrac b: ae ight 
ing medium with parallel sides, Substances the division of the lig 


etween the refracted and reflected 
beams may be rendered visible by placing fluorescin in the water 
in a rectangular glass tank. Upon injecti 
light (train of plane waves, hence 
through one of the glass sides it is 


asing fraction of 


Finally, as the refracted waves 
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move parallel to the surface (Zr in the air equals 90°), the light becomes 
100 per cent reflected. For all angles of incidence in the water greater 
than this critical angle, the light is totally reflected back into the water. 
This situation is illustrated in Fig. 40.3, in which we draw just the rays. 
For light going in the direction 1, nearly 50 per cent is reflected back into 
the denser medium, the remainder being refracted in the direction I’. 
Even for normal incidence (Zi = 0) about 4 per cent of the light is 
reflected at the surface back into 
the water. Approximately this 
amount of light energy is lost by 
reflection at normal incidence at 
every refracting surface in any 
Optical instrument. A ray such as 
z for which the refracted ray has 
ONG Bone sisi? 
the hd is said to be incident a Fig. 40.3. Total reflection occurs when 
cal angle C, since total ,;. œ 
reflection occurs for any ray such as 
? Incident more obliquely. For Zi — C it follows from Eq. (40.1), on 


taking n = 1 for air, that 


1 
sin C = 7 dex of dense medium 


Water has an index of refraction equal to 1.33, and hence C = 48°36’. 
diver in the water looking upward would thus see the whole of the space 
above the water concentrated into the cone 
of angle 2C = 97° at his eye. Various kinds 
of glass have indices of refraction such that [0 
lies between about 37 and 43°. Diamond 
has the uniquely small value 24°26" for C. 
Advantage can be taken of = in cutting 

facets so as to cause a large propor- 
cone the light to be totally reflected by 
the diamond, the multiple reflections inside 
40.4. Total-reflecting the diamond producing the characteristic 


Fig, 
Prism, 
rilliance. . p 

Since the critical angle z glass is always less than 45°, a simple right- 
angled prism (Fig. 40.4) serves by total reflection to turn a beam of light 
Tough exactly 90°. No refraction takes place at the entrance and 
“It faces because of the normal incidence. This device is used, rather 
such as binoculars, because 


an à mirror, in many optical instruments, i 
of its greater efficiency, the only loss of light being the small (approxi- 


Mately 4 per cent) loss by reflection at the two right-angled surfaces. 


e 
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Fra. 40.5. Principle of “ 


erecting prism,” 


If the less den: 


se medium is not air b 
refractive mediu: 


more 
ut a liquid of index nı, the 
m being of index n, 


, then, from Eq. (40.1), 
nı sin 90° 


= m Sin C, or 


40.5. Spherical 
Waves originate. 54 1 
Zo et RRE E 
a a wavelet, 
centers of disturbance, 


i satisfy the relations 
ve front DEF and te 
- The wave front DE. 


Therefore the reflected wa 
are DGF must be similar and have equal radii of curvature. 


ms to come, then, from the center S', which is called th 
Evidently S” is as far behind the mirror Surface as S is in fro 
is at E, the pencil of light entering the pupil and l 
Eee. from the virtual image nt S^. Actually the Tays of this pencil come 
wi " 


from S, as shown in the figure, Por any ray such ag SHI dis angles SHN and 
WHI máda with the normal NH to the mirror at the point c 


of incidence are equal. 
40.6. Images. If the light source is an 


extended body such as AB in 
Fig. 40.7, the image of each point is as far b 


chind the mirror as the point 


© virtual image of S. 
nt of it. 


focused on the retina 
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is in front. Therefore the virtual image formed by a plane mirror is of 
the same size as the object, and the two are symmetrically placed on 
either sideof the mirror. An eye at E receives pencils of light as indicated. 

If the observer stands between the object AB and the mirror and views 


Fre. 40.6. Reflection of spherical waves from a plane surface. S’ is a virtual focus. 


the arrow directly, he sees the head on his left. Turning around and 


Viewing the virtual image, he observes the head of the arrow to be on his 
"ght. This right-left inversion is called perversion. A plane mirror 
produces, then, a perverted but erect image. This nature of a mirror image 
à nown to everyone who has tried 
„read the reflected image of a 
Printed page. 
i it plane mirrors at right angles 
tome other form a simple but 1n- L 
he ive example of multiple images- 
all onstruction in Fig. 40.8 follows 
ave di laws of reflection that we 
a ae, cussed up to this point, It pie, 407. 
pii that the pencil of rays from a plane mirror. 
., reflected bac lel to its e . 
ral ditetion ike biliard pall bouncing in the come dt te tabio, 
- Addition to the images 7i and Ts produced bya nas = a 
Mirror an eye at Æ sees a third image /s by è Lr ads cita dl 
Mage 7, might be called a “virtual object” for this third image, and /3 


Virtual image produced by 
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lies as far behind the mirror AB as I; is in front of it. It is easily shown 
that O, Iı, I», and J; all lie on a circle about A as a center. If the two 
mirrors are inclined at 60°, five images are observable, two by single 
reflections, two by double reflections, and the fifth by a triple reflection. 

When two mirrors are parallel and facing each other, a large number of 


images is observed because of multi- 

I, e O E ple reflections, the limitation on the 

w number being set by some loss of in- 

TSS tensity of the light at each reflection. 

SSC Sees 5 If a pencil of rays is directed into à 

p three-sided corner made of mirrors, 

L4 d i } the reflected pencil is always parallel 
I ' 1 


to the direction of the incident rays. 
Fic. 40.8. Multiple images in two 


This is the principle of the corner 
mirrors at right angles, reflector used in radar. 


medium is v», while the greate: 
front ABC passes through 
vertex B become new soure 


wavelets an instant later will be, say, DE'F rather than DEF which would have 
been the wave front at this instant had there been no change eae hui 
is, while the disturbance at B travels the distance BE’ = Vil, that at A on the 
same wave front travels the shorter distance AD — vet in the lower medium. To 
an eye at E the wave fronts seem to diverge from a center at S^, which is therefore 
the virtual image of S. Let d' be the depth of S' below the surface. Before 
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developing the relation between d and d' we must digress to establish an expres- 


sion for the curvature of an arc. 
Nes formula we need may be derived by reference to Fig. 40.10. The dis- 
nce x measured along the bisecting radius of the are AC between the are and 


the chord AC is called the sagitta! of the arc. Now 
on =p t-a) yr wets 
2rz — r? = y? 
cos 0 may be considered equal to unity), we 


If z is small compared with r or y (or 
within the limits of error in the measure- 


to neglect the x? term. Therefore 
ents we may often write 
A 


(40.3) r 
ZN m 


ENS 
hdmi 


ye e have occasion to use this relation in O 

follo sing spherical mirrors and lenses in the 
wing two chapters. 

TRA return to our problem of the change in cur- 

40.9) jn the wave fronts upon refraction (Fig. c 

iee ine cone of light from S has a small apex Fra. 40.10. Sagitta z of arc 

FED D = BG is the sagitta of the wave m the AC equals y?/2r if 0 is small. 

hell r medium, BE’ is the sagitta of the wave m . : " 

ess dense medium, and d = AS and d' = DS‘ are, respectively, their radii of 


Curvature, Therefore 

DA = y?/2d = wt 

BE! = y?/2d' = vt 
and thus d n.n (40.4) 

d v» mnm 
m. f an eye looking vertically downward views an object below the s 
in acting medium, the portion of the wave front actually used is very 8 
š eed. The pupil of the eye is on the average about 3 mm in diameter, and 
" ne DF in Fig. 40.9 is less than 3mm. This is justification for the method 
a In developing Eq. (40.4) for the ratio of the object distance to the image 
me, qom If the lower refracting medium is water (n: = 1.83) and the other 
: lum is air (n, — 1), the apparent depth d' of an object below the surface is 

©e-fourths of its actual depth. in th 

ER en the cone of rays from the source S is wide, the wave fronts in the upper 
us im are no longer spherical. Such a deviation from spherical shape is known 
m Spherical aberration. Whenever this departure from spherical shape exists— 
Lnd it is a common fault adversely affecting good image formation in optical 


i s ; 
an iruments— it is more convenient to use TAYS in our discussions. The large 
*rration in the present example is illustrated in Fig. 40.11. The external rays 


"Latin 


the surface in the 
mall 


; arrow. 
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ojected back into the refracting medium are all tangent to the caustic s 
SS"Y. and the virtual image always appears at some point along this m a 
the s is at E, the image of S at S' has large lateral as well as up 
displacement. 


H H " "e lel 
For the case of a slab of transparent material of index n and with plane-paral 
sides a distance d apart, we may use Eq. (40.4) in the form 


y and obtain n from a direct poa 
ment of d — d' with a microscope. The 
microscope is focused on a mark on e 
table, the slab is then interposed, an 
the exact amount the microscope vie 
be raised to bring the virtual image o 
the mark into focus is determined. 


i ight through 
Fic. 40.11. Spherical waves refracted 40.8. Refraction of Light nof a 
at plane surface zy are no longer a Prism. A prism is a portio 
spherical. Eye at E sees image of S 


refracting medium bounded by two 
at S’. 


plane surfaces that are not parallel. 
This forms one of the most useful pieces of optieal equipment. i 
source S is viewed through a prism, as in Fig. 40.12, the curvature of ine 
waves striking the eye is such that they seem to come from 3’, the inter- 
section of the pair of rays shown. With almost all light sources there are 
color effects in this image, but for the moment we shall assume that the 
light is monochromatic, 


ie., but one 
color or wavelength is present, The 
angle A isthe refracting angle, and the 


line along which the two refracting 

surfaces meet is called the edge of 

the prism. We shall consider all the 

rays to be perpendicular to this edge, sawed 
The total deviation D (Fig, 40.13) Fie. 40.12. Source of light as viewe 

of a ray in passing through a prism tbrough a prism. 

of known angle A may be obtained as follows: We have 


D=di +d, 
01—4—mn d; = d — rn 
E+A=180° =B4 7445, 
and hence A=n+r 


Therefore D=i4,4+%— (+72) = ud 4A 


We consider that the prism material has an index of refraction n and that 
it is mounted in air of index unity. Now if the Tay passes through the 
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prism in the opposite direction, being incident on the right face at an 
v 1», the same deviation D results. The angle D varies continuously 
a oe of incidence is changed from 7; to 7. Therefore, it may be 
aby at when D is plotted against i, D must go through either a 
"nien or a minimum when i; = i» Experiment shows that then D isa 
oth um, With the incident and emergent rays symmetrical with respect 
e angle A of the prism. 
For this angle D of minimum deviation, from the last equation, 


z AR A 


and n= Ts = 5 


i = te 3 
"Therefore sini sinJl$(4 + D) 
snr | Pm WA (40.5) 


= See EE 
of px the index of refraction of any transparent substance in the form 
Dr 2M may be obtained by measurement of the refracting angle of the 
dnd and the angle of minimum A 
ler e for the color or wave- s 
Sing of the light being used. 
wi ih. these angles may be measured 
sie considerable precision with a 
B ctrometer (Sec. 43.11), this 
d ms a most, accurate method of 
termining n. 
40.9. Dispersion. The index of 
refraction of a substance depends A T e 
Upon the wavel tH 1 f the Fic. 40.13. Deviation of aray by & 
light elength or color of the prism. 
gi i Therefore a given prism will 
Ve a different angle D of minimum 


pnt emitted by the source. If the source Sin ; 
Uminated slit parallel to the edge of the prism, the eye will observe & 


Dumber of virtual images of the slit in à TOW at S', one image for each 
ys from the prism may be 


iu emitted by thesource. These diverging ra. p Ya 
Neentrated into real line images by means of a lens as illustrated in 
“ig. 40.14. These images constitute & line spectrum, and the separation 
into the various colors is called dispersion. 1f all wavelengths are present, 
"4 M sunlight or the light from an incandescent tungsten filament, then 

ese images completely overlap into a continuous spectrum. In practice 
flue lens is always inserted between the slit S and the prism to render 
he light, plane-parallel before it enters the prism (cf. Sec. 43.11). 


Newton in 1666, using sunlight, was the first to observe à prismatic spectrum. 
ollaston in 1802 and then Fraunhofer in 1815 observed with a very narrow slit 


or the light of each wave- 


deviation f 
Fig. 40.12 is a narrow, 
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that the otherwise continuous solar spectrum contains eiie — 
parallel to the slit. These lines, called Fraunhofer lines, are caused by Sa pea 
istic absorption frequencies of elements in vapor form in the outer, ~ as 
of the sun’s atmosphere. We shall discuss their production in Chaps. este 
The reason for mentioning them here is that in quantitative measuremen er 
dispersion of materials the index of refraction is always given for et sal re 
prominent Fraunhofer wavelengths. Precisely these same wavelengths ra 
produced in emission if these elements are introduced into yee i. 
Sources. The wavelengths usually employed for dispersion € e a 
letter designations, and the chemical elements responsible are given in Table 40. 


Red 
Green 


Blue 
S 


Fie. 40.14. Production 


of a line spectrum of a narrow slit S illuminated by light o 
several colors, 


As indicated in Fig. 40.14, 
red light. Thus the sh 
velocity in the prism m: 


, blue light is deviated through a larger angle than 
orter, blue wavelengths undergo a greater pear 
aterial, and hence for them the index of refraction ha 


Table 40.1. Prominent Fraunhofer Spectral Lines in the Visible Spectrum 
5 E Wavelength, 
Designation Color Element Angstrom units 
A Red Oxygen 7,994 
[6] Red Hydrogen 6,503 
D Yellow Sodium 5,803 
F Blue Hydrogen 4,861 
G Violet Calcium 4,308 
H Ultraviolet Calcium 3,968 


larger values. Figure 40.15 is a plot of the vari 
for three kinds of glass as well as for quartz an, 
materials the index increases with deer 
that the slope of each of these curves i 


ation of index with wavelength 


d fluorite,1 
easing wavelen, 
8 different, 


For all these optical 
Eth, but it is to be noted 


Such curves are called “dis- 
1It is not always the case that substances of hi 


igher density p have larger indices of 
refraction n. Note the following comparisons: 
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persio ] 
a vimm. ' and those plotted here are all cases of normal dispersion. As an 
this di asure of the dispersion of a substance the value of dn/dA, or the slope of 
= oe curve at a given A, is used. R 
will an ain med of the prism is small, the angle of minimum deviation D 
all; hence the si f th in E 
the angles themselves. Bnet roel ii Ean 0Ha ne eS 


Therefore x 
or E 
D=(n—1)4 (40.6) 


of the wavelengths of the F and C 


If D : 
r and Dc designate the deviations for light 
he sodium D line of intermediate 


lines A 
, respectively, and D» is the deviation for t 


Dense flint glass 


1.60 
Light flint glass 


1.50 


1.40 
5000 6000 7000 
Wavelength (Angstroms) 


Fr. 40.15. Variation of index of refractio: 
n of these particular red and blue 
persive power d of a substance is 


n with wavelength. 


Wavell 
colors ene? Dr — De is the angular dispersio 
efined b ile Dp is a mean deviation. The dis 
by the relation 


n 
1.36 
1.33 
Bluorite (GARG) sc a nas S eo ae eat ador ede 3.18 1.43 
2.18 1.54 


Rock a T etm 


Ith 
; Aas b, 
te, hee customary, however, to refer to & subs 
ptically dense substance) simply as 2 dense substance. 
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For a prism of small angle this becomes 


(ne — 1A — (nc -1)A ns — nc (40.7) 
d (np — DA wi 


In Table 40.2 we list the values of the refractive power and the dispersive power 
for a number of transparent materials. It is evident that there are very con 
siderable differences between the dispersive powers of various substances. 


Table 40.2. Refractive Indices n and Dispersive Powers d for Some 
Substances 


Crown glass............ 3 

Light flint glass, 

Dense flint glass., 
Fused quartz....... 
Carbon disulfide. .. . A 
Air (0°C, 76 [2v ROSE O 


40.10. Achromatic and Direct-vision Prisms. 
same refracting angle, one of crown glass and the o 


ž $ Hes t 
used in the same apparatus to project a spectrum on a screen it will be found tha 
(1) the mean deviation is 


greater with the flint glass because of its higher index 
^.» and (2) the total len, 


gth of the spectrum is considerably greater for the flint- 
glass prism. Suppose both 


prisms have an angle of 10*. We compute E 
angular dispersion for each from the relation Dr — Dg = d(np — 1)A, using t 
data in Table 40.2. 


For the crown glass, 


If two prisms having 
ther of dense flint glass, ar 


Dr — De = 0.0168(0.517) x 10° 


= 0.087° 
For the dense flint glass, similarly, 


Dr — De = 0.0290(0.6555) X 10° 


We see, then, that the length of the Spectrum is over 
glass prism as for the crown-glass prism, 

It is thus possible to choose a ci 
that there will be very little dispersion but an *ppreciable net deviation of the 
light. This is called an achromatic combination (Greek a, not; chroma, color) of 
two prisms. The spectra from i i 


= 0.190 


twice as great for the flint- 
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4 Worked Examples. a. Using the constants in Table 40.2, find the angle of a 
ense flint-glass prism that produces the same length spectrum between the C 
ES F wavelengths as a 10? crown-glass prism. . 

i or the crown glass, Dry — De = 0.087°, as already computed. Therefore, 
or the flint glass, Dr — De = 0.0290(0.6555)A = 0.01904. 

Hence 0.01904 = 0.087 or A= 458° 

Fig. 40.16, the dispersion of one 
That is, the red and the blue 
because of the much smaller 


s If these two prisms are placed together as in 
"deus will counteract the dispersion of the other. 
ays will proceed in the same direction, which, 


R R, 


" $ 


Fro. 40.16. Achromatic prism. Fic. 40.17. Direct-vision prism. 


refractive angle of the more dispersive flint prism, will be a deviation in the 


E sense as that due to the crown prism. 
© calculate this net deviation, 


For C light, (1.5146 — 1)10 — (1.6501 — 1)4.58 = 217. 
po P light, (1,5230. — 1)10 — (1.0091 — 1)4.58 = 217 
7 D light, (LSI71 — 1)10 — (1.6555 — 1)4.58 = 2177 


ue also possible to calculate for these same two glasses a combination of two 

length that will produce dispersion but with no net deviation of a mean wave- 

(ics say that of the D line. Sucha combination is called a direct-vision prism 

g. 40.17), 

ms Design such a direct-vision prism, given that the flint-prism part should 
e a refractive angle of 10°. Then, for the mean deviation D», 


(np — 1)A for the crown = (np — 1)10 for the flint 
0.6555 X10 _ 197° 
A="Gaa CT 


Th " 
fim prisms must be combined with the edge of one 
(Fig. 40.17), just as in the achromatic prism. 
© compute the net dispersion, we take 


"à (nr — nc)10? for the flint — (rr 
herefore, the angular dispersion is 
0.190° — 0.0087 x 12.7° = 0.080° 


Therefore 


next to the base of the 


— nc)12.7° for the crown 


Which is just about the same as that produced by 2 single 10° prism of crown glos, 
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PROBLEMS 


: H H H m 

1. A small mirror revolves about a vertical axis with a period of 10 sec. ^s seem 

of light is reflected from this mirror to a plane scale 5 ft away at the Sasa UEA s 
What is the speed of the spot of light on the scale at this point? How 


le? 
speed vary with the angle between the reflected beam and the normal to licam 
. What is the shortest plane mirror in which a man can see a full-leng 

of himself? 


í i i he 
3. The driver of a car sees in his mirror another car catching up with him m br 
rear. Is the speed with which the Second car seems to approach the actual sp 
of approach? 


4. A mirror is made of plate glass (n = 1.60) 1 em thick silvered on the ur 
A woman 50 em from the front face of the glass looks perpendicularly into it. 
what distance behind the front face of the glass will her image appear to be? 
inversion as well as perversion? re 
apart. Calculate the distances from d 
each of an object 1 m from one of Ho 
0° to each other. Locate graphically = 
ous object placed midway between the 


- Why does a plane mirror not produce 

6. Two parallel plane mirrors are 3 m 
mirror surfaces of the first three images in 
+ Two plane mirrors are inclined at 3 


first two images in each mirror of a lumin: 
mirrors, 


Tors are inclined at 60° to each other. Plot the position dae 
metrical position between them. Ske = 
ions before striking the eye of the FED S 
on water of index 1.33. A ray of ligh * 
ration between the two liquids at an mE 
n the air above the ether layer, the angle 


on the surface of sepa: 
of 205. Calculate the angle of incidence i 
refraction in the water, and the angle of deviation. d deep, 

10. If the ether layer in Prob. 9 is 4 cm deep and the water layer is 6 cm of 
What is the apparent distance of the bottom of the vessel below the top surface 
the ether? 


is the 
ile is 2.62 for yellow sodium light. What is th 


prism? 


18. A ray of sodium light is incident at an ae 
of 30° on a slab of glass having parallel sides exact! > 
2 cm apart, Calculate the lateral displacement di 
the ray emerging from the other side of the slab i 
the index of this glass for the D line is 1.55. 
14. A prism of angle 30° has one surface silvered- 
A ray of light is incident on the unsilvered face Be 
an angle of incidence or 45°. The refracted ray i$ 
reflected at the Silvered surface back to the first 
surface, where it ig refracted out into the air at an 
angle @ with the normal (Fig. 40.18). Taking 
Also find the total deviation of 
ial direction, 
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ao prism of 60° angle produces a minimum deviation of 52°30’ for yellow 
nii ight. What is the index of refraction of this glass for light of this wave- 
Ses Spa prism of 60° refracting angle, made of thin glass plates having parallel 
dee ed with carbon disulfide (n — 1.63). Calculate the angle of minimum 
18, ae man the angular deviation between the F and C lines. 
ee a hemisphere of index 1.55 has a drop of liquid on its horizontal flat 
total h or light passing radially in as shown in Fig. 40.19 the critical angle for 
reflection is found to be 57.0°. What is the index of the liquid? 


E 


Fic. 40.19. Problem 18. 
surface of a slab of transparent 


2t microscope is focused on a mark on the top k à 
On the em exactly 25 mm thick. Then the microscope 1s focused on a mark 
second Ower surface of the slab, viewing through the material. From the first to the 
slab, setting the microscope tube is dropped 16.5 mm. Calculate the index of the 


crown-glass prism so that 


* 
20. Ali ; ; 
A light flint-glass prism is to be combined with a 10* 
the C and F wave- 


hé. 
lan i a eteion of the one will annul that of the other between 

* d What should be the angle of the light-flint prism? 
* A crown-glass prism and a dense flint-glass prism are made with proper angles 


80 ag 
of 2° to form an achromatic combination for C and F light, giving a net deviation 


Compute the refracting angles of the two prisms. 


CHAPTER 41 


REFLECTION AND REFRACTION 
AT SPHERICAL SURFACES 


41.1. Ray Method. The optical parts of instruments usually mr 
either plane or spherical surfaces. A spherical wave front is reflec 


a spherical surface and is usually made non- 
mensions small compared pith aR 
wave fronts approximately spherical 
ting images fairly sharp. Similarly, plane or 


Te never strictly spherical after refraction at & 
spherical surface, 


This complication mak 
passing through optical in: 
surfaces. It is therefo 


€s it difficult to trace the course of the light 
struments by analyzing the shapes of the i 
Té more convenient to use the ray method. E 
our treatment of image formation we need concern ourselves, then, o P 
with geometrical relations, using the following four experimental facts: 

1. Light travels in straight lines in a homogeneous medium. d 

2. Two independent beams of light may intersect each other an 
continue on as independent beams. " 

3. Upon reflection the angle of incidence equals the angle of reflection. 


The reflected ray lies in the plane of incidence, i.e., the plane including the 
incident ray and the normal to the surface at the point of incidence. 
4. Snell’s law of refraction. 


41.2. Reflection by a Concave 
Mirror. A point source S is ata 
distance p from a concave mirror 
LM (Fig. 41.1) having a radius R of 
curvature centered at CG A ray 
SL is reflected at L so that SL 
and LS' make equal angles with 
the normal CL, The ray SV inci- 
dent normally on the vertex V (the 
center of symmetry) of the mirror is d 
is reflected back on itself, "These : 
two reflected rays intersect 
qg from the mirror. We assume that the an 


* e 
Reflection from concav 


€ image S’, a distance 
gular aperture of the 
S$, é', and 4" are small and all 
points on the mirror may be taken to be at the same distances p and q 
from S and S’, respectively. Such rays mal 


king but a very small angle 
with the principal axis are called paraxial rays, By principal axis of an 
618 
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optical surface is meant its axis of symmetry, SV in thiscase. The angles 
in Fig. 41.1 are exaggerated for the sake of clarity. From the law of 
sines, 


Also, 


Therefore, since Zi = Zr, division of the first of these equations by the 
Second gives 


p 
g 
or p-E p 
q 


(41.1) 


This equation holds, subject to the paraxial-ray limitation, D 
Point L and therefore for all rays from the object that are na E : 

© mirror. Consequently there is a “focusing” ria all rays fro 
Point source wil focused to à common image point. s . 

e o Sia this formula may be verified by experimen E 
with any concave mirror “stopped down” to small aperture. If the 
Source is at S^, the image will occur at S. Any such pair of ae is 

erefore referred to as a pair of conjugate foci and the dg p = rie 
aS conjugate. focal distances. If the source is at a great distance rom ne 
mirror, p is practically infinite, the corresponding value of q is cà 


r F 5 539) ja 
Principal focal length f, and S' is the principal focus of the mirror. qua: 
tion (41.1) then becomes 
i B 2 3 je z (41.2) 
f'w UR 


i is mi between 
Showing that the principal focus of à concave mirror 1s midway 


Y . 
ts vertex and its center of curvature. 


ion in the form 
ence we may write the conjugate focal relation 1n 


MIRROR EQUATION (41.3) 
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If p > R, q < R; the image is between C and the mirror. . 

If p < R but > f, q > R; the image is farther than C from the mirror. 

If p = f, q = c; the reflected rays are parallel. 

If p « f, q is negative; the re- 
flected rays appear to come from a 
point S' behind the mirror (Fig. 
41.2). This is called avirtual focus. 

In using the equations for con- 
jugate focal lengths, we must 
adopt the following convention for 
signs: The quantities p, q, and R are 
each positive if they refer to a dis- 
tance measured in front of the mirror Fig. 41.2. Virtual image with concave 
but negative if the distance is meas- mirror, 
ured behind the mirror. This con- P 
vention enables us to use our formulas with positive as well as negative 
signs for p and q. 

If f = œ, we havea plane mirror. 

41.3. Convex Mirror. 
for a convex mirror may 


The formula for the conjugate focal relations 
be derived in similar fashion (Fig. 41.8). We 
assume as before that all rays are 
paraxial, and hence SV = p and 
VS' =q. Since CL bisects the 


exterior angle at L in the triangle 
SLS', 


SC SL 
SC SL 
Pst p 
R—q q 


and, dividing through by pgR, 
Fic. 41.8. Reflection from convex mir- 


ror. The rays have been drawn far ue di e eat Sen (41.4) 
from paraxial for the sake of clarity. P q R f 
The figure therefore, while a useful il- 


lustration, gives little evidence for the It is clear that with the above con- 
correctness of the statements in the text, vention of signs, Eg. (41.4) is iden- 

tical with Eq. (41.3). For the 
convex mirror Eq. (41.3) predicts a negative q since f is negative and p 
is positive for a real object. That is, only virtual images are formed of 
real sources by a conver mirror. The incident lig 
gent onto a point a distance — p beh: 


5 ht could be conver- 
ind the mirror, however, so that g 
might become positive for such a virtual 


object, 
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ene, Images Formed by Spherical Mirrors. The mirror formulas 
Sim or object and image points slightly off the axis. Any two rays 
E from a point of the source will, after reflection, intersect at the 
capes point of the image. This fact is used in the graphical 
z ruction of images. In practice any two of the following four rays 
e used for that purpose since their course is most easily drawn. 
, i The ray directed through or toward the center of curvature and 
eflected back over the same path. 
2. The ray directed at the vertex of the mirror 
li = Zr, 
3. The ray through the principal focus and reflected parallel to the axis. 
3 cid ray parallel to the axis and reflected through the principal 
Figure 41.4 shows how the first two rays are use 


c : 
onstruction of an image. 


and reflected with 


d in the graphical 


Convex 


Concave 
n by spherical mirrors. 


Fro. 41.4. Image formatio 


a image formed by the concave mirror is inverted, whereas the 
sizes P formed by the convex mirror is erect. As to the relative 
4 ih the object and image, it is clear from the constructions of Fig. 
are t at, since the two subtend equal angles at the mirror, their sizes 
© each other as their respective distances from the mirror. Therefore 
fs. —_ = magnification M = ; (41.5) 
Thee ee may be either greater Or less than 1; for the two cases 
Ww. ‘ated in Fig. 41.4 the images are smaller than the object: : 
on MAE Example. An object 3 cm in front of à spherical mirror n 
focal s virtual, erect image three times larger than the object. Find tl 
im ength of the mirror. The mirror must be concave, for the virtual 
age formed by a convex mirror js always of reduced size (Fig. 41.4). 
erefore g is —9 cm, and substituting in Eq. (41.3) we have 


1 tof a gotu 


8 9 y 
ge Aperture. The only case 


41.5 Spheri 
w . Spherical Aberration with Mirrors of Lar; only 
here the reflected wave from a spherical mirror is itself perfectly spherical is the 
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special one of the source being at the center of curvature of the mirror. In general 
those incident rays parallel to the axis and close to the vertex V of the mirror are 
reflected through F, but rays farther from the axis are reflected so as to cross the 
axis closer to the mirror, as illustrated in Fig. 41.5, The reflected rays are 
tangent to a caustic curve having a sharp cusp at F. Thi: 
indicating that the reflected wave is not spherical, is calle 
If light is incident obliquely on a concave mirror, t 
form a sharp focus even if the aperture is small. 
centrated into a pair of broadened fo 
a sort of lemniscate, or “figure 8." 
tism in lenses (Sec. 42.7), 
large mirror LN on the a: 


s lack of a sharp focus, 
d spherical aberration. 

he reflected rays do not 
The reflected rays are con- 
cal lines, the light in this focal region forming 
To explain this aberration, akin to astigma- 
consider as in Fig. 41.6 that the mirror is a portion of & 
xis of which is the point source S. It is clear that the 


L L 

M 

\ 
\ 

y 
c 75 Fp M 
S 

T. I 

PES 

/ 

/ 

M ^N 


Fic. 41.5. Spherical aberration Fic. 41.6. Light incident obliquely 
with mirror of large aperture, 


on a mirror is concentrated into focal 


lines, 
rays Sen and M will intersect in the manner shown. The diagram is, of course, 
a sectional view, If the figure is revolved slight] he line SV, it is seen 
that the intersection Fe is actu ae à 


ally a patch of light, elongated perpendicular to the 
paper. "This is called the primary focal li E ES 
geometrical line in the direc; V focal line. The secondary focal line Fs 


are all concentrated at th 
the parabola. There is t 


r. If the source of light is placed 
lel to the axis. Automobile head- 


41.6. Refraction at a Spherical Surface, 
tion at a single spherical surface Separatin; 
the object space, of index n, is on the left o 
space, of index n’ (n' > n) is on the right, 


Let us now consider refrac- 
& two media. In Fig. 41.7 
f the Surface, and the image 
Consider the object distance 


See. 
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feri sopa the object lies in the object space (to the left of the vertex V of 
diese oda g surface in Fig. 41.7), and the image distance w positive when 
41.7) to is formed in the image space (to the right of the vertex in Fig. 
Phe iia jn radius of curvature of the surface will be taken as positive 
Nonenus incor is convex toward the object, as in Fig. 41.7, but negative if it is 
soins E is the object. A ray from the axial point OQ; is refracted at the 
employ th e surface and proceeds to the axial image point In We 
E e subscripts 1 because later (Sec. 42.2) we shall combine the 

governing the refraction at this surface with a similar equation 


gle spherical surface. 


Fig. 41.7. Refraction at à sin 


formula. We reserve the letter q 


for 
a second surface to obtain the lens 
two refractions. 


to 
enote the image distance after the 
n the triangle LCi, 


"PES o ang 
anr aar Sn @— 4) sn 
an a 
nd, in the triangle O.LC;, 
ots pt Be 
sn(r—i am , oe 


Dividi 
Viding the first of these relations bY the second, we have 


w—Rh sni _ U 
. rub 


—— 


pt ki sin T 


n’/n, and 
there resu 


Ac ; . 
aye ding to Snell's law, (sin i/sin r) = if we assume that the 
M tog paraxial (0 and 0’ are small), lts (since V — w and 


w — Ri nw 


prk "P 


or 
n'pw — n'pRı = MP + nwky 
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Dividing through by pwR;, 


(41.6) 


nd Image Formation. When the source 0, is z 
ge point 7; is by definition the principal focus % 
The focal distance f’ of p” from the vertex V may be 
1.6) by setting P = e and w = f’. Thus 


in the image space. 
obtained from Eq. (4 


^ pU. mma 
LE dier 
or fah R (41.7) 


Similarly, if the source is at 
rays after refraction are 
Setting p = fand w = 


the principal focus F in the object space, v- 
parallel to the axis and the image I, is at infinity. 
* in Eq. (41.6), 


jeden OR, 
pt (41.8) 
or fi= r Ry 
The ratio of these two focal lengths for a single refracting surface is, then, 
fom (41.9) 
f m 


We have already seen th 
ray retraces its path throu 
is placed at I), the image will be 
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determined by a graphical method similar to that given in See. 41.4 for 
spherieal mirrors. The method is illustrated in Fig. 41.8. The three 
rays drawn from the head of the arrow follow a known course. That 
proceeding parallel to the axis in the object space is refracted so as to go 
through the focal point F’. The ray directed along the normal to the 
surface through C is undeviated. The intersection of these two rays 
locates the head of the arrow in the image. Of course, the two rays 
might diverge after being refracted at the surface, in which case their 
intersection would occur back in the object space and the image would be 
Virtual. 

The third ray drawn through, the focal poi 
Proceed parallel to the axis in the image space 
Same intersection point. In fact, the correspond: 


nt F is refracted so as to 
and must go through the 
ing point in the image 


Fro. 41.8, Graphical construction of image formed by a single spherical refracting 
Surface, 

all other rays from the head of the 
rface is determined; they are all 


d of the arrow L 
a number of refracting surfaces, 


Pes having been located, the course of 
3 os O incident on the refracting SU 
efracted so as to pass through the hea 
When the rays go successively through i 
as in a train of lenses of some optical instrument, the image formed 
Y each surface is the object for the next surface 1n line. If the rays 
Approaching one of the surfaces diverge either from a real image or from 
aà virtual image, the distance from the image to the surface in question 


1S à positive object distance. But if, as often is the case with lenses, the 
approaching the second 


r à 
S S from the first surface are converging On a 1 
urface, then the point of convergence is farther along 1n the image space 
at the second surface and thus the distance measured back from this 
Point to the second surface constitutes for it a negative object distance. 

uch a convergence point is a virtual object for the second surface. 
41.8. Worked Examples. a. The front convex surface of a crown-glass lens 
9f index 1.5 has a radius of curvature of 30 mm. An axial point source is 90 mm 
ds for some distance 


in front of this lens surface. Assuming that the glass exten! 
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behind this convex surface, calculate the image distance w (1) if the lens is in air, 
i isi i 1.33. 

2) if the lens is in water of index 1. : 7 l 

; 2 We may use Eq. (41.6) with n = 1, n’ = 1.5, p = 90 mm, R, = 30 mm 


inie y 
90 + w — 30 
w = +270 mm 


That is, if the glass extended farther than this from the convex surface, there 

would be B real image at this distance from the vertex, 
. With n = 1.33, 
ue 133 15 _ 1.5 — 133 
90 x 30 
w — —165 mm 

Since w is negative, the rays in the lens as they leave the first surface are 
diverging from a virtual image in the water 165 mm from the vertex of this surface. 

b. Locate the principal focus F” i 


in the glass, assuming that the glass extends 
indefinitely beyond this convex surface, 


If in air, f = (1.5 x 30)/(1.5 — 1) mm = 90 mm from the vertex. 

If in water, f' = (1.5 x 30)/(1.5 — 1.33) mm = 265 mm from the vertex. 

41.9. Other Refraction Phenomena. There are a number of interesting effects 
due to atmospheric refraction. When the sun is near the horizon, its rays 
traverse air of increasing density while passing through to the earth’s surface. 


o : /s are 
The denser the air, the greater its refractive power. Therefore these rays ar 
bent downward so that the sun is 


an amount about equal to its di 
the sun will be bent more than 


hen near the horizon. The horizontal diameter 
horizon and near the zenith, appearances not- 
withstanding, 

The twinkling of stars is produced by rapid local changes in the density of the 
atmosphere along the line of sight. This causes small, sudden shifts in the 
apparent direction and intensity of the incoming rays. 

À mirage is another example of cha 
passing through air of varying density. 


of water on the road ahead by a motorist lookin 
ment heated by the sun. i 


index of refraction. Figure 41.9 is a n 


ers near the ground. Just the 
is observed in sighting an object 
old water are the denser, with the 
result that light traveling from O to the observer's eye E is refracted slightly in 
the manner shown in Fig. 41.10. 


Sec. 41.9] REFRACTION AT SPHERICAL SURFACES 627 


Very similar effects have been observed with radar beams directed along the 
earth’s surface. In the propagation of underwater sound the continuous varia- 
tion of n from one ocean layer to another gives rise to most curious effects such as 
trapping of the waves between layers. 


Fia. 41.0. A mirage. 


NI rainbow is caused by sunlight that has been refracted and internally 
wi in by raindrops. Sometimes two bows are seen, both being arcs of circles 
centers on the extension of the line from the sun to the observer. The 


Fro. 41.10. Looming. 
Pees » OF primary, bow, which is considerably the brighter of the two, is violet on 
= inside, red on the outside. In the secondary bow the order of the colors is 
*eversed. ‘The rays composing the primary bow are twice refracted and once 


v 
54° 
E E 
Fig. 41.11, Production of the pri- Fre. 41.12. Secondary rainbow 
mary rainbow. production. 


internally reflected in the spherical drop in the manner depicted in Fig. 41.11. 
= all the parallel rays entering the upper half of the drop there is an angle of 
aximum deviation, which is 137°42’ for red light and 139737' for violet. All 


628 PHYSICS [Sec. 41.9 


the rays emerging at nearly this angle are about parallel, and hence the ia 
of all such rays total to an appreciable amount at the observer s eye a : s z 
rays emerging at other angles there is no such accumulation of light mie a 
various distances. An observer at E looking away from the sun wi m = 
these rays from all raindrops lying in an are forming with the line from m ie 
extended an angle of 180° — 137°42’, or 42°18’, for the red light and : or 
139°37', or 40°23’, for the violet. Therefore this primary bow is violet in co 

on the lower side and red on the upper, the other colors falling in between. ; 

The secondary rainbow is produced by rays incident on the lower half of the 
drop, refracted, twice internally reflected, and then refracted downward as showy 
in Fig. 41.12. "This inverts the order of the colors as compared with the primary 
bow, the deviation being such that the observer, looking away from the sun, se 
the red color in an are subtending an angle of 50°34’ and the violet an angle of 54 
with the line from the sun extended. 

For an observer on the ground the sun must be not more than 42° above the 
horizon if a primary bow is to be visible. From an airplane, however, with the 
sun overhead and looking down on a cloud, a circular rainbow may be seen. An 
artificial rainbow may be made in the laboratory by sending a beam of plane- 
parallel light from an are lamp in the proper direction into a hollow glass sphere 
filled with water. Halos sometimes observed at a 23° angle with the line to the 
sun or moon are in somewhat analogous fashion produced by refractions and 


internal reflections in thin, parallel hexagonal ice crystals that form the high 
cirrus clouds. 


PROBLEMS 
^ 1. How far from a concave mirror must an object be placed to make the moe 
(either real or virtual) four times as large, if the focal length of the mirror is 40 cm‘ 
2. An object is placed 30 em in front of a convex mirror of radius of curvature 
20cm. Where is the image? Is it virtual or real? Inverted or erect? Draw the 
graphical construction, 
8. A man Standing 5 ft from a Spherical mirror sees his image in the mirror with 
a magnification of 2. Find the focal length and radius of curvature of the mirror. 
4. How far should an object 


x be from a concave mirror of radius of curvature 
30 cm so that the mirror forms a real image one 


7. The sun has a diameter of 8.65 x 105 miles and is at a distance of 9.3 x 10? 
miles. What is the size of its image formed by a spherical concave mirror of 50-ft 
focal length? 

8. A concave mirror has a radius of curvature of 
such positions that its real image is (a) half the size 
Find how far the object is from the mirror in each c 


30 cm. An object is placed in 


of the object; (b) twice its size- 
ase. 
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9. In Prob. 8a the object moves through a small distance z toward the mirror. 
Through what distance and in which direction will the image move? 

10. A long glass rod of index 1.5 has one end ground and polished to a convex 
spherical shape of radius of curvature 6 cm, with its vertex on the axis of the rod. A 
luminous arrow 3 mm long at right angles to the axis of the rod is placed 25 em beyond 
the vertex on the extended axis of the rod. Calculate the position and the size of 
the image of this arrow formed by paraxial rays passing through the surface. 

11. If the end surface of the rod of Prob. 10 is concave and of radius of curvature 
6 cm, find the position and size of the image. 

12. Solve Probs. 10 and 11 for the case where the source and rod are immersed in 
water of index 1.33. 

13. A narrow beam of parallel rays is incident radially on a solid glass sphere 
(n = 1,5) of diameter 5 cm. Calculate the point at which the image is found. 

14. The rays from the sun enter a spherical bow! of liquid along a diameter and 
are focused on the far side. Neglecting any refraction by the thin glass shell, what 
must be the index of refraction of the liquid? 

15. A small fish is at the center of a spherical fish bowl 24 cm in diameter. Com- 
Pute its apparent position and magnification as seen by a person outside the bowl. 

16. If the diameter of the moon is 2,160 miles and its distance from the earth is 
240,000 miles, calculate the location and size of its image in a reflecting sphere of 

lameter 30 em, 

17. An object O is placed a distance 2R from the vertex A of a half-silvered glass 
Sphere (n = 1,5) of radius R (Fig. 41.13). Show that the image of O, as seen by an 
Observer near O, is at the vertex B. Will the image be erect? 


2R B 


Fra. 41.13. Problem 17. 


18. Show that for paraxial rays the ratio of the size of the image J to that X = 
object O in Fig. 41.8, ie., the magnification M, is given by M = nw/n'p. I ind 
Source in Example a of Sec. 41.8 has a lateral dimension of 3 mm, find the correspond- 
ing length of the image in the glass both for air and for water in the object space. 


19. A i í d with water contains & small object 
Spherical bowl of 10 em radius and fille Ta end magnification. of the 


iem ; 

i ‘om the side of the bowl. Calculate the positio: 5 

Image of the object for paraxial rays from the object directed radially through (a) 
€ near side, (b) the far side of the bowl. Draw a rough graphical construction to 


Visualize th 5 ae . jec d image. 
ze the rel of object and imag 
ative position and size es plane, the other convex outward and 


- A piece of glass of index 1.5 has one TUR 
9f radius of A DS The thickness of the glass along the axis is 5 cm. 
Small object is placed outside the block on the axis 10 em from the plane face. 
hat is the apparent location of the object when viewed through the block? Apply 


“4: (41.6) successively at the plane face and at the convex face. 


CHAPTER 42 
LENSES 


42.1. Types of Lens. Lenses are pieces of transparent substance, 
usually bounded by spherical surfaces, for the purpose of image forma- 
tion. There are two main types of single lens, those thicker in the 


middle than at the edges, thus retarding the center portions of incident 
plane waves so that they conver 


rge to a real image, and those thinner in 

the middle than at the edges, with 

the result that incident plane waves 

are retarded more at the edges and 

hence emerge diverging from a 

virtual image behind the lens. The 

common forms of single lens are (b) 

Shown in section in Fig. 42.1. (a) lano- 

Lenses of the first type are known Fis. 42.1. (a) Dotible-sonvey; bist 
x tp convex, and meniscus converging len 

as converging, or positive, lenses, (b) Double-coneave and plano-concave 

while those in the second category diverging lenses, 

are called diverging, or negative, 


lenses. The positive and negative designations arise from the fact 


that a converging lens brings plane waves to a real, positive focus 
in the image space, 


: Whereas a diverging lens causes such waves 
io diverge from a virtual, negative focus back in the object space. 
These effects on incident plane wave fronts are illustrated in Fig. 42.2. 


- 


Fra. 42.2. Converging and diverging lens action on plane waves. 


42.2. Thin Lens. We wish to find an expression for the focal length 
of a thin lens. Suppose that we have a meniscus converging lens of 
index 7» in air (Fig. 42.3). Equation (41.6) for the first surface becomes 

1,^ o ni 
pw > R (42.1) 
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roy Iiis the object for the second surface, for which the object distance 
S, then, —(w — 2), the negative sign being used because Iı is a virtual 


Fro. 42.3. Paraxial ray through meniscus lens. 


obj M 
ced If we may consider the thickness £ of the lens to be negligible, 
- (41.6) gives for the refraction at the second surface 


n LL pee 
DUC E (42.2) 


IER 
dding Eqs, (42.1) and (42.2), we obtain 


a 1 1 
tloa- D(i t (42.3) 
tion equal to f, the focal length. Hence the 


Ty P 
D = ©, q is by defini 
and we may write 


right-hand side of Eq. (42.3) equals 1/f, 


e = i) LENS EQUATION (42.4) 
Ry 


2, 


l 1 1 
p F pp" (n — 1) 
RULES FOR SIGNS IN THE LENS EQUATION 

l. The object distance p and image distance q are positive if disposed 
relative to the lens as they are for a converging 

lens forming a real image of a real object. 

The length p is negative for a virtual object 

(waves converging onto the lens), and q is 

negative for a virtual image (waves diverging 

from the lens in the image space). 

2. The focal length is positive for a converg- 
Fro. 42.4, ing lens, negative for a diverging lens. : 
radius 3. Each R isa positive quantity af it is the 
negati of curvature of a lens surface conver toward the incident rays, but 

we if the lens surface is concave toward the incident rays. 
in 5 an example, let us calculate the focal length of the meniscus lens 
ig. 42.4, given that its index is 1.5. If light is incident from the left, 


D 
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ji LM 

E (1.5 — 1) e à) 
f = +240 mm 

If light is incident from the right, 


1 1 ii 
p EOD (Zi = 
f = +240 mm 


A lens thus has the same focal length for light incident from either side, 


provided the medium on the two sides is the same. Application of Eq. 
(42.4) to a thin concave lens yields, 


às expected, a negative value for its 
focal length. We shall use this 
thin-lens equation further in Sec. 
42.10 in the calculation of achro- 
matic combinations. 

To locate graphically images pro- 
duced by thin lenses we make use of 
the fact that in any lens there is a 
point on the principal axiscalledthe Fic. 42.5. Ray passing Buoni e 
optical center which has the property ^ OPtical center of a thin Jens is'unchang 
that all rays passing through it are ™ siirestinn. 


undeviated because they traverse a refracting medium with parallel 
sides, although they will suffer a s 


light lateral displacement. This 18 
illustrated in Fig. 42.5, where, since 7; and rs are parallel radii of curva- 
ture, the surfaces at L and M are necessarily parallel to each other. For 
a thin lens the optical center and geometrical center may be considere 
as coinciding. The graphical construction of images for two thin-lens 


1 a 


Lg i 

Fia. 42.6. Graphical construction of images with thin lenses. 
situations is illustrated in Fi 
viated in going through th 
through the principal focus 


£. 42.6. The rays from O and O’ are unde- 
9 center of the lens, Those rays passing 


focus F emerge on the other side of the lens, travel- 
ing parallel to the principal axis. 


For the converging lens those rays 
from O and O’ drawn parallel to the Eng 


s : Principal axis are refracted through 
the principal focus on the far side of the lens. The intersections of these 


4 at a point of the object and lying in the object spac 
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Tays serve to locate the corresponding image points J and J’. The 
variation in construction for the diverging lens is evident from the draw- 
ing. It is also evident that all virtual images, including those with 
convex lenses when the object is less than the focal distance from the 
lens, are erect, while all real images are inverted. 

Since image and object in Fig. 42.6 subtend equal angles from the lens 
center, their relative sizes are in the ratio of their respective distances 
from the lens. Therefore 


Size of image _ ; 4 E i 
Seot ebai magnification M = d (42.5) 
The magnification M is negative if either the object or the image is 
virtual. 

42.3. Thick Lens. If the lens thickness ¢ cannot be neglected, Eq. 
(42.2) should be written 


n d e bm (42.6) 


Application of Eq. (42.1) to obtain w and then solution of Eq. (42.6) 
for the distance q of the final image from the second surface constitute 
& valid procedure for a lens of any thickness. Also, the ratio of the sizes 
of final image and object is just the product of the magnifications effected 


by the refraction at each surface. 


e two focal points from the nearest 
tion arises as to how the focal length 
d. Now to every ray originating 
e there is à corresponding 


Tay in the image space that is a continuation of this ray in the object space. 

hese two are conjugate rays. For every lens or optical system there are a pair of 
Planes perpendicular to the principal axis, called principal planes, which have the 
Property that any pair of conjugate rays will intersect these planes at equal 
distances from the axis. The intersections of the principal planes with the BXIS 
are the principal points, and the focal length is the distance from either focal point 
to the corresponding principal point. Thus the two focal lengths so defined are 


equal if the same medium exists on both sides of the lens. 
he importance of principal planes may be judged from the statement that, 
a lens or optical system, they may be 


ane their position has been determined for ‘ r 
e in place of all lens surfaces for image calculations. If a simple lens may 
e considered as a thin lens, then the principal planes and the lens surfaces all 
: distances from either surface. 


coinci v A 
incide and we may measure the object and image 


i Since for a thick lens the distances of th 
re Surface in general are not equal, the ques 
the lens is best specified and measure 


o or more thin lenses are often used 


42.4. Combination of Lenses. Tw 
een them. Such a com- 


together, either in contact or with air gaps betw 


2.5 
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i he 
bination is called a “compound” lens. The location and nature of t 


ssive 
final image produced by a compound lens may be calculated by successi 
applications of the thin-lens equation to each component lens. 


Sf 
V y-—--— 


RHET uel 


Fic. 42.7. Combination of two thin lenses. 


Consider the combination of two thin lenses separated by a distance d, 
as shown in Fig. 42.7, 


For lens 1, 
Lew, = I (42.7) 
Ban fi 
The object distance for the second lens is —(q — d). Hence, for lens 2, 
za i 11 (42.8) 
“m= *,^75 


s the final image J. The oven 
Magnification is the product of the Magnifications produced by t 
Separate lenses, or 
M=y_4@ (42.9) 
Pp = di =g 


S are in contact, d = 0 and dditi fas: (42.7) 
and (42.8) gives and addition o 
T 5) 1 TE 
Do mr. 42.10) 
Eo UH Um ( 


and of course either f, or f» may be negative a; 
42.5. Aberrations in Lenses, Throughout our discussion of lenses UP 
to this point we have assumed that th 


©tays make but a small angle with 
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the axis. If this is not the case, the emergent wave fronts are no longer 
spherical, even though the lens surfaces are perfectly spherical, and there- 
fore the rays from every point in the source will not be brought to a 
definite point image. When these rays, making such a large angle 6 
With the axis that one cannot approximate sin @ by 6, are included, one 
or more of five types of aberration, or defect, may appear in the images. 
These aberrations are spherical aberration, the defect that we have already 
described for large mirrors; astigmatism; coma; curvature of the image field; 
and distortion of the image. To these must be added the defect known as 
chromatic aberration, arising from the fact that the index of refraction of 
the lens material varies with the wavelength or color of the light. 
Spherical and chromatic aberration occur even in the case of point 
objects on the axis, while the other four occur only for point objects off 
the axis. The detailed consideration of lens aberrations and how to 
eliminate or minimize them becomes so complicated that it must be left 
to the experts in this field. It is important to describe these defects, 
however, and to give a few of the methods commonly used to reduce their 
Magnitude. 
A One simple way of reducing all aberrations except chromatic aberration 
M any optical system is to “stop down” the aperture. This procedure 
eliminates the rays making large angles with the axis but at the same time 


ecreases the light intensity in the image. 


42.6. Spherical Aberration. When the ratio of aperture to focal length of a 
lens is relatively large, the refraction of rays from a point source on the axis 
Produces an image as illustrated in Fig. 42.8. Paraxial rays in the image field 
Cross the axis at I, which is called the Gaussian image point. The rim rays, t-e., 
hose which are refracted at the edge of the lens, however, cross the axis at K. 
ia totality of rays produces as the image of the point source a caustic curve with 
Point T as its apex. At J, which is known as the circle of least confusion, the 


diameter of the circular cross section of the entire bundle of rays has its minimum 
Value. It can be reduced in size by stopping down the aperture with a diaphragm. 


Spherical aberration may also be reduced by making the two Vini? p the 
ens of different curvature. As a simple example take the case of paral s 2 
from a distant source incident on & plano-convex lens of large aperture, firs' ae 
the plane surface (Fig. 42.9a), then with the convex surface toward the igh 
(Fig. 42.9b. On thinking of the edge of the lens as approximating a prism, it is 
clear that in (b) the rim ray is incident on the refracting surface at much more 
Nearly the angle which will make its deviation D a minimum and that qua 
the tay JK will be directed closer to the focus I than is the case in (a). In general, 
or the greatest reduction in spherical aberration the relative curvatures of te ri 
ens Surfaces should be such that the deviation is distributed equally betw - he 
two. Detailed calculation shows that the radius of curvature of the cà ace 
toward the light should be about one-seventh of that toward the image, but a 
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i i Imost 
plano-convex lens oriented as in Fig. 42.9b reduces the spherical aberration a 
m jective i misphere 
The first component lens in a microscope objective is PM [ien and 
with the plane surface toward the object. When the space : m ae tote 
the object is filled with an oil of the same refractive index as | i aS e 
the angular aperture may be large, there is very little are enr eps 
object is placed at a distance R/n from the center of the Ex xd. £8) do 
radius R, n being the index of the glass (Fig. 42.10). Applying 


i i = ci of least 
Fig. 42.8, Spherical aberration, I = Gaussian image point. J = circle 
confusion, 


(a) (b) 
Fie. 42.9. There is less spherical aberration in (b) than in (a). | 
s s 
the refraction of a Tay such as OA and remembering that R is negative for ua 
Surface, 
n 1 1—-» (42.11) 
RU tug 
Solution of this equation for w gives 
w= —(R + Rn) (42.12) 
showing that the image J is virtual and at a distance Rn below the center of the 
hemisphere. In the triangle COA, 
sin sinr 
R Ri 
sin 8 = jp — Bind 
or any E ane 
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and hence i = 6. In the triangle CIA, sin i/Rn = sin ¢/R 


or = eee 
sin i/sin $ = n 


En hence Qi r. Therefore all rays, not just paraxial rays, proceed after 
action as if they were coming from J. The two points O and J are called 
aplanatic points of this refracting 
surface. 

42.7. Astigmatism. If the point 
source is not on the axis, the change 
in curvature of the incident spherical 
wave front is not symmetrical even 
though spherical aberration is absent 
and the resulting image is astigmatic 
(Greek a, not; stigma, point; “not a 
point," i.e., the image of a point source 
is not a point but a pair of lines). The 
cross sections of the wave fronts near 
the focus are as shown in Fig. 42.11. 
There are two line foci at right angles 
to each other, while between them there 
isa circular confusion of light, which is 
the nearest approach to a point image. 
In general the bundle of rays has an 
elliptical cross section. The line focus 
nearest to the lens is called the primary 
42.10. Wide-angle hemispheric i Pme the further one the secondary 

Produces no spherical aberration. ung " mT : 

The astigmatic difference, the differ- 
from the lens, increases rapidly with the 
is positive for a divergent 
It is thus pos- 


Moises the distances of I, and I, 
e my of the incident rays. The difference IL-1. 
sible to is somewhat larger but negative for a convergent lens. H hus. 

combine the two into a compound lens in which the astigmatic differ- 


Lis oo 10 


near the two astigmatic line images of & 


Fra, 42 
S. 42.11. Th 
Point object, e shapes of bundles of rays 


In the photographic anastigmat 


ene 
es compensate for one another to some extent. 
field are largely eliminated over 


(Ch; 
a ind 43) both astigmatism and curvature of 
Pa iderable area in the image plane. 
.8. Coma. The image defect known 88 coma (Greek komé, hair) arises 


fi 
Tom the fact that for object points off the axis there is in general a variation of 
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lateral magnification with the height A of the zone in the lens through which the 
rays pass. This is illustrated in Fig. 42.12. Furthermore the rays that pass 
through the lens at a distance h from the axis may meet in the focal plane in a 
circle of points, the size of the circle depending on h and other factors. Each zone 
of the lens produces one of these comatic circles, and the effect of the overlapping 
of all these circles is a pear-shaped image. 


Fig, 42.12. Coma; pear-shaped image of non-axial object points. 

To eliminate coma the lateral magnification must be constant for all zones in 
the lens. A lens may be corrected for both spherical aberration and coma for 
only a single object position. An example of such an aplanatic lens is the hemi- 
spherical objective lens described in Sec. 42.6. Coma may also be eliminated by 
an aperture stop of the correct size properly placed on the axis of the lens. 

42.9. Curvature of Field and Distortion. If the object is an extended plane, 
the astigmatic images are curved surfaces. For points in the object far from the 


Fic. 42.13. Astigmatic primary and secondary 
of least confusion lie in plane L. 


focal planes for meniscuslens. Circles 
axis the images are not points but blurred patches, the size of which increases 
with distance from the axis. With spherical aberration and coma eliminated 
these patches are circles of confusion and are the best possible focus. The aake 
containing this best focus for the entire image is » 


a surface of revolution of & 
curved line about the axis. Hence we speak of curvature of field 
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By using special glasses, it is possible to make a pair of thin lenses that form 
an achromatic doublet (Sec. 42.10) and also produce a flat image field. But 
astigmatism and curvature of field may be corrected to a considerable extent 


by the use of a front limiting diaphragm with a meniscus lens (Fig. 42.13). 
At all parts of the image field the circles of 


This is done in inexpensive cameras. 
ry-image surfaces, 


least confusion, midway between the primary- and seconda 
lie very nearly in a plane. 
; If the magnification is not constant for rays erossing the axis at all angles, there 
is distortion in the image. A properly placed stop aids in correcting distortion, 
for in a pinhole image (Fig. 39.5) there is constant magnification. "Therefore 
with a single thin lens there are also rectilinear projection and freedom from 


(b) 


of a square lattice. (b) ‘Barrel 


ne 42.14. (a) “Pincushion” distorted image 
istortion” of same square lattice. 
distortion, For an ordinary lens the presence of a stop behind the lens will pro- 
die distortion of the pincushion variety, while if the stop x in As v the lens 
e distortion wi 1 type (Fig. 42.14). Therefore, if two lenses are 
rtion will be of the barrel type (Fig. inds of distortion will tend to 


used with a stop mi h the two k 
midway between them, 
Counteract 5 other. ji symmetrical doublet-lens system [each component 


eing also an achromatic pair (Sec. 42.10)] with the diaphragm midway between 
rw two components and with properly designed lens surfaces will have this and 
he other aberrations all fairly well corrected. 


42.10. The Chromatic Aberrations. Since 


Upon the index of i i jes with the wav! 
x of refraction, which varies wit 
the different colors have ‘different foci. The shorter, blue wavelengths are 


refracted more than the longer, red wavelengths, as illustrated in Fig. 42.15. This 
defect, called axial chromatic aberration, cannot be eliminated with a simple lens; 

ut an “achromatic doublet” that has the same focal length for any two colors 
can be constructed of two thin lenses of different kinds of glass in contact. The 
construction of an achromatic prism (Sec. 40.10) should be recalled in this 
connection, 


the focal length of a lens depends 
eleugth or color of the light, 


n are those for the C 


The two col -ual achromatizatio 
ors usually chosen for visual ac $ 
and F lines (Table 40 Dan it is customary to make one of the component thin 
T poses of illustration we shall 


enses of crown gl int glass. For purl 
ars AR o he ordinary crown and the dense flint 


Use the indices and di i 
spersive powers for t! BRUM 
Blasses listed in Table 40.2. da shall take the focal length f» of the combination 
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for the intermediate D line to be 50 mm. The thin-lens equation (Eq. 42.4) may 
be written 


; -(n—1K (42.13) 


where K = (1/R:) — (1/R;). Using primes to denote the crown-glass Leda 
double primes for the flint-glass lens, equality of focal lengths for C and F lig 


Blue Green Red 


Fig. 42.15, Chromatic aberration, 
requires (cf. Eq. (42.10)] 


1 1 1 1 1 
jg + i= ie + F 
or (me! — 1)K + (ng — DK" 


= (nr' — 1)K' + (ny! — 1)K" 
(n! — ne) K! = (ng — n2") K" (42.14) 
For the intermediate D-line wavelength, 


Therefore 


1 


, "7 1 
jo = Cw —Y1K' and J = (no” — 1)K” 

(no — 1f," OK " 
= GSD gum 
Equating the values of K'/K" from Eqs. (42.14) and (42.15) and rearranging the 
terms, we have 

(2 = fo. E E GE =n 1 
n») —1/fy no” — 1) yy 

Bie 4 42.16) 
or uices (42. 
where d' and d" are the dispersive Powers of the two kinds of glass. Hence fo’ 
and fo” must be of opposite sign, for the dispersive Powers are positive. Com 
monly the convergent lens is made of the crown, the divergent lens of the flint 
glass. From Table 40.2, 


d' (crown) = 0.0168 
d" (dense flint) = 0.0291 
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Combining Eq. (42.16) with the relation 1/fo = 1/f»' + 1/fo", 
_ fold” —d' _ 50 x 0.012292 


, 
fo d" = 0.0291 = 21.1 mm 

„ _ fold — d") _ 50 X (—0.012292) 
P io m 0.0168 = 36,8 mm 


mm T an exercise for the student (cf. Prob. 23) to calculate, knowing that 
closely f f — D/(nc — 1), the values of fc’ and fo”, and hence fc, to see how 
may bo : permet hoe s 50 mm value for fo. The difference between fr and f» 
negligible. similarly. These differences will be found to be practically 
is Wr ae form of achromat is a double-convex crown lens with a divergent 
Ry" for th (je cemented to it. Then Ry = —R for the convergent lens, and 
e uni ivergent lens is the same as Ry. On using Eq. (42.4) with no’ and 
ies able 40.2; and the f» values given above, there results Ry = 21.82 mm, 
mi. onm" M E 
is m —241 -33 mm. This achromat 
Sketched in Fig. 42.16. 
se aberration may also be 
the ead reduced by using two lenses of 
ld me kind of glass at a certain dis- 
if th apart. It may be shown that, 
aie two lenses are placed at a dis- Fig. 42.10. An achromat. 
pene hn + f2)/2 from each other, the j DE ee 
We ination is nearly achromatic. Many eyepieces (Sec. 43.4) are built in this 
Que Sed lateral chromatic aberration is 
m $ OE example, in cheap binoculars. ; 
4o P. osea with wavelength or color and is clo: 


also a common lens defect easily observ- 
This fault arises from the variation of 
sely analogous to coma (Sec. 


PROBLEMS 


am A simple lens of index 1.5 has radii of curvati Du 
mm. Calculate the focal length if the lens is “thin.” 
2. An object is placed 4 cm from a diverging lens of focal length 10 em. Caleulate 
Jmage position; also draw the graphical construction. —— . 
a z A thin plano-convex lens is made of glass having an index of refraction 1.65, 
us its curved surface has a radius of curvature of 20 cm. Compute the object 
Position if this lens is to produce a real image with a magnification of 4. 
in 4. If the angular diameter of the sun is 32 min, calculate the focal length of a 
pis will produce an image of the sun 3 in. across. 
gna - If the lens of Prob. 1 has a thickness of 15 mm, use Eqs. (42.1) and (42.6) to 
tio (a) the distance of the focal points from the vertex of each surface; (b) the loca- 
ae of the image of a small object on the axis, 200 mm beyond the vertex of the 
rface, with R = +60 mm. 
nd die the formula calculated in 
Prob ed by a refracting surface, compute | 
. 5b by taking the product of the magnifi 


ure of its surfaces of --60 mm and 


the 


Prob. 18 of Chap. 41 for the magnification 
the relative size of image and object in 
cations for the two surfaces. 
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7. An object is placed 30 cm in front of a double-convex lens (n = 1.60) of b 
ness 2 em and with surfaces of radius of curvature 10 em. By he ea is 
refraction of each lens surface separately, find the distance of the image fr 
vertex of the second surface. What is the magnification? 


d 
8. A luminous object and a screen are 20 ft apart. Compute the focal length an 


z Ble aie ified 
position of a lens which will produce on the screen an image of this object magnifie 
40X. 


9. A thin convex lens of index 1.55 has a 
focal length in water? 


ear 3 ject 
10. Show that for a thin converging lens the minimum distance between an objec! 
and its real image is four times the focal length. 


11. A hemisphere of glass of index 1.5 has a radius of 4 em. Locate the principal 
focus for plane waves incident 


(a) on the flat surface; (b) on the spherical surface of 
the glass. 


focal length of 1 ft in air. What is the 


ature 30 and 60 cm, respectively, are 
ble-convex lens. The space inside is 

With this as a lens, a real object 18 
he lens, magnified 2 times. Find the 


almost filled with water, which is then frozen. 
found to produce a real image 200 cm from t 
index of refraction of the ice, 

13. A thin double-convex lens of index 1.67 has surfaces of radius of curvature 
20cm. The lens is set 


into the side of a container of water so that images are formed 
in the water. At what distance from the lens i 

14. Two thin convex 1 
late the position and Size of the image of an object 5 mm long 10 em in front of the 
first lens. 


15. A point source on the axis of a convergent lens is imaged at 25 cm from e 
lens on its other Side. When a second thin lens is placed in contact with the first, 
the image is formed 75 cm from the combination, on the same side as the first image- 
Caleulate the focal length of the Second lens, 

16. A beam of sunlight falls on a thin divergent lens of focal length 30 cm; 40 cm 


beyond this lens is placed a convergent lens of 20-cm focal length. Where is the 
image of the sun formed by this combination? 


onverging len; 
a distance of 16 i i ns of focal len, 
of the combination? 
21. A thin converging lens of focal length 5 em has behind it at a distance of 2.5 cm 
a thin diverging lens of focal length 4 em (telephoto lens). Calculate the position of 
the image of a distant object, 
*22. An achromat of focal length 10 em is to be made of a converging crown lens and 
a dense flint glass diverging lens. Calculate the focal lengths of the two components. 


5 of focal length 20 em followed * 
Eth 5em. What is the focal lengt 
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*93. For the achromat calculated in Sec. 42.10, compute the focal length for the 
C and F lines. Also compute the focal length for the G line in the violet for which 
Ms 1.52818 for crown and n = 1.68079 for dense flint. glass. 

24. A converging crown lens and & diverging lens of light flint glass cemented 
together, with the common surface of radius of curvature 30 mm, form an achromat 

(C and F lines) of focal length 60 mm. Calculate the radius of curvature of each 


of the other surfaces of the two lenses. 


CHAPTER 43 
OPTICAL INSTRUMENTS 


43.1. The Eye. Since it is the purpose of most-optical instruments to 
enable us to see better than with the unaid 


to form the cornea C. The iris I, 
€ eye, contains an aperture, the pupil. There are 
automatically control the size of the pupil which 
may vary in diameter from 2 mm 
when the light is intense to mm. 
for dim light. The “crystalline 

lens, together with the ligaments 
that attach it to the ciliary muscle 
M, divide the eye into an anterior 


i uid 
Fic. 43.1. Schematic diagram of the Chamber, filled with a clear fl 
eye. 


0 in., or 25 em, w: 
adaptation of the eye to large changes in object dista; 


dation, The nearest distance at which a small ob 
644 


ithout strain. This 
nce is called accommo- 
ject can be distinctly 
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seen is called the near point, while the object distance when the eye is 
relaxed is known as the far point. The latter is infinity for the normal 
eye. The power of accommodation decreases with age, however, so that 
the near point for an elderly person may be as far as 200 cm. 

43.2. Defects of Vision. The three most common defects of vision are 
myopia (Greek myé, close; opsis, eye) (nearsightedness) , hyperopia (Greek 
hyper, over; opsis, eye) (farsightedness), and astigmatism. In the normal 
eye the image is formed exactly on the retina. In the myopic eye, how- 
ever, the eyeball is too long for the lens, and hence the light is brought to a 
focus in front of the retina. Bringing an 
object closer to such an eye causes the image 
to move back toward the retina, possibly 
exactly on it; and therefore a person with 
myopic eyes is said to be nearsighted. In 
the hyperopic eye, on the other hand, the eye- 
ball is too short for the focal length of the lens, 
and thus the light is brought to a focus behind 
the retina. A person whose eyes have this 
defect sees far objects more clearly, because (b) 
for these the image distance is shorter, and 
hence he is farsighted. ‘These defects are 
illustrated in Fig. 43.2. 

To bring the effective near point for a 

Yperopic eye to the distance of distinct vision, (o 
which is taken to be 25 cm for the normal eye, 
aer cis lens must be used that will form a Fic. 43.2. (a) Normal eye, 

Irtual image of the object placed at 25 em at (b) myopic eye, (c) hyper- 
or beyond the real near point. For example, opic eye. 

Suppose that such an eye has a near point of s 
100cm. To calculate the focal length f of the correcting spectacle lens, 
take p = +25 cm, g = —100 cm. Therefore 


sh 
d t 1 = +335 cm 
Eust oe, on 04. 
7 38 100 3 
That is, a converging spectacle lens of this focal length should produce 
good vision at the normal reading distance. 


The myopi ; e has a far point nearer than infinity. 
yopie, or nearsighted, ey! ate lens is require d so that 


Suppose that it is at 150 em. What specta i 
Very distant objects may be seen clearly? Then p = ?; and since à 
Virtual image must be formed at 150 cm, = —150 em. Hence 


d A idR. or = —150 cm 


646 PHYSICS [Sec. 43.3 
Therefore the spectacles should hav 


e a diverging lens of this focal 
length. 


In optometry 1/f is used as a measure of the power of alens. The unit 


of lens power, called a diopter, is that of a lens with a focal length of ene 
meter. Thus the power of the converging lens with f = +3314 cm in 
our example is +3 diopters, while the power of the negative lens for DUE 
myopic-eye example is —24 diopter. Clearly, the power of a lens 
is the sum of the powers of its two refracting surfaces (Prob. 6, Chap. 42) 


and, from Eq. (42.10), the power of two thin lenses in contact is the sum 
of their separate powers. 


Astigmatism in the eye is cause 


d by lack of Sphericity of its refracting 
surfaces, chiefly the cornea, 


Then rays of light from lines coming, for 
wheel-shaped figure are not all focused in 

This astigmatism is not to be confused with 
that described in Sec, 42.7, the latter arising solely because of the obliquity 
of Tays incident on a Spherical refracting surface. This defect of vision 


together with the eyi 


e surfaces, a total focal length the 
planes through the 


optic axis. 


at the lens or eye, 


effectively increasing the power o 
accommodation of the eye and increasing the size of the image on the 
retina, The magnifying power M in this case is 

M9. 25 
B p 
if the angles are small. From the thin-lens equation 
E NE 
p 25°F 
Hence = xit 
p f 
or Morpa 


(43.1) 


See 
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bem eye can see clearly an object at any distance from the near poini 
a " to infinity, and the normal adjustment of the eye is for SURE 
ae e object is placed at F in Fig. 43.3, the image is at infinity md 
f. Then the magnifying power is just 
25 

M = ae (43.2) 

or sli z 

n Mient less than if the virtual image is at 25 em distance. 

Eq ee lens of focal length 5 cm, for example, has according to 
. (43.1) a magnifying power M = 1+ 254 = 6 or, by Eq. (43.2), 


Fro. 43.3. Simple microscope. 


than this with a simple magnifier 
aberrations for a simple lens of 


ith powers greater than about 5 
minimize the aberrations. The 
43.4 is an example of a compound 
be an achromat. 


nut be compound, designed to 
wees en eyepiece described in Sec. 

gnifier. A simple magnifier may, of course, 
the eyepiece, or ocular, in a 
le lens much of the light from 
st. Therefore a second lens, 


43.4. Eyepieces. Any magnifier will serve as 
but with a sing 


teles, 
Cope or compound microscope, 
tive would be lo 


th A 
dees image formed by the objec : ; 
the “field lens," is added to gather in toward the axis more of the light 


fr : t 
heh. he objective. The two lenses are of the same kind of glass, and the com- 
ation is made nearly achromatic by making their distance apart equal to 


+ foy. 
Med two common types of ocular are the Huygens and the Ramsden. The 
Wigs We eyepiece is illustrated in Fig. 43-4- The focus F of the objective serves 
sat a ns object for the field lens, which forms an erect image at L This image 
Bit e focus of the eye lens, so that the final image 1S formed at infinity. A scale 
ross hairs may be placed at Z, but the scale must not be very large if the 
The curvature of the convex surface is 


eye lens i 
ns is uncorrected for aberrations. 
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such as to reduce spherical aber! 
considerable. 


In the Ramsden eyepiece (Fig. 43.5) the focal lengths of the two lenses m E 
and the convex surfaces face each other. If these two lenses yaks a 
distance (f, + f;)/2 apart, the focal plane of the eye lens would be at t e oer 
of the field lens, with the consequence that dust particles on this sur "T Pies 
be in focus. "Therefore at some sacrifice of achromatism the distance bety 


ration to a minimum, but curvature of field may be 


i t 
air may be used Successfully at that point. In fac 


, 
i r's 
ays used in telescopes, such as those on surveyo! 
air is essential. 


the Ramsden eyepiece is alw. 


Eye lens 
Field lens 


Fig. 43.5. The Ramsden eyepiece, 
beyond the focal point of the objective, 


atl. This image is viewed 
further enlarged, at a distan: 

The magnifying power o 
of the objective and the m 


so that an enlarged real image is formed 
through the ocular, which produces a virtual image T, 
ce somewhere between 25 cm from the eye and infinity- 
fa microscope jg the product of the magnification Mi 
agnifying power M: of the ocular. For the objectives 
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oe Mar, = Bt ua 
M = MiM: = ii = Tide (43.3) 


since qı is approximately the length L of the microscope tube. All lengths in E 
(43.3) are measured in centimeters. E 
A modern microscope objective is in reality a train 
of lenses, with the front lens usually of the hemi- 
> Ocular spherical form described in Sec. 42.6. A possible 
arrangement of components is shown in Fig. 43.7. 
The combination of lenses is designed to have large 
angular aperture, a minimum of spherical and 


—~= 
px 


Fic. 43.7. Microscope objective lens. 


Fr 
E 1G. 43.6. Compound 
Microscope, 


focal surface. It is usually necessary to 


luminate the object by means of a so-called condenser located beneath the 
‘ee stage. This condenser may be à concave mirror reflecting a con- 
hoot beam of light into the objective; or, with short-focus objectives, a cor- 

ed condensing lens is used. 


m Refracting Telescopes. The telescope is similar 
: T OMM in that they both consist essentially of an objective lens and 
ocular, Since the object of which a telescope forms an image is very 


distant, however, there are great differences in the construction of the 
nts. In the astronomical 


ere and other features of the two instrume 
escope (Fig. 43.8) the objective forms at J a real image of the distant 
actically at the 


obj 4 : : 
bject. Since the object is at a great distance, Iis pr ; 
ens. Furthermore, the virtual 


fi " 

"o distance fı from the objective l 1 

th age I’ is usually formed at infinity, so that I is at the focal point of 
€ ocular. The distance between the two lenses is, then, fi + fs 


ks f: is the focal length of the ocular. 
ja © obtain an expression for the magnifying power M of the telescope 
on note that the object and its image I subtend the same angle B at the 
di Es The object subtends practically this same angle B if viewed 
h^ ectly by the eye. When viewed through the ocular, the image I and 
$ image I’ subtend the larger angle a, the eye being at E, just behind 


chi i s 
tomatic aberration, and a flat 


to the compound 
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g power is therefore equal to the ratio a/b, 
and the retinal image is larger by this factor than it would be if the object 
were observed directly. Since these angles are small, we may replace 
the angles by the tangents; and hence the ratio «/B equals fi/fo, or 


M =i (43.4) 
So 

The modern astronomical telescope is used Principally for photographic pur 

poses, and the larger the diameter of the objective the greater the light-gathering 

power and the greater the resolving power (Chap. 47). In visual work, however, 

the diameter of the objective sets a limit to the useful magnifying power, for the 

objective is the so-called entrance pupil of the system, The conjugate ezit pupil 


n 


d ; € objective formed by the ocular, and at this point the trans- 
mitted light, has E Toss-sectional area. Since the eye is placed at this 


light is to be utilized. If the objective lens is the 


it pupil the corresponding image ei 
exi i Á 3] i 
or q = fx f, +h)/f. dt Pupil is obtained from 1/4 = (1/fo) — [1/(fi + f 


image Do is the diameter of the objective and D; that of its 
] 
Do p fh f. f 
poU = 3.5 
DENS RFP =F, = (13,0 


Thus the ratio of the diameter of t 
also is a measure of the magnifying 
the exit pupil for any telescope it g 
used to locate the position where 
smallest size. The diameter of ¢ 


he objective to the diameter of the exit pupil 
pe. To find the diameter of 
to the sky and a paper screen 
ging from the ocular has the 
t at this point is D;. 

aken as 2mm. Fora telescope 
t pupil has exactly this 
:800 mm, the focal length of 
normal magnifying power. 


es as much light as the unaided eye and all 
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of this light enters the eye, there is no increase in the apparent brightness of th 
object, for the retinal image has now 75° times the area. 4 
buy: telescope is used for astronomical purposes, the fact that the image is 
Heus ed is no disadvantage; but for terrestrial work it is desirable to have an 
et ape n This is accomplished by inserting between objective and ocular 
ali dn ens (or, better, a pair of achromats as in the “rectilinear” camera lens to 
E ish the aberrations) to reinvert the image. This makes the tube of the 
rrestrial telescope longer by four times the focal length of the erecting lens. 


Fra. 43.9. Galilean telescope (opera glass). 
an erect, virtual image 
ith a diverging lens (Fig. 43.9). The 


ig Pins Galilean telescope, used in opera and field glasses, 
ee s tained by replacing the eyepiece wi 
t verging rays from the objective, which would form the inverted image Iif 
p were no additional lens, are made diverging by the negative lens N. The 
SS I forms a virtual object for lens N, and an eye at E sees an erect, virtual 
eus I’. Since the object is distant and approximately parallel rays emerge 

ens N (that is, J’ in Fig. 43.9 should be practically at infinity), the magni- 


Ocular 


Objective 


Fra. 43.10. Prism binocular. 
has a short length approximately equal to 


fyin ^ 
E power is also d the tube 
Ji/fz an mage of the objective lens formed 


fi — fa. Tn this telescope the exit pupil, of thei 
y the ocular, is virtual, and the field of view is restricted. . ^" 
" Prism binoculars also produce an erect image, while at the same time avoiding 
A € excessive length of the terrestrial telescope by placing a pair of right-angled 
otal-reflecting prisms between the objective and eyepiece in the manner indi- 
cated in Fig. 43.10. ‘The image formed by the objective serves as a virtual object 


Kd 
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for the prisms. By the first two internal reflections at A and B, not ae de 
light reversed in direction, but also the two sides of the image are Moe d 
that it is no longer perverted. In the second prism, which is place ehe Ec 
angles to the first one, the reflections at C and D direct the light toward the ud 
and make the image erect. Hence the inverted (and perverted) image pro aie 
3 by the objective is completely restore d 

Newtonian the reflections in the two right-anglec 
(so-called “ Porro”) prisms to an erect ne 

tion. The ocular forms a further enlarge 
but erect image. And because of the sev- 
eral reflections an objective of fairly long 
A focal length may be used, with e 

Sewan gain in magnifying power, but with t 

instrument still rather short in length. 

43.7. The Reflecting Telescope. Be- 
cause of the difficulties of making a Me 

large objective lens, which must be ar 
achromat of high-quality HR 

Gregorian optical glass, the large modern rm pe 
telescopes are all of the reflecting pe 
The largest refractor is the 40-in. big 

of the Yerkes Observatory, but the ao 
Fia. 43.11. Reflecting telesa reflector at the Mt. Palomar pee 

S g Spes has a diameter of 200 in. Because o : 
large area of its reflector, this telescope has both very large luti 
and resolving powers (Chap. 47). The mirror block is a casting of a borosi E 
cate glass having a small expansion coefficient, but it need not be of optical 


quality since the light does not pass through it. The mirror has a parabolic 
surface and is coated with alumin 


um by evaporation in a high vacuum. ipa 
an aluminum surface has greater durability (because of a protecting surface laye 
of transparent aluminum oxide) th: i 


mirror, which has double the relative aperture 


The f-number of an optical instrument is defined as the ratio of its focal 
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length to its aperture diameter, 3.8 for the McDonald reflector. In photo- 
graphic practice this is written f/3.8 because this ratio equals the diameter of 
the effective aperture or “stop.” 

It is necessary to change the path of the reflected rays to a point where one 
can observe the image without blocking the incident light. Figure 43.11 indi- 
cates three of the methods by which this is done. In the Newtonian method a 
small plane mirror or right-angled prism reflects the image off to one side. In the 
Cassegrain type a small convex paraboloidal mirror sends the reflected rays back 
through a small hole in the large mirror, while in the Gregorian telescope a small 
Concave mirror performs similarly. Several modifications of these last two forms 
have been perfected to reduce spherical aberration, astigmatism, and coma over a 
fairly large field. The giant 200-in. Mt. Palomar telescope has a focal length of 


55 ft, and both the Cassegrain and Newtonian methods of observing the image 
are employed. 


43.8. The Schmidt Camera. This important optical device consists 
ofa nonspherical lens, called the correction plate, placed at the center of 
Curvature C of a concave spherical mirror (Fig. 43.12). The correction 
Plate so refracts incoming parallel 
rays that after reflection from the mir- 
Tor they all come to a focus at the 
Single axial point F. The spherical 
aberration of the mirror is thereby 
eliminated, And even if the incoming 
Parallel rays make a large angle, as Fig. 43.12. Schmidt camera. 
Indicated, with the axis, they are still s 
brought to a fairly good focus at F’. All focal points such as F” lie on a 
Spherical focal surface with C as its center of curvature. . 

Used as a camera, with the film on this focal surface, a Schmidt system 
can have the remarkably high speed of f/0.5. Astronomers therefore 
use Schmidt cameras on their large telescopes to photograph very faint 
Stars, Another application is in television receivers for projection onto a 
arge screen. The image screen of the oscilloscope of the receiver is 
Curved to the focal surface FF’, from which the light travels to the 
Spherical mirror and is reflected through the correction plate to the 


Telatively large screen. 
43.9. The Camera. In this instrument the lens and the photographic plate 
9r film are enclosed in a lighttight box, usually with adjustable lens-film distance. 


he demands on the lens are exacting and often contradictory. The image must 
* free from spherical and chromatic aberration, distortion, and curvature of 
field, while at the same time the aperture angle must be large and the lens must 
have great light-gathering power. There must be good “depth of focus," ie., all 
Objects in a considerable range of distances must be brought to a focus in the 


plane of the film. All points in the object space except those in one plane are not 
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T PR of 
brought to point images at the film, of course, but arer "e dea x 
confusion" which are formed in place of point images are not 80 larg "pnr ci 
good picture results of all objects a n om range of distances. 
aperture, the greater the “ epth of focus. of 
T. on consists et a symmetrical doublet (Fig. 43.13), each yocp 
which is an achromat, with the iris diaphragm stop at the optical P 42.9. 
combination, distortions produced in each half correct each other . Pond 
j Chromatic aberration is obviously taken care of, 
by allowing the diaphragm opening to be no a 
than that demanded for sufficient light intensity A 
other defects are minimized. Modern Wek api 
anastigmats such as the famous Zeiss ed 
—— lens have about eight surfaces, very carefully grou 
80 as to correct for all aberrations. a 
The f-number referred to in Sec. 43.7 -— a 
the speed or light-gathering power of a lens. 


E ct 
smaller the fnumber, the “faster” the lens; 5 
posure time varies as the d a 
Lenses have been ase is 
Operate at a stop of f/1.5, which means tha 


j r of the 
focal length is but 1.5 times the diameter of 
lens. An inexpensive fixed-fo 


0. The Projection Lantern. 


Fia. 43.13. Rectilinear the required ex 


doublet lens minimizes the f-number, 
most image defects, 


43.1 


Fig. 43.14, Projection lantern. 
43.11. Prism Spectro: 


meters, The Spectrometer is 
instrument for the stu 


dy of light i 
emitted from any source may be mi 


, it is often 


replaces the eyepiece it is called a Spectrograph, 


al features 


of a Spectrometer. A collimator 
ich is illumi 


nated by the light from the source, 
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and an achromatic lens L, to render this light a parallel beam as xt strikes the 
prism. The prism disperses the light into the lens Ls of the telescope T, forming 
images of the slit, one for each wavelength present in the light, in the plane of the 
cross hairs just in front of the eyepiece E. The collimator, telescope, and table 
on which the prism rests all rotate about the central vertical axis of the instru- 
ment. The settings of the telescope on the various spectral-line images may be 
read on the circular scale by means of the verniers V; and V». Many spectro- 
graphs do not have a circular scale. 

A cone of rays incident on a prism does not remain a cone after transmission. 
For all angles of deviation, astigmatism distorts the images. Only when the 
incident light is parallel is this distortion absent for all colors, and then each color 
emerges from the prism in a parallel beam. It is therefore necessary for the lens 
Lı to be an achromat; and if it is desired to have all colors in focus at the same 
time at the eyepiece, Lı must also be achromatic. 


Slit 


Eye 
Fig. 43.15, Prism spectrometer. Fic. 43.16. Constant-deviation spec- 
trometer. 


To produce a “pure” spectrum the slit S must be very narrow (slit widths as 
narrow as 0.01 mm are employed) so that the colored images of the slit will not 
Overlap. The “length” of the spectrum depends upon the angular dispersion 
effected by the prism and upon the focal length of the telescope T. Since the 
Spectrum “lines” are really diffraction patterns (Chap. 47), they will be sharper 
the larger the apertures of the lenses and prism. Of course, if the source, such 
as the sun or an incandescent-lamp filament, emits a continuous distribution. of 
requencies, no matter how powerful the spectrometer the spectrum d 
Continuous; but the greater the dispersion and the apertures, the easier the 
detection of weak absorption lines such as the Fraunhofer lines in the solar 
Spectrum. Some characteristic spectra are shown in Fig. 45.1. 2 

For rapid, direct reading of the wavelengths of spectral lines a constant- 
deviation spectrometer (Fig. 43.16) is often used. The prism is equivalent to 
two prisms of internal angles 30°, 60°, and 90° and one prism of internal angles 
45°-45°-90°, cemented together as shown by the dotted lines. F or any angle 
of incidence the light of the wavelength that is at minimum deviation emerges at 
right angles to the direction of the incident beam, with one total reflection in the 
prism, The prism may be rotated by & micrometer and screw accurately cali- 
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brated in Angstrom units, thus bringing any desired wavelength E Min EL 
This instrument is therefore sometimes called a monochromator. : T p eene 
lenses may be made of quartz for use in the ultraviolet region pà e Sep 
Also, it may be converted into a spectrograph by attaching a photograp 
it end. A 2 
wig déc spectroscope is a hand instrument, useful for rapid ae ad 4 
the character of the spectrum of any light. By making use of the di ere: gms 
the dispersion produced by two different kinds of glass, Va eme w "s 
deviation may be produced as described in Sec. 40.10. To obtain su ficien as 
persion, about five prisms in a train are used (Fig. 43.17). The entire op in 
system—slit, collimating lens, pris 
train, and telescope—is approximately 
in a straight line, and hence the instru- 
ment may be easily pointed at a source. 
A scale may be included in the focal 
Fig. 43.17. Direct-vision prism train. plane of the eyepiece for semiquanti 
tative wavelength comparisons. 
ion of spectra in the ultraviolet an ss 
All glasses absorb strongly ultraviole 
Also, since the eye is not sensitive to 


As already mentioned, for the producti 
quartz optical system must be used. 
wavelengths shorter than about 3,3004. 


light of wavelength shorter than 4,0004, the detection of the spectral lines mus 
be photographic. For infrared Spectrometers, prisms of rock salt have trans 
parency farther into the infrared than those made of most other refracting p 
tials. Concave mirrors may replace lenses; and since both photography ur 
vision fail in the infrared (photographic emulsions sensitive in the near infrare 


to wavelengths only up to 12,000A are available), a thermopile (Chap. 28) or 
lead sulfide photocon 


ductive cell (Sec. 36.7) may be used as the detector behind 
the exit slit, 


PROBLEMS 


1. The near point for a hyperopic e: 
that will enable this eye t 


of the lens in diopters, 


Yopic eye is at 100 cm. What lens is required for distant 
vision? Give the power of the lens, 


Spectacle lens havin, 
to see distinctly an object 25 em from the 


the object could be clearly seen without s, 


6. Most of the refraction of light entering the eye takes place at the cornea. 
Assuming the eye to be filled with a homogeneous medium of index 1.337, calculate 
(a) the radius of curvature of the cornea to place the focal point at the retina 25 mm 
from the vertex of the cornea; (b) the length of the retinal image of an object 30 cm 
long, at a distance of 2 m from the eye. 


E à power of 2.3 diopters in order 


eye, what is the shortest distance at which 
ipectacles? 


! 
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T. A simple magnifier of focal length 5 em is used to view an object by a person 
having the normal distance of distinct vision, 25 cm. If he holds the glass close to his 
eye, what is the best position of the object? 

8. What is the magnifying power of a simple magnifier of focal length 4 cm if it is 


held close to the eye and the virtual image is at infinity? 
9. A compound microscope has an objective lens, of focal length 6 mm, that forms 


an image 20 em from the lens. If the magnifying power of the ocular is 8X, what is 
the total magnifying power? 
10. The objective of a compound microscope has à focal length of 3 mm, and the 
length of the microscope tube is 25 cm. When used with an oeular of magnifying 
power 10 X, what is the magnification of the microscope? 
11. A telescope has a 100-cm diameter objective of focal length 20 m. The eyepiece 
has a focal length of 4 em, What is the magnifying power of this telescope? 
: 12. The principal focus of the objective of a telescope is at a point 624 cm to the 
right of the field lens of a Huygens eyepiece (Fig. 43.18). If the focal length f; of the 


ith 
Objective Field 2 =] Eye 


| | lens I lens 
1 l a 2 
B 100 cm —- 63cm 
Fic. 43.18. Problem 12. 


eye lens of the eyepiece is 10 cm, what must be the focal length fi of the converging 
eld lens in order that the virtual image formed by the eye lens will be at infinity 
When the object is at infinity? If the focal length of the objective is 100 cm, and 
it is used with the 10-cm eye lens only as an astronomical telescope, what is the 
Magnification? 
ene What should be the size of the image of the mo 
€scope objective? Take the distance of the moon as 
ter as 2,200 miles. 
"es Compare the relative apertures of the 
Scopes, and then compare their photograp 
Actors equal. ; i 
15. The objective of the Yerkes refracting telescope has a diameter of 40 in. and a 
focal length of 65 ft. What is the normal magnifying power to give an exit pupil of 
mm? What should be the focal length of the eyepiece to give this magnifying 


Power? 
as a focal length of 16cm. If the magnifying 


* 

16. The obiecti 

jective for opera glasses h À E 
Power of the glasses is 4X, what is the focal length of the eyepieces? What is the 


“Pry rate length of the glasses? 
+ The radius of curvature of the large re 


on produced by the Yerkes 
239,000 miles, and its diam- 


Yerkes, McDonald, and Mt. Palomar 
hie exposure times assuming all other 


flecting mirror (1) ina Cassegrain system 


Fra. 43.19. Problem 17. 
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is 110 ft. Find the radius of curvature of the second mirror which brings the image 
of a distant star 30 ft to the right of the first mirror (Fig. 43.19). . 

18. Calculate the relative exposure times of a camera lens when its diaphragm is 
set at f/2.9 and at f/16. 

19. A projection lantern produces a magnification of 50 diameters on a screen 60 ft 
from the focusing lens. Considering this as a thin lens, calculate the distance of the 
lantern slide from the lens and the focal length of the lens, 

*20. Show that, if a magnifying power either greater or less than the normal value 
calculated in Prob. 15 is used, there is no gain in the total light in the retinal image. 


CHAPTER 44 
PHOTOMETRY 


14.1. Luminous Flux. Photometry is that branch of optics concerned with 
the measurement of the intensity of light sources. Here “source” is used as & 
Eeneral term including self-luminous bodies and surfaces transmitting or reflecting 
light falling on them. Most primary light sources, such as the sun and the 
incandescent lamp, are luminous because of their high temperature. Although 
these sources are not strictly “black bodies” as discussed in Secs. 22.5 and 48.6, 
still the distribution in wavelength of the radiant energy that they emit resem- 

es the black-body curves shown in Fig. 48.9. Such thermal radiation is dis- 
cussed in detail in Chap. 48. The total radiant flux coming from a source is 
defined as the radiant energy passing per second through any surface enclosing 
„€ Source. Radiant flux is measured in watts. In light measurements we are 
interested only in the small fraction of the radiant energy having wavelengths 
Ying in the visible region of the spectrum. This is known as luminous flux. An 
exact definition of luminous flux will be given below. In photometry the matters 
of chief interest, are the luminous flux from the source, the luminous intensity of 

© Source, and the illumination, or “illuminance,” of a surface. All these terms 
need definition and explanation. 

cause of the fact that the sensitivity of the eye varies with wavelength, the 
Specification of radiant flux in watts alone does not measure the effective “bright- 
£588" of the light. The wavelength of the light and the variation of the sensi- 
tivity of the eye must be known, also. It is therefore considered necessary in 
Practice to have an arbitrary standard source of luminous flux with which other 
Sources may be compared. This standard is specified in Sec. 44.2. Figure 44.1 
8a plot showing the relative magnitude of the visual sensation produced by equal 
smounts of radiant energy of different wavelengths. This curve is called the 
relative luminosity curve. The maximum ordinate comes at a wavelength of 
5,5504. ^ yellow-green color, and is arbitrarily set equal to unity. This curve is 
co, rage of the response of a large number of individuals under good lighting 
ie tions, The brightness sensitivity of the eye falls off so rapidly with wave- 
Cngth shift from the optimum value that at 6,000A it is only 0.6 and at 5,000A 
paly 0.4 of the value at 5,550A. The International Commission on Illumination 

"5 adopted this as a standard representative of a normal eye. 

Uminous flux p ig defined in teizns of this curve giving the relative luminosity 
ieee Wavelength interval dA. Let dF denote the luminous flux of the source 
Then Tange À to) + d^; let Ly be the relative luminosity at the wavelength A, 


dF = Lyf(\)dd 


w 
br ere f AJA is the radiant flux in this wavelength range. The total luminous 
X F ig therefore 
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5 44.1) 
F=f, Ly fdr ( 


i i may 
and may be said to represent the total visual sensation. Fre eam 
be known [it is given by the famous Planck equation (Sec. 48.7 ha lacius 
radiator]. The integration limits are zero and infinity because Scan a 
curve in Fig. 44.1 goes to zero asymptotically at each end; but es veh ge 
expression cannot be written for this curve, the integration must, TE 
graphically. Since this pr Bor 
cumbersome, the unit of luminous * 
is more commonly defined in terms i 
the flux from a standard ei as 
explained in the following section. : 

Pon Luminous Intensity of a Point 


Source. If the dimensions of a ae 

0 of light are sufficiently small, it may à 

4000 5000 6000 7000 int suis. on 

Angstroms taken to be a point so ntt? 

Fic. 441. Sensitivity curve ("relative such a source at S in zn a he 
luminosity”) for the normal eye. radiates out in all directions, 


e 
flux dF passes outward through a con 
ty I of the source is defined as 

dF 


2) 
Ix (44.2) 


of solid angle dw. The luminous intensi 


a poin f unit 
nee the luminous intensity! of a poi t source is the luminous flux emitted per 
solid angle. 


i F 
The common unit of I is the candle. The unit of luminous ‘ae 
source of one candle. 


a sy in & 
the luminous intensity in 
horizontal direction of the flame of a 
Sperm candle of Specified di; 


n "i of 
Fre. 442. Luminous intensity 7 
ber of Spe- source is J = dF /dw, 


Parison with these 
There is now a new international 


jonal 
candle, established by the Internationa’ 
Committee on Weights and Measures 


1Note that the word intensity as used here 


has a meanin 
other parts of physics where it has the conn 


" in 
E different from its usage 
Otation « 


‘per unit area.” 
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of a square centimeter of a black-body radiator operated at the temperature of 
freezing platinur.. The new unit is about 1.9 per cent smaller than the former 
international candle. The photometric ratings of most tungsten-filament lamps 
will be practically unaffected by the change. Following the recommendation 
of the Bureau of Standards, we shall refer to the new unit of intensity as the 
“new” candle and the “new” lumen/steradian. 

The term “candlepower” was formerly used in rating the luminous intensity 
of light sources. Now electric lamps are rated in terms of their power consump- 
tion. This is a convenient rating as long as all electric lamps are of the 
incandescent-filament variety; for although all the input energy is not converted 
into radiant energy, still the luminous output of a given kind of lamp is roughly 
Proportional to the power consumed. But, in view of the increasing use of 
fluorescent (Sec. 36.6) and other new types of lamp, comparisons of intensity by 
Power ratings are meaningless. A 20-watt incandescent lamp gives 240 lumens, 
Whereas a fluorescent lamp of the same power rating produces 800 lumens. 
Obviously it would be much more informative to rate lamps according to their 
luminous-flux output. The greater efficiency of fluorescent lamps comes from 
the conversion of the predominant, invisible ultraviolet radiations emitted by 
the ionized and “excited” gas atoms and molecules into the less energetic visible 
Wavelengths by the fluorescent substances coated on the inner walls of the dis- 
charge tubes, ; . 

The luminous efficiency of any light source is defined as the ratio of the luminous 
flux emitted to the total radiant flux emitted, expressed in lumens per watt. 
But note that the watts here measure the total radiation emitted, not the power 
Input to the lamp. Experiment shows that, if some monochromatic light of 
Wavelength of 5,550A has a luminous-flux value of 1 lumen, the radiant flux is 
H 650 = 0.00154 ait But because the relative sensitivity of the eye at 6,0004 
ìs only 0.6, if the radiant flux in light of this latter wavelength is 1 watt, the 

“minous flux is only 0.6 x 650 lumens, or 390 lumens. ^ 
,, 44.3. Illuminance. The measure of the illumination on any surface is called 
illuminance, If the luminous flux incident on a small area dA of the surface is 


dF, the illuminance Æ at this spot of the surface is defined by 


„dF 44.3 
B= (44.3) 


Uluminance is, then, the luminous flux incident on unit area of the surface. y 

fl €re is uniform illuminance over a finite area A produced by a total luminous 
Ux F, Eq, (44.3) may be written 

(44.4) 


S] 


E= 


1 flux P may come from any number of sources and from various directions. 

| Uminance is expressed in lumens/ft? (foot candles) or lumens/m? (luzes). 

Ri the illuminance E of the element of surface dA is produced by a point source 
18. 44.3), there is a simple relation between E and the intensity J of the source in 
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t 
the direction of dA. Let 8 be the angle between the normal to the surface nes 
and the distance r between S and dA. The solid angle dw subtended by dA a 
source is dA cos @/r?, and in this solid angle the flux dF is 


[ 4.5) 
dP = Ido = 104 cos 6 (4 
n 
dF  Icos6 44.6) 
Hence E-gp7 E ( 


—Ó MÀ 


Thus for light from a point source th 
the square of the distance from the 
Source and as the cosine of the angle 
line connecting the surface element a 
Where perpendicular to the light ray 


6 illuminance of a surface varies inversely 25 
source and directly as the intensity of Ee 
between the normal to the surface and the 
nd the source. When the surface is PJERA 
8 from the point source, cos 0 = 1 and Eq. 
(44.6) becomes 


Bie (44.7) 


IN 


Ifa uniform point source of arr n 
intensity 1 candle is at the center o do 
Sphere 1 ft in radius, the UA 
of this surface is 1 lumen/ft?, or 1 » l 
candle. If the surrounding speres 
surface is of radius 1 m, its arde 
is 1 lumen/m?, or 1 lux. Recently E 
Standards for good illumination Bar 
been steadily rising. We now gre’ 
inane duced 500 luxes or more as desirable not 

Sy proc uced byi i Sustained close work. That this is t 
excessive is indicated by the fact the 
000 luxes, while in direct sunlight the maximum 
uxes, or 9,600 foot candles. 


Fra. 44.3. Illum: 
point source, 


dull daylight supplies about 1 
illuminance is about 100,000 1 


The comparison of the 
i Sources is carried out with a photometer. This is an 
instrument used to det, 


two identical adjacent surfaces, E Seen S2 
each illuminated by one of the two ) 

sources being compared, are of the 

same brightness. The two sources 


to be compared are mounted at the == ae 
ends of a long, graduated bar (Fig. Fig. 44.4, . 
44.4), and a movable screen having a mat-white surface on both sides is 
placed between the two lamps. This Screen is moved back and forth 


A bar photometer. 
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until the observer judges that both sides are equally illuminated. Then 
from Eq. (44.7), , 


Ah ds 
mi gè 
I zi 
p n (44.8) 


where J, and J» are the intensities of the two sources in the direction of the 
screen and x, and z» their respective distances from the screen. If one 
Source is a standard lamp of known 
luminous intensity at specified 
Voltage and current, the intensity 
of the other lamp may be found 
from this measurement. 

, There must be some optical de- 
vice in any visual-match type of 
Photometer to enable the operator 
bs view simultaneously the two 
illuminated surfaces. This may be 
done by the simple procedure of 
mounting two mirrors at such 
inclinations that juxtaposed images 
the two surfaces are provided; 

€ screen may be merely a sheet 
Of paper with a grease spot at its 
center (Bunsen grease-spot photom- 
= A better method is to ob- 
Brody the screen with a Lummer- 
illust a phetontor head, which is Fig. 44.5. The Lummer-Brodhun pho- 

rated in Fig. 44.5. Its ele- tometer. 
ments consist of the screen S, a pair 
of right-angled prisms P; and P», an observing telescope T, and a Lummer- 

Todhun “cube” C. ‘The latter consists of two right-angled prisms 
Cemented together, one of its prisms having a design etched on its surface 
to give a field of view, as shown in Fig. 44.54. The paths of the light 
25 S are indicated in the figure. Where the cube is not etched, rays from 

2 pass through to the telescope but such rays are totally reflected at the 
etched portions. The rays from P1 striking the etched parts are totally 


reflected into s from P; incident on the 

the telescope, but those TAY 1 
Unetched parts pass through the cube and out to theright. The shaded 
eceive light, then, only 


Portions of the field of view (Fig. 44-54) T 
from one side of the screen S, while the remainder of the field of view 
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is illuminated only by light from the other side of the screen. The ed 
cedure is to move the photometer head back and forth on the be. 
between the two light sources until the pattern in the field of bei oon 
appears, indicating equality of illumination of the two surfaces o 


hon (44.9) 
I rë 


is the ratio of the intensities of the two sources, ils 
A photometer should be operated in a darkened room with black wa 


so that no illumination of the 
Screen surfaces arises from extra- 
neous sources. Also, the distances 
zı and x» from the two sources to 
thesereen should be large compared 
with the source dimensions, for it 
Shadow photometer. is assumed that the sources are 
effectively points. 


Fro. 44.6, 


n foot-candle meter and in the photo- 
tive surface of the cell when exposed 
generates an electric current large 
A : T. Since the current produced is à 
function of the light in meter may be calibrated to read 
r luxes, Filters are now available that give the 

me Wavelength-sensitivity characteristics as are 
possessed by the normal eye, 


The sensi 
‘Ppreciable intensity 


N E ately first one side of the screen 
and then the other. Upon in ney of alternation a value will be 
found at which the flicker due to color difference 
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illumination differences persists. Then the screen is moved until this flicker also 
disappears, and the intensities are compared in the usual way. 

In a spectrophotometer the light from the two lamps is first dispersed into spectra, 
and the comparison is then made step by step, by matching always light of the 
same color. One of the beams could have passed through a specimen of colored 
transparent material, while the other beam from the same lamp by-passes the 
specimen. Comparison of the intensities of the two beams, color by color, 
enables one to draw a spectral transmission curve giving the fraction of light of 
each wavelength transmitted by the material. 

44.6. Extended Sources. Luminance and Total Flux. Most sources of light 
may not be considered as points unless the distance to them happens to be very 
large. Consider, for example, an incandescent sheet of metal close at hand, 
the reflecting walls of the room, or the diffusely reflecting page you are reading. 
Let A be a small element of area of the surface, F dF 
be the total flux it emits throughout the entire 
solid angle of 2r steradians on the one side of the 
Surface, dw be the solid angle formed by a pencil 
of rays (Fig. 44.7), and dF be the portion of the 
total flux F included in this solid angle dw. If 
the pencil of rays is along the normal a, the 
Intensity 7, of this surface element in that direc- 
tion is 7, = aF /dw, while in the pencil at an angle Fi 
8 with the normal the intensity Ie is dPo/de. The Fic. 44.7. The intensity of 
luminance (formerly called “ brightness”) of this the surface clement in any 
Surface element in any direction is defined as the direction is dF’ /dw. 
ratio of its intensity in that direction to the projec- E 
tion of the area A on a plane perpendicular to that direc 
the luminance in the direction @ by Bo, 


—--------~-3 


tion. Thus, denoting 


PT (44.10) 
Bo = Icos ô 


or luming T : ity per unit projected area of emitting surface. 
: Kmibert found that ie ence a diffusely radiating or reflecting surface 
'S practically independent of the angle from which it is observed. If that is the 
Case 
ETT (44.11) 
for then B, = (In cos 6)/(A cos 0) = In/A = B, a constant independent of 8. 
Equation (44.11) is known as Lambert's cosine law. Hence an incandescent 
Sphere observed from a distance considerably larger than its radius appears to be a 
Uniformly illuminated disk. The sun, being a luminous sphere, should be an 
example of this effect; but since it is surrounded by an absorbing atmosphere 
Tough which light from the edges passes more obliquely and hence is more 
Strongly absorbed, photographs of the sun show the edges of the disk to be less 


bright than the center. 


The “new” candle mentioned in Sec. 44.2 is actually a unit of luminance rather 
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than of luminous intensity. That is, the luminance of a black body at the tem 
perature of freezing platinum is by agreement declared to be 60 new e rep ie 
44.7. Worked Examples. a. A standard lamp of intensity 30 candles i i 
unknown lamp are at opposite ends of a photometer bar 200 cm E n "i 
produce equal illuminance on the (e mede eae 3 
rd lamp. What is the intensity of the unknown la 
uem of the screen is (30 lumens/m?)/(1.2)? = 1/(0.8)? lumens/m*. 


YES (3s = X 30 candles = 13i candles 


b. A lamp whose intensity is 100 candles is placed 5 m from a screen that 
reflects 75 per cent of the light incident upon it. If the screen is a diffuse reflec- 
tor, what is its luminance? 

The illuminance E of the screen is 100/5? 

Its luminance B is 0.75 x 4 c; 
(1 lambert = 1/r candles/cm?, 
= 1/r candles/m?.) 


lumens/m? = 4 lumens/m?. 
andles/m? = 3 candles/m? = 3r meter wesc 
1 foot lambert = 1/z candles/ft?, 1 meter lamber 


44.8. Summary 


Since the terminology used in this chapter tends to be burdensome, we close 

with a résumé of definitions. 

Radiant flux is power emitted by a source and is measured in watts. 

Luminous flux is a measure of the visual sensation. It is defined by Eq. (44-1) 
and is measured in lumens. 

Luminous intensity is luminous flux per unit solid angle [Eq. (44.2)] and is meas- 
ured in candles (lumens/steradian). 

Illuminance is luminous flux p 
is measured in lumens/ft? 

Luminance is the luminous in 
It is measured in eandles/| 


er unit area incident on a surface [Eq. (44.3)] and 
(foot candles) or lumens/m? (luxes). 

tensity per unit area emitted by an extended source. 
ft? or candles/m?, 


PROBLEMS 


T istance from this lamp would the illuminance be equal 
to that of bright sunlight (9,600 foot candles)? 


lamp. 


f intensity 250 candles each, spaced at the 
corners of a rectangle 20 by 30 ft and hangi 


Sing at a height of 12 ft above the floor- 
Compute the direct illuminance on the floor at a point equidistant from each of the 
lamps. 
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6. Two lamps of 100 and 250 candles intensity, respectively, are 20 ft apart. A 
screen is placed between the lamps with its plane at right angles to the line joining 
them. Find the position of the screen where its two sides have the same illuminance. 
Also find a possible location for the screen, not between the two lamps, where the 
illuminance of one side of the screen equals that of either side before. 

7. Two lamps of 100 and 30 candles, respectively, are placed 2m apart. At what 
Position on the line between the two lamps would a screen receive equal illuminance 
from each lamp? 

8. A photometer bar 3 m long has a standard lamp of intensity 40 candles at 
one end, while at the other end is the circular flat window of an “end-on” gaseous- 
discharge tube. The window, of 2 cm diameter, with its surface normal to the bar, 
has a uniform luminance from the flux issuing from the tube such that the photometer 
is balanced with the screen 1.2 m from the window. Calculate this luminance in 
candles/em? and in lamberts. 

9. A 100-watt lamp delivers 1,200 lumens when operated at its rated power, At 
what height must this lamp be suspended above a desk to produce an illuminance 
on the desk (a) equal to that of dull daylight (100 foot candles); (b) 50 foot candles? 
,, 10. To give the desirable 600 luxes of illuminance on a workbench, how high above 
it must a 250-watt lamp be placed. if the over-all efficiency of the lamp is 20 lumens/ 
watt? 

Kik Prove that for an infinitely long line source of light the illuminance on a parallel 
Surface at a distance z is 2//x, where Z is the intensity per unit length. 

12. What illuminance will be produced on a desk by a long straight fluorescent 
lamp of 50 candles/ft hung horizontally 3 ft above the desk? (See Prob. 11.) 

18. An illuminance of 40 foot candles is desired on a drafting table. What should 
be the candles per foot rating of a long fluorescent lamp suspended horizontally 5 ft 
above this table to give this illuminance if one-quarter of the illuminance on the table 
18 reflected from the walls and ceiling? (See Prob. 11.) / 

14. A lamp of intensity 72 candles is placed 3 m from a diffusely reflecting surface 
that reflects 50 per cent of the light incident upon it. Calculate the illuminance on 

a Surface and its luminance. g ; 

15. A 300-candle lamp is suspended 12 ft above a sheet of white blotting paper, 
Which reflects 50 per cent of the light incident on it. Calculate the illuminance on 
ue blotter, as well as its luminance. . 

.16. If the full moon produces an illuminance of 0.02 lumen/ft?, at what distance 
Will a 1,000-candle lamp give the same illuminance? 


CHAPTER 45 


SPECTRA AND COLOR 


The study of the li 


ght emitted from a self-luminous body or that 
reflected from a surfac 


e is important from two points of view. ie E 
one hand, we can obtain information about the mechanisms by whi 


light is produced or absorbed; on the other, the analysis and oi d 
of the subjective sensations of the color of the light have many te 
nological applications. 


any source may be dispersed 
rograph (Sec. 43.11) or a diffraction groung 
m giving a wavelength, or frequency, analy: sd 
of the light. The detailed Study of various Spectra has eere ; 
greatly to our knowledge of the structure and dynamical behavior ^ 
atoms and molecules, These studies led to the development of the ed 
tum theory and quantum mechanics, and these radically new ane : 
governing the interaction of electromagnetic radiation and matter in 
in turn been instrumental in predicting and interpreting numero 

Startling discoveries in atomic physics. 

Spectra may be grow 


ped into five main classes: 
Continuous emission spectra, 
Line emission spectra. 
Continuous absorption Spectra, 
Line absorpti 


On spectra, 
Band or molecular Spectra (both emission and absorption). 
Note that the various 


classifications foi 


Same as for emission Spectra, 


r absorption spectra are the 


atoms. Another source of lon spectra in the far ultra- 
violet even to X-ray wavelengths is the light 
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charge of a large capacitance at a high voltage through a narrow capillary 
tube filled with gas at a low pressure. In such a discharge the current 
density may be 10,000 amp/cm?, and consequently the concentration of 
electrons and atomic ions is large. These recombine and emit energy 
as light with a continuous wavelength distribution. 

Line spectra are characteristic of electric discharges in gases at low 
current densities and of electric arcs und sparks between metallic elec- 
trodes. In the are or spark some of the electrode material is vaporized 
into the discharge region so that the light comes from atoms of the metallic 
elements involved. The spectral lines are images of the spectrograph 
slit, which is illuminated by the light under investigation. Each fre- 
quency or wavelength in the given sample of light is represented by its 
line image, and every element exhibits a unique set of spectral lines. For 
this reason the spectrograph has become a valuable tool in analytical 
chemistry. Quantities of an impurity as small as 1 part per million may 
be rapidly and surely detected by examination of the spectrum of the 
Material for the most prominent lines of that element. Figure 45.1 is a 
Photograph of these prominent lines for a number of the elements. i 
_ Absorption spectra are produced by inserting gaseous or liquid material 
Into the path of the light having a continuous emission spectrum. Spec- 
tral frequencies characteristic of the atoms and molecules of the absorbing 
Substance are observed as dark lines or bands in the bright emission 
Spectrum. An example of this process is the dark Fraunhofer lines in the 
Solar spectrum. ‘These lines in the spectrum of sunlight originate mostly 
from absorption by the atoms in the relatively cool outer layers of the 
Sun’s atmosphere, but there is also absorption by the oxygen, ozone, 
Water vapor, and carbon dioxide in the earth’s atmosphere. From 
Comparison of wavelengths of Fraunhofer lines with atomic spectra 
Produced in the laboratory at least 60 of the elements are known to exist 
In the sun, 

Evident series of lines whose frequencies may be related by relatively 
Simple formulas occur in the atomic spectra of hydrogen and the alkalies 
and alkaline earths that fall in the columns on the left-hand side of the 
Periodic table (Table 49.1). The spectra of the elements in the center 
and right-hand columns of the periodic table, on the other hand, contain 
mM genera] large numbers of lines apparently distributed at random. 

Ose lines in a complex spectrum which are closely related may often 

€ located by varying the excitation conditions in the source, changing 

the pressure of the gas, causing the light emission to occur in a strong 
Magnetic field, etc.; for such variations affect similarly the breadth, 
requency, and intensity of all the spectral lines in the same series. We 

shall return to the subject of regularities in the spectra of atoms and 
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molecules in Chap. 49. For the remainder of the present chapter we 
shall consider the quantitative description of color. 

45.2. The Sensation of Color. When we say that a prism disperses a 
beam of light into all its component colors, we are using the term “‘color” 
loosely. Color is actually a sensory experience, influenced by association, 
fatigue, and sharpness of vision and by color blindness. The physicist 
often contents himself by measuring the luminous flux at each small 
wavelength interval in a given spectrum and is well aware that the eye is 
sensitive to but one octave out of the many in the complete range of 
electromagnetic radiations. Because the use of colored objects has 
become of such importance in art, in industry, and in the daily lives of 
all of us, however, it has become necessary to develop a science of color, 
colorimetry. For many purposes it may be sufficient, or even desirable, 
to call a color “aquamarine,” “orchid,” or "apple green,” but as an aid 
to industry it is becoming increasingly necessary to describe and measure 
color in terms of the subjective sensations. 

The ear can analyze complex sounds into different frequencies. The 
eye, even though it can detect a small difference in color when the dis- 
Persed light comes directly from the prism, does not have the ability to 
recognize the component frequencies in à synthetic color. The sensation 
of yellow, for example, may be produced by superposing red- and green- 
Colored lights on a white screen. Despite this characteristic of our visual 
sense the science of colorimetry has developed to the point where it can 
adequately specify colors numerically. ' . 

_ The aspects of the color sensations that are to be described as quantita- 
tively as possible are brightness, hue, and saturation. The first of these 
qualities is determined by the amount of luminous flux in the light. 
Descriptive of the hue and saturation of a color are the so-called dominant 
Wavelength and purity, respectively. These two characteristics will now 


€ considered. : 
45.3. Color of Reflecting Surfaces. We observe most colored objects 
The color of this reflected 


by the ligh i face 
t refl from their surfaces. 
Se ae face but also on the color of 


light depends not only on the color of the sur! 
Daylight is naturally chosen as the 


The color of daylight 


from the National Bureau of Standards. “Daylight” tungsten lamps 
With blue-colored glass envelopes give a qualitatively correct spectral 
distribution. 


The reflectance of a surface at & wavelength is the fraction of the 
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incident light at that wavelength which is reflected. This t 
independent of the intensity of the light. A body that appears ieee : 
daylight has about the same reflectance for all wavelengths. 
similar to white, but with a smaller value for the reflectance. -— 
The variation of the reflectance of a surface against the wavelengt! at 
the light is obtained with a Spectrophotometer. In the best e fs 
automatic recording spectrophotometer a single Photoelectric tu I ks 
used as the detector. The light from the Source, after being T E 


Reflectance (2%) 


Fic. 45.2, Spectro: 


16 Photometric curves showing the re 
visible region 


e 
flectances throughout th 
for severa] Surfaces, 


e differ Wo reflected beams so that any fluctuations in the 
original light cancel out, 


are examples of reflectance curves automatically 
recorded by this instrument, Notice th, 
light at every wavelength, 
plex color mixture, 
throughout the longer wavelen, 
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red beyond 6,700A than in the blue at 4,800A, although the visual 
sensation is a shade of blue. It is characteristic of the purples to show 
high violet, blue, and red reflectance with low green and yellow. The low, 
uniform reflectance of the gray cloth for all wavelengths is typical of 
neutral grays. 

Such photometric curves, particularly after multiplication by the 
luminosity curve (Fig. 44.1) to take account of the variation of the 
Sensitivity of the eye with wavelength, could serve as a complete specifi- 
cation of the color stimulus. The effective dominant wavelength, the 
purity, and the intensity of these colors are all inherently involved in the 
data plotted in these curves. Two objects of identical color may have 
quite different spectrophotometrie curves, however, and such curves 
are not used by color experts directly for color specifications. Rather, 
they contribute the data to which the tristimulus system of color specifi- 
cation is applied. The tristimulus coefficients, explained in the next 
Section, form a convenient and accurate specification of color and one 
that is the same for identical colors even if their spectrophotometric 
curves are different. 

Tricolor Stimulus. By additive mixture of three 
ce the widest range of colors—in proper 


matched. An example of color mixture 
f colored light rendered visible because 


45.4. Addition of Colors. 
Primary colors—red, green, and blue produ 
Proportions, many color sensations can be r 
by addition is the superposition of beams o 

Where red and green beams over- 


of Scattering from smoke particles in the air. rec 
lap, a yellow color results, while at the convergence of visible beams of blue, green, 
and red light their sum is white. Actually it is true that not every color may be 


Matched by a mixture of the three component colors; but, in the event that a color 
cannot be so matched, either one (or two) of the component colors may be mixed 
With the unknown color and then a color match may be made with the other two 

Or one) component colors. Thus in the latter case it is at least possible to specify 

he unknown color by giving the amount of a component (or components) that, 
when added to it, produces a match with given amounts of the remaining com- 
Ponents. That is, any color may be expressed in terms of any three components, 
the match being expressed by three numbers. 

Thus, 1 watt of radiant flux of any color C, is matched by 


R+G4+8B 


where 72 is some definite flux of a primary red and G and B are fluxes of green and 
blue primary colors, If amounts of one or two of the components must be 
E. lded to € to produce a color match, these amounts must, be considered nega- 
tive. Tt is possible to avoid negative values by using other primaries that lie 
outside the realm of real colors. These primary colors are unreal in the sense 
that they cannot be specified by spectrophotometer curves. They can, however, 
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be uniquely defined by stating the relative amounts of each one of the primaries 
which must be added together to match any pure spectral color. oi 
The International Commission on Illumination (ICI) has prepared tal on 
that give on an arbitrary scale the relative amounts X, Y, and Z of Tx n 
primary colors necessary to match any given color of definite wavelengt! 4 ii 
plots of these values constitute the standard color-mixture curves sketche: 


Y at 
Fig. 45.3. These primaries are chosen so as to make Y the luminosity curve th 
was given in Fig. 44.1, Since the ordi- 


nates are in arbitrary units, they hzve 
been adjusted so that the areas under 


each of the three curves (the X curve 5 rn 
has a double maximum) are equal. To - 
every wavelength there correspond 3 2 
ordinates X, Y, and Z, which are, o 
respectively, the heights of the three 208 
curves at this wavelength. These 2 
three ordinates X, Y, and Z are called = 04 
tristimulus coefficients. 
A spectral color is thus specified b 000 A 
the values of the tristimulus Gain 4000 5000 6000 7 


and could be repres 
with these three coe be 
nates. The ICT components are not wholly arbitrary; all visible colors can 
analyzed with them. 

Since a three-dim 
with these tristimul 
coe fici 


ented by a point Fi. 45.8. Standard ICI color mixture 
fficients as coordi-  ürves. 


" ; rs 
ensional diagram would be required to represent all colo 
us coefficients, 


< dc 
We transform these into so-called trichromat 
T, V, 2 by the equations 


e x Y Z 1) 
z= = = 45. 
aS aa | XtTYYz tXGEYqu 5 


X = 0.450 Y = 0.990 Z — 0.010 
Therefore X PE Z= 1.450, and 
0.450 
* = pas) = 0.310, y= Ta = 0.683 


Hence z = 1 — (@@+y)=1~ 0.993 = 0.007, 
A similar calculation may 


be made for a lar, ed 
i i Be numb spac 
at sufficiently close intervals, Each such pair Clie gaa ke a e ion 
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the eurve shown in Fig. 45.4. This is the curve of trichromatic coefficients, or, 
better, the chromaticity diagram. 

The three tristimulus coefficients of any spectral color are defined as the 
amounts of the three ICI components that together match the color. A given 
color corresponds to a multiplicity of wavelengths each with its own strength as 
given by a spectrophotometer curve. Let f(A) be the distribution. Then the 


y 5200 


o o1202 03 04 05 06 07 08 E 
Fia. 45.4. Chromaticity diagram. W is the "white point. 


amount of the first component required for the wavelength range dA is XfQ)dÀ 
and therefore the total amount X of this primary for a match is 


E 2 
X= f XINA i en 
Similarly — poo and Z = Jar (45.3) 


The three curves of Fig. 45.3 cannot be expressed analytically, and hence these 
integrations must be done graphically or numerically. 

If the data for the sample of colored light come from a spectrophotometer 
Teflectance curve that gives the reflectance 7 at each wavelength and if the 
radiant flux incident on the reflecting material in this small wavelength range is 
EAA, then FAM = r,F()dA. The distribution F(X)dÀ in the illuminant is 
Usually that for daylight, which is well known. The tristimulus coefficients 
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having been determined, the trichromatie coefficients become 


x o F "mu ie 
XEY TFF X+Y+Z 
When this procedure is carried out for a daylight white source, the bein rid 
coefficients 0.3101, 0.31€3, and 0.3736 result. The fact that these coefficien i 
are each nearly equal to }4 indicates that the ICI primaries mixed in about a. 
Proportions produce daylight white. The first two of these numbers are th 
coordinates of the “white point? W plotted in Fig. 45.4, f 

All points inside the curve ef the chromaticity diagram represent real colore 
i the colors approach spectra 


T 


(45.4) 


he z and y coefficients of the standard ICI prim 
¥=0;2=0,y =1, 


45.5. Purity and Dominan 


mye at 5,400A and 6,1004. The ratio of the distance of & 


measured along one of these Straight lines, is called the purity ø of the color. For 
G this ratio WG/Wg is 10/43.5 — 23%, while, for R, ø is 


undary of one of these straight lines drawn 
ugh the color point is cal 


i ; ion is the 
minant wavelength Ao. li so) designation is t 
more meaningful of the tw was The (gu) 5 


9. For the parti lar i 1 by the points 
G and'R in Fig. 45.4 the Speci Pe ae oclors BEE FEGSR CL Dy 


Gz = 031; y = 0.43 Oro = 2395, = 5,400A 
*2 = 0.56; y = 0.34 or T = 67%; X, = 6,100A 
oun ety, SUV, its. = 100% and it is completely 


= 0), or unsaturated. 


a straight line through the 
d 5,800 spectral yellow, as 
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are complementary, 5,400A is the dominant wavelength for P, and its purity is 
the ratio of WP to the distance from W through P to the line LM. 

It is now possible to describe all real colors with this number system, including 
a number giving the brightness of the color. The latter is possible because the 
Y curve in Fig. 45.3 conforms to the color-sensitivity curve of the eye. The 
trichromatic coefficient Y is therefore directly proportional to the luminous flux 
in the sample of light. Actually, the values of F(A) for daylight illuminant are 
usually given in arbitrary units such that, if the reflectance rj of a surface is 1 at 
all wavelengths, 


The integral Y = Í, “¥X1XFA)A=1 


Then if the reflectance of a surface is less than unity, Y is decreased in the same 
Tatio. That is, Y just gives the average reflectance of the surface for the illumi- 
nant having these F(A) values. Thus a“ baby-pink "-colored surface may now be 
listed as having A, = 6,100, ¢ = 10%, Y = 50%, while a “navy-blue” fabric has 
Xo = 4,750, ¢ = 20%, and Y = 3%. s 
_ To obtain any color by the proper mixing of three primaries it is obvious from 
Mspection of the chromaticity diagram that the greatest range of colors would be 
Covered by using highly saturated red, green, and blue components. Lines con- 
necting these R, G, and B points would inclose a triangular area, and for any color 
Point C within this area some mixture of R and G could be found such that B, 
and this RG mixture point all lie on a straight line in the chromaticity diagram. 
at means that a mixture of B and that particular RG mixture in the correct, 
Proportions would yield C. But the RGB triangle could not possibly cover the 
Whole area enclosed by the curve of Fig. 45.4. The full range of printing-ink 
Colors covers an area about the white point of only about one-quarter of the total 
Area inside the boundary curve of the chromaticity diagram. 


45.6. Colors by Subtraction. Colors may also be mixed to yield new 
Colors by a subtractive process. Thus blue is white minus green and red. 
© subtracted color or mixture of colors is the complementary of the 
resulting color, Yellow, which is the mixture of red and green, is the 
Complementary of blue. Thus with a set of three complementary 
ters—a yellow (minus blue), a red-blue (minus green), and a blue-green 
minus red), each of which can subtract a primary from white light—a 
800d range of colors can be produced by subtractive mixture. Thus, 
When yellow and blue-green are both subtracted from white, green (minus 
Ue and red) results. 
he colors obtained with paints and inks result from a subtractive 
Process. White paint is a colorless, transparent liquid, such as linseed 
oil, Containing suspended particles of equally transparent material, such 
as lead oxide, These particles have an index of refraction considerably 
Merent from that of the liquid base, however, and reflection of light 
Occurs from their surfaces. When ordinary white light is incident ona 
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x mainder 
layer of this paint, some is reflected from the surface and the re 


i icles act 
i i are added to the white paint, such partic : 
But if Ayed gee reflected in the paint must pass through re a 
qp ges ticular colors from the incic - 
ue-green and yellow-dyed eon 
€ red and blue portions of the "s 
nly green to be reflected. Of course, Mies 
e first surfaces, but green will predom: 


are mixed into the colorless paint, th 


in the total reflected light. 


ots. 
h color on the page in tiny, closely spaced d 
The solid colors seen by the ey iti 


+ The eye, being unable to 
dots, mixes the colored light th, 


PROBLEMS iis 
of Fig. 45.4 the Approximate pure color complementary Ey line 
À), the Sodium line (5,8934), and the hydrogen 


*1. Locate with the aid 
hydrogen line (6,503 i 
lA 
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Copy the chromaticity diagram, locate these colors, and indicate the location of all 
colors that can be matched by mixtures of R and G, B and G, and R and B, Also 
give the location of colors that if mixed with R can be matched by a mixture of B and 

*g. Compute from your chromaticity diagram for Prob. 2 the dominant wavelength 
and purity of the three colors. 

4. Why is a block of ice transparent, while snow is opaque and white? Why does 
& dark-blue suit seem black when viewed in candlelight? 

x5, Explain, with reference to the chromaticity diagram, how mixing blue and yellow 
light in proper proportions can produce white. Why does the mixing of blue and 
yellow pigments produce green? k í 
* A certain yellow color has chromatic coefficients z = 0.5, y = 0.45. Find from 
the chromaticity diagram its purity and dominant wavelength. 
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CHAPTER 46 
INTERFERENCE 


46.1. Wave Phenomena. Interference, diffraction, and pa 
are phenomena that can be explained only if light is a wave 2. 1 A 
Just as two trains of ripples on the surface of a liquid may pass t pi e 
each other and proceed onward without any apparent effect on each ot cd 
so two beams of light may cross each other without modification ee 
the crossing is made. In the region of crossing, however, as for all typ ^ 
P- 37), the resultant. displacement at every pem 
and at every instant is the algebraic sum of the displacements of t 1 
ate wave trains. The modifications produced 
When two or more beams of light are superposed are termed Mm 
If the resultant amplitude and intensity are less than that to be uae 
» the interference is destructive, while de 

resultant, intensity is greater it is constructive interference. Since * 
; the displacement in this case means the 
electrie or the magnetic field. " 
€ trains are in phase, the resultant electr s 
ter waves this means that crest falls on cres 
on the other hand, the crest from one edo 
m the other, the two are out of phase and the 


minimum. Because of the very short wave- 
interference betwee: 
Observed. Tt was first d 


London physician. 


matic light such as the yelloy 
sodium-vapor lamp. By Huyge Principle the Slits become new sources 
from which cylindrical Wave fronts, shown in Fig. 46.1, proceed toward 
the right. If the solid circul Present crests and the dashed 
circular lines troughs, at any one instant the Solid lines intersecting the 
screen AB at Po and P; are the loci of Points of constructive interference 
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fum on Pane trough on trough), while the dashed lines striking the 

Paral n 1 connect points of destructive interference (crest on trough). 

5 e interference bands or fringes alternately light and dark, such as 
hose shown in Fig. 46.2, are observed on the screen. à 


P, (light). 


P, (dark) 


| Po (light) 


P, (dark) 


P, (light) 


Fra. 46.1. Young's double-slit experiment. 


Pe rei way to perform this experiment is to use a lamp with a 
iti straight vertical filament as the source S. This is observed at a 
aan ce of a few feet through a pair of fine slits scratched in the emulsion 
Le i SE photographie plate. The double slits, which are held 

ront of the eye, should be 1 mm or less apart; the smaller their 


[3 P, 1 A P, P, 
" Fia. 46.2. Photograph of double-slit interference fringes. 
e " 

EI the wider the spacing of the fringes. If first a red filter and 
the a Y filter are placed in front of the lamp, it will be noticed that 
now de ght produces wider fringes than the green. This, as we shall 

monstrate, arises from the longer wavelength of the red light 
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The intensity of the light at any point P on the screen (Fig. 46.3) 


depends upon the phase difference between the two waves arriving at H 
from the two slits. We assume that the source S is equidistant from : 
and S, so that the light vibrations at the two slits are in the same phase " 
any instant. If A is the wavelength, the number of wavelengths in t 


D Pi 2 
distance SP is S;P/. Since the phase in a wave train increases by 27 
radians in each wave length, at an 


instant when the phase of the wave 
train is zero at Si, its phase at P is 
2x (S.P/X). Similarly the phase at 
P of the wave train from S; at the 
Same instant is 2x(S;P/X). The 
phase difference 5 between the two 
Wave trains is 


ô = a (SP — SP) Fic. 16.8. The optical paths in Young's 
experiment. 
If P is a point of maximum intensity, à must be some integral multiple 
of 2r, 
or 


b—iw-Ü (Sp sp 
Hence S&P — SP = m (for maxima) (46.1) 
where n = 0 1, 2, 


y E os OLE the intensity at P is a minimum, 5 must be 
Some odd multiple of T, Or 


P= @n+ Ir = t b sp 
SP -5P = (n + 34)\ (for minima) (46.2) 


, 1C is an are st; k fi ith PS, as the 
radius. Thus 8.0 = 5p muck from P as a center wi 1 


ir is Ps and gins the distance D is very large 
as compared with the distance a between slits, S1C may be considered 4 
straight line perpendicular to SP, C818; is a right triangle, and 


SiC = a sin 9 


Therefore 


Also, the distance PoP or = trom the central bright fringe equals 
D tan 0 = D sin 9, Since 9 is Small. If P lies at the center of a bright 
fringe, then 


Il 


SiC = asin 9 = m 
as nÀ 
A 


»D (46.3) 
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1 for the first bright fringe on either side of the central maxi- 
mum Po, n = 2 for the next bright fringe on either side, andso on. Thus 
the wavelength of the light may be determined from measurement of 
the distances x, a, and D. 

Determinations of \ by this method yield about 0.000065 em, or 6,500A, 
for red light and 0.000043 cm, or 4,3004, for violet light. If white light 
is used, only the central fringe at Po is white, for all wavelengths give a 
Maximum with n = 0 at that point. Since x varies with ^ for all the 
Other fringes, they are colored and only a few fringes are observable 

cause of overlapping. As an example of this effect, let us compute 
the distance x along the screen from Po to the fourth maximum of 
^ = 4,300A and the third for 6,5004, with a = 0.5 mm and D = 


Where n = 


1 m. 
Then, 
a 4 X 4.3 X 107* mm X 10? mm Aaa am 
0.5 mm 
for the fourth violet fringe, while 
"T 3 X 6.5 X 107* mm X 10? mm 3.00 mm 


0.5 mm 


Tor the third red fringe. - 
t is thus apparent that already the colored fringes are beginning to 


Overlap. In order to observe a considerable number of fairly sharp fringes 
as depicted in Fig. 46.2 it is essential that the light be monochromatic. 

46.3. Other Examples of Interference. Soon after Young performed his 

experiment, it was thought by some that the bright fringes resulted from a 

modification of the light by the edges of 

ag \s the slits. A. J. Fresnel (1788-1827), 

EON s \ about 1815, convincingly demonstrated 

SPDIIX.M the interference between two light beams 

Eu" by some novel experiments. In the 

Pss P, Fresnel double-mirror experiment (Fig. 

46.4), light from the narrow slit S falls on 

P (wo mirrors M and M', whose planes 

make a small angle with each other. In 

Fra, ; the region P;Ps of the screen where the 

i 46.4. Fresnel double mirror. two lede beams overlap, interference 

fringes are obse: 


rved, for the light appears to come from the two virtual sources 

+ and Sy. The explanation of the fringes is very similar to that of the double- 
slit experiment 

aa also produced interference fringes with a biprism (Fig. 46.5), which is 

h a ent to two prisms of very small angle (about 1°) mounted base to base. 

e light from the slit S is deviated slightly, so that in the region of overlap P,P, 
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in , S, 
on the screen the light appears to come from two virtual Sources Si’ end Sr, 
with the result that interference fringes are observed in this region. 

From measurements on the interfere; i xdi 
methods the wavelength of the light may be determined. The singe ipis of 
brighter than with the double-slit experiment because of the much wider 


Source sends out pulses of light of very 

Short duration (about 10-8 sec); hence E o ’s biprism. 
$ , "IG. 46.5. Fresnel’s bip; 

the phase of the light Jumps erratically Da Bf 

from pulse to pulse. I 

exist on the screen for 


f the light comes from two sources, interference gom 
such extremely short intervals but will be shifting ere 

as a result no fringes at al! will be observed. ee 
2 comes from the Same source S, then phase shifts e 
Simultaneously in both, the qu 
in phase between any pair of points A 
the two sources remains constant, an 
the interference fringes are perge 
These two sources are then said to 
coherent sources, 

46.4. The Michelson Interferome- 
ter. This instrument, in which on 
ference fringes are produced for a 
Purpose of making extremely arate 
measurements of lengths and h d 
shown in Fig. 46,6. The Plane-paral ii 
Plate of glass A is “half-silvered n: 
its rear Side; ie., it is given a silver kl 
aluminum coating of such thickness ue 
about half the light incident on ko 
Surface is reflected, the other half py 
transmitted. Light from point S 0 
a source such as a sodium Pare pari 

i ro o 
mirror M; and in part transmitted to tl shee ip eras con the 
light is reflected back and into the eye as sho, Since the light in 5 aveling 
: ; : the plate 4 three times, the similar 
but unsilvered plate B is usually Introduced into the other path to render the 
two paths n glass the Same. Without this compensating Plate B, fringes would 


Position continually and 
the light from 5, and s. 


Fic. 46.6. The 


Michelson interferom- 
eter, 
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still be produced by interference between the light beams that have traveled the 
two paths provided that the light is monochromatic. With white light, however, 
no fringes will be seen if the difference between the two paths exceeds a few wave- 
lengths. If My, and M: are exactly perpendicular to each other and at 45° with 
plate A, and if the distances from the back surface of A to the two mirrors are 
exactly equal, the eye sees M; directly and a reflected image of Ms superposed. 
There is then no interference between the two beams. 

If now M; is moved normally to its surface a distance 1/4, the ray that travels 
this path has gone 4/2 farther than the ray in the other path when they combine 
to enter the eye. This path difference means a phase difference of z radians, and 
hence destructive interference in the center of the field of view. Further move- 
ment of M, by an amount \/4 restores the light. Therefore, by slowly displacing 
My and counting the number N of times the light reaches a maximum, the distance 
d through which M, has been moved is given by 

NA 


2 


This distance may be measured to a fraction of a wavelength of the light. 
Pe The interference here is between the rays reflected from the two sides of the 

air film" between M; and the image of M» in A. When the rays at the center 
9f the field of view show zero phase difference, other rays will in general not be in 
Phase and there will be circular fringes about the central part. These fringes 
change in diameter as M; is moved. If M: and M? are not quite perpendicular 
to each other, the air film is wedge-shaped and the fringes are still circular but 
Very eccentric, As M, is moved, one counts the number of curved fringes that 
Pass any point in the field of view. 
. With this interferometer Michelson measured the length of the standard meter 
în Paris in terms of the wavelength of the red spectrum line emitted by a cad- 
mium-vapor lamp. The final mean result of his and later measurements is 

1m = 1,553,164.1. or = = 6,438.4696A 

The accuracy of this result is about 1 part in 2 million. Since such spectral waye- 
engths are probably the most permanent and unchangeable standards of length 
that it is possible to obtain, the standard meter could now be accurately repro- 
duced if ever destroyed. With an interferometer of this type, numerous other 
very precise measurements may be carried out. 

46.5. Interference in Thin Films. Beautiful color effects are caused 

Y interference resulting from multiple reflections of white light between 
the two surfaces of a thin transparent film. Common examples are the 
Colors of thin films of oil on water, and of soap bubbles. We shall 
examine this type of interference phenomenon in some detail for the case 
af reflection of monochromatic light from a film with plane-parallel sides. 

igure 46.7 illustrates the multiple reflections that may occur when a ray 
of light is incident on such a film. At A this ray is partly reflected and 
Partly refracted. At B the refracted ray is in part reflected back to the 
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shaped film. Then the path difference for any pair of rays is practically 
the same as that given by Eq. (46.4); and if one observes close to the 
normal to the film, cos r is approximately 1, so that for bright fringes 


2nd = (N + 14) (46.6/) 


From one fringe to the next, N increases by 1, and hence the optical 
thickness nd of the film changes by 1/2. 

These thin-film fringes are easily obtained b 
ordinary plate glass placed together with a Strip of paper between them 
at one edge. The film is thus of air with n = 1. If a sodium flame is 
then viewed as in Fig. 46.9, orange-yellow fringes are clearly seen. It is 


essential that the film be thin and that the source be broad if an extended 
system of fringes is to be seen. 


y taking two pieces of 


contour lines, showing the hills and valleys of the uneven surface. Since 
for this film n = 


1, the interval between contours is d = \/2, When, 
after continued p 


st shows the fringes to 
be straight, the new surface is also known to be optically flat. 

46.6. Newton’s Rings, “Opticks” an oxperi- 
0-convex lens of long 
; in the light reflected from 
int of contact. He per- 
erence of light, but he 

1 
chromatic light is used, rak eles 
ith monochromatic light. 
air film. If white light is 
are observed, all highly 
ack in the reflected light. 


ite light. The colors in the 

1In his discussion of this experiment, Newton came close to 
when he wrote about the “Fits of easy Reflection,” the « Fits of 
and the “Interval of its Fits,” referring to the multiple r. 
ray st the two surfaces, 


the wave hypothesis 
ea 

easy Transmission, 

efiections and refractions of a 
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Fic. 46.10. Newton's rings in reflected light. 


two sets of rings are complementary, for at a given point the color in the 
transmitted light is white minus the color most strongly reinforced in 
the reflected light at that same point. 

To derive the relation between the 
radius r of a ring, ^, and the radius of 
curvature A of the convex surface, 
consider the arrangement of Fig. 
46.11. The thickness d of the air film 
at a distance r from the point of con- 
tact c is the sagitta (Sec. 40.7) of the 
arc AB. Then 


r2 
a= rm 
> but this may be written 
F: Vg, 2 
1G. 46.11, i = um 
ton’s ak. The formation of New: a= oR (46.7) 


Since d is but a small fraction of a millimeter, while R is of the order of 
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lm. A bright fringe will be observed at P if, according to Eq. (46.6), 
2nd = (N + 14)r 


for again cos rœ 1 since we observe close to the normal to the film. 
Substituting this value of d in Eq. (46.7), we find 


(NX re 


" 2. RW +14) 


r2 
n 


(bright rings) (46.8) 


For the dark fringes, from Eq. (46.5), 


T e (dark rings) (46.9) 


surfaces at the point of contact, it is better to measure two radii, say Tv 
of the dark ring N and 


Tx+2 Of the dark ring N + s. Then, from Eq. 
(46.9) with n = 1, 


"kem ee RN dd, RN Ri 


ar Tree” — ry? 
= 


(46.10) 


! : pot in the transmitted system is bright. 
46.7. Nonreflecting Films, important modern application of this 
Coating of optical surfaces with non- 


Tadians out of ith each 
other and therefore destructive interference pps W 


r € between them results. Since 
the nonreflecting film can have the Correct thickness for one wavelength 
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Pim wavelength in the yellow-green where the eye has its maximum 
e ivity is chosen. Some reflection then oceurs for both longer and 

orter wavelengths, and hence the slight residual reflected light h 
purple hue when white light is incident. There is of course no Jea. z 
of light by this nonreflecting film; the decrease in the reflected li Wie 
accompanied by a corresponding in- ys de 
crease in the transmitted light. 

This treatment of lens and prism 
Surfaces reduces the loss of light by 
reflection at each surface from 4 or 5 
per cent to a fraction of 1 per cent. 
When there are many air-glass sur- g^ 
faces in succession, as in range finders, e 
periscopes, and fast camera lenses, A rá 
it is now common practice to place F:G.46.12. Nonreflectingfilm. Rays 
such films on all surfaces to decrease 1 and 2 cancel each other by destruc- 

tive interference. 


light loss. Also, glare due to reflec- 
tions from the lens surfaces is so reduced by this coating process that 


photographs may then be taken with the camera pointed almost directly 


into the sun. 


PROBLEMS 


double slit of separation 1mm. What 


_ 1. Red light of wavelength 6,200A falls on 8 
will be the distance between the central bright band and the fourth bright fringe on 


one side of the interference pattern formed on a screen 2m away? 
2. If sodium light of wavelength 5,893A falls on a double slit of separation 0.3 mm, 
what will be the distance between successive interference fringes on a screen 1.5m 


away? 
06 3. Interference fringes formed on 8 8C 
edu are measured to be 1.5 mm apa! 

Buh is its color? 

4. In moving the mirror M, ofa Michelson interferometer à distance of 0.5 mm, 
2,140 fringes are counted. Calculate the wavelength of the light, and state its color. 
b. As the mirror M; of a Michelson interferometer is moved slowly in one direction 
hen mercury light of 


300 fringes are observed to pass & point in the field of view w 
wavelength 5,461A is used. Through what distance has the mirror been moved? 


6. A wedge-shaped air film is formed by slipping & strip of paper at one edge 
between two slabs of plate glass. Interference fringes are produced with sodium light 
5,893A and are viewed normally to the surface. If there are 12 fringes per centi- 


meter, calculate the angle of the wedge. wi 
7. What is the least thickness of & 508P film (n = 1.37) which will appear black 
When viewed with sodium light (^ = 5,893A) reflected normally? 

8. Calculate the phase retardation produced when light of wavelength 5,600A 


Passes through a film of thickness 1 mm and of index of refraction 1.5. 
9. A glass plate 4 X 10-* mm thick is illuminated by a beam of white light normal 


to the plate. The index of refraction of the glass is 1.50. What wavelengths within 


m a double slit of separation 


reen 150 cm fro 
he wavelength of the light. 


rt. Calculate t 
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the limits of the visible spectrum (A = 40 X 10-5 em to A = 70 x 10-8 cm) will be 
intensified in the reflected beam? 


10. The radius of curvat; 
The lens is laid with its co; 


bright ring in the interference pattern 
11. If in a set of Newton's rin 
12 i 


gs the tenth bright ring for sodium light \5,893A is 
adius of curvature of the surface of the plano-convex 


; and that of the (N + 10)th dark ring was 7mm. Calculate 
the wavelength of the light used a: 


13. The air film in a crack in 
bright or dark by reflected light 


CHAPTER 47 
DIFFRACTION 


47.1, Diffraction Patterns. When light passes through a small opening 
or by the edge of an obstacle and then falls on a screen, it is found that 
some of the light has been deviated into the region of the geometrical 
Shadow. We have already noted that this phenomenon of diffraction is 
to be expected according to Huygens’ principle. In the present chapter 
We shall study in some detail the diffraction patterns, or distributions of 
light intensity on the screen. When the wave fronts are limited by a 
narrow slit or a straight edge, diffraction bands are observed on the 
Screen, or, if the wave front is cut off by a round hole or obstacle, 
circular, alternately dark and bright rings occur in the patterns. These 
diffraction effects result from interference of all the secondary wave 
trains arising at every point in the wave fronts where these pass through 
the aperture. Their study contributes not only to our knowledge of 
the nature of light but also to an understanding of the functioning ot 
Optical instruments. The images formed by a telescope or microscope, 
for example, are diffraction patterns, for the objective lens is a limiting 
aperture. 

It is convenient to divide diffraction phenomena into two groups, (1) 
those in which both the source of light and the screen are effectively at an 
infinite distance from the diffracting aperture and (2) those in which the 
source or the screen or both are at finite distances from the aperture. 
The first group is called Fraunhofer diffraction, while the second is known 
as Fresnel diffraction. Fraunhofer diffraction is easily arranged experi- 
mentally by using one lens to render the light incident on the aperture 
plane-parallel and another lens to focus the light from the aperture onto 

he screen, This type is also simpler to treat theoretically. To observe 
Fresnel diffraction, only a small source, the diffracting obstacle, and a 
Screen are needed, but the fact that the light is divergent makes the 
theoretical treatment more difficult. We shall limit our discussion to a 
few of the simpler cases of diffraction. " 

47.9. 4 er . In Fig. 47.1, AB represents an instan- 
taneous beige mer peoa © of manochromatic light traveling toward the 
Tight. We wish to find the resultant effect at P of all the secondary vassiota 
Originating at every point in the present position of the wave. As a useful 
approximation we divide the wave front into & number of zones of finite area in 
the following manner: circles of radii rs 72 T» «> * » 


r, are described about O, so 
that each circle is half a wavelength farther from P. If the distance OP = R, 
693 
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the circles are at distances R +4/2, R + 24/2, R 4-372, Ses B+ nM2 
from P. The areas between successive circles are called Aalf-period zones. M 
each zone is on the average 1/2 farther from P than the one just inside it, the 


Secondary wavelets emanating from successive zones arrive at P with an average 
phase difference of x. 


B (a) (5) 
Fio. 47.1, Half-period zones constructed on plane wave front AB. 

Since the areas of all the zones are approximately equal, addition with alternat- 
ing signs of the amplitudes a), as, an . . . , às at the point P of the disturbances 
from the successive zones indicates that the amplitude at P due to the whole 
Wave of infinite extent is only half of that which would be produced by the first zone 
acting alone, Although every point on the 
large wave front sends out secondary waves 
in all directions, almost all these waves 
annul each other by interference. Since 
the energy transported by a wave disturb- 
ance per square centimeter per second, or 
the intensity, is proportional to the square 
of the amplitude, just as in acoustics (Sec. 
38.4), the intensity of the light at P is then 
only one-fourth that which would be pro- 
duced by the central zone acting alone. 
diffraction by a 47.3. Fresnel Diffraction by a Circular 

Aum Suppose that a diaphragm ae 

a small cir, i ig. B 
blocks off the wave, We are interested in ti wpe of pie UA deca the 
— If = ap has a radi j ual to that of the cat half-period 
zone, the amplitude at P will be : : s 
structed wave. If now the radius o; ia Litude from the entire unob 
first two zones, the amplitude at 
increasing the size of the openi; 


Fig. 47.2. Fresnel 
circular aperture, 


~ ĉa OF practically zero. Thus 
Intensity of the light at P. 
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Further increase in r causes the intensity at P to pass through maxima and minima 
when the number of zones included is, respectively, odd or even. 

As P is moved continuously along the axis toward or away from the opening, 
the intensity at P alternates through maxima and minima. This alteration in 
the distance to the screen changes the size of the zones; for if originally PC — PO 
in Fig. 47.2 is \/2, moving P toward the aperture first increases this path differ- 
ence to 2\/2 (two zones included), then to 3A/2 (three zones), ete. Maxima and 
minima thus occur along the axis of the aperture. This emphasizes the point 
that the number and sizes of the zones in a given limiting aperture are not fixed 
but depend upon the distance to the observing point. 

The theory of the intensity variations for observing points off the axis is too 
complex to be included here. A detailed treatment shows that the point P is 
Surrounded by a system of circular diffraction fringes. These may be observed 
on a screen or photographed at some distance behind circular holes of different 
Sizes illuminated by monochromatie light from a distant point source. The 


Fic. 47.3, Fresnel diffraction by circular openings exposing one to seven zones, 


Appearance of these patterns as the holes expose one, two, . . . , seven zones is 
Sketched in Fig. 47.3. Note the alternation of the center of the pattern from 
bright to dark. Some light also reaches the screen in the region of the geometrical 
shadow, but this quickly drops to practically zero intensity with increasing 
distance from the axis. 

41.4. Diffraction by a Circular Obstacle. If the circular aperture is replaced 
by a circular disk so that a few half-period zones as viewed from P are covered, 
the method of Fresnel leads to the conclusion that there should be a bright spot 
Mm the center of the shadow. For suppose that the disk obstructs the first three 
zones. Then detailed analysis shows that the resultant amplitude at P will be 

7G —as+as—a;+°+** = a4/2, nearly. The intensity at P is then 
Proportional to 42/4. Since a, differs very little from a1, the intensity at the 
Center of the shadow will be nearly as intense as if the disk were removed. This 
holds only for a point on the axis, however, while off the axis the intensity is 
Small, with faint concentric rings showing if the obstacle is small. The complete 
analysis of this diffraction pattern shows that there should also be bright circular 
ringes surrounding the shadow of the disk. ie: 

This diffraction pattern may be observed by examunin 
Small ball bearing mounted in the parallel beam from an 
use a magnifier in order to see clearly all the details of the pattern. 
38 photograph of this interesting diffraction effect. 


g the shadow cast by a 
are light. It is well to 
Figure 47.4 
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47.5. Diffraction by a Single Slit. The Fresnel diffraction produced by 
an aperture in the form of a slit may be studied by using the device of 
dividing the wave surface in the plane of the opening into strip zones. 
The diffraction pattern on the screen consists of alternate bright and 
dark bands, and the center of the pattern may be either bright or dark. 
As the slit becomes narrower, or the screen more distant, a situation will 
be reached where the opening is less than two zones in width. Then it is 


point on the screen may be considered para) 
one of Fraunhofer diffraction. The introd: 
diffracted light to a focus in a sh. 
modification. 
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Figure 47.5 represents in section a slit of width a, illuminated by parallel 
light from the left. Let the strip element of the wave front in the plane 
of the slit be ds at a distance s from the origin O at the center of the slit. 
The amplitudes of all the wave trains reaching P will be proportional to 
the widths ds of the elements from which they originate. All other 
factors affecting the amplitudes will be essentially the same for all 
elements, and so we shall represent all these factors by the single symbol 
A. Consider first the secondary wave train emitted by an element ds 


Fic. 


Situated at the origin. We may repr 
ment at P produced by such waves at some time t by 


A ds sin 2nft 


or simply A ds sin g, since for this integratio 
© considered a constant. 


esent the instantaneous displace- 


n over all slit elements, t may 


s sin i 
A ds sin (+ ES T 
To Obtain the resultant displacement at P from all elements, sperm 
is expression over the width of the slit. If we set B-G , 
this integral is 
+a/2 


ie " B Aa _28s)| 
-ap 4 sinl e — 22 s)ds = | gg cos\e T? a/l- 


28 
E (4« g) amy (gu 
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A strong central maximum comes at Po, where all the secondary wave 
trains arrive in phase. For this point 0 and 8 are zero, and sin 8/8 = 1 
for B = 0, because sin 8 = £ in the limit as 8— 0. The coefficient of 
Sin e is a measure of the relative amplitude at every point on the screen. 


The relative intensities I (ratio of the intensity at any angle 0 to that at 
Po) are then given by 


in? B 
Uum x (47.2) 


Note that the quantity B is one-half the phase difference in radians 
between the contributions from the edges of the slit. Figure 47.6 is a 
sin?B plot of sin? 8/8? vs. 8. From the 

“Be principal maximum the intensity 

falls to zero at B = +r. There 


-3z-27-T 0 7 27 37 sity at 8 = +2r, +3r, etc. The 
Fic. 47.6, Intensity distributi A secondary maxima do not fall ex- 
IG. .6. ntensity distribution .for act] al 
Fraunhofer diffraction of a single slit. Y halfway between these min 


Inear distance d betwe 3 i ini 
s en s 3S. i 
uccessive minima on 


a (47.4) 


Since the width of the pattern is Proportional to A, for red light it is 
roughly twice that for violet, light, for the same d and a. If m light 
is used, only the central maximum is White and even that i i 
its outer edges. Figure 47.7 is a photograph of a single-slit diffraction 
pattern. 


Worked Example. 


Sec. 

à Ate DIFFRACTION 699 

iffracti j : 

light, e Jews of a slit 0.1 mm in width, when plane waves of sodiu 

ed m fall on the slit, Find (a) the width of the volet 
E. a 5 the distance between the fourth dark bands on either side. 

phe (47.3) and (4740), 20: = 2X/a = 2d/f. Therefore the 

between the two innermost minima is á 


2/31/a— 2X 10° x 5.893 X 10-:/1071, or 11.8 mm 


which i k 
* is the total width of the central maximum. 
. From Eq. (47.4), 
- wem g x 10" xt 6.808 x 107/1075, ot 411 am 
ta thease 
e distance between the fourth dark bands. 


Fra. 47.7. Single-slit diffraction pattern. 


tion pattern formed by plane 
a circular aperture is of 


4T. " 
6. Circular Aperture. The diffrac 
fficult, requiring & 


Waves 
mula the point source passing through 
rable importance, but the calculations are di 


double 
Ouble integration over the surface of the aperture. The pattern con- 
d by one oF more fainter rings 


sists o r 
With ít bright central disk surrounce 
disk and rings shading t the edges. Calculation 
ended at 


shows 
that the angular radius (angle subt 


apert 
ure by the half-diameter of the image disk) of 
2 
pete (47.5) 
his is to be compared with the 


where Di 

Sarin is the diameter of the opening. T! 

of the rae 9 = a/a for the half-angul r width of the central maximum 

1, that rwr pattern. On c8 intensity of the central disk 

he es the first bright diffraction ring is only 0.017. 

apply, gee in front of the lens need not be small to have Eq. (47.5) 

Opening S are here considering Frau raction, for which any 
of finite size includes only 2 fraction of & zone. The diameter 


ma 
y be that of the lens of an optical instrumen 
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for the Yerkes telescope. Then the half angle of the central disk is 
xtremely small, but it is not zero. . 
ee Resolving Power of a Telescope. By the resolving Bi ay 
optical system is meant its ability to produce separate images o den 
very close together. We have seen i, 
when parallel light passes through any aper 
ture, it cannot be focused to a point image 
but rather gives a diffraction pattern. It is 
evident, therefore, that the images of two 
(a) M) objects will not be resolved if their iem 
sources d. images of two is much less than the width of the centra 
fece pos A diffraction maximum. (See Fig. 47.8.) 
of camera lens. (b) Long The 


‘ i ircular- 
exposure, pin-hole over cam- across the rings and central disk of a circu 
era lens, 


e-slit pattern shown in Fig. 47.6. In Fig. 47.9 
raction patterns with an angular separation o) 
= 61, where 0, = 1.22)/D is the angular radius of the 
central disk, Th action patterns are the images of two 


this same angle &. When 6 = 20;, each 
alls exactly on 


m of the other 
pattern. This is the smallest pos- 
sible angular Separation @ of the 
Sources that produces zero intensity 
between the two strong maxima 
in the resultant pattern, When 
the maximum of one pattern falls 
exactly on the first minimum of the 
other, as in Fig. 47.9b, the intensi- 
ties of the two maxima in the result- 
ant pattern are equal to those of 
the separate maxima, while the in- 
tensity at the center of the result- 6-8, 

ant minimum may be shown tobe Fis. 479, Diffraction images of two 
0.81 of the intensity of the maxima, any Bources, (@) well resolved, (b) just 
Since it would be impossible to L 

resolve the two images if the 


close point, Sources separated by 
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Sora be il a. Calculate Tuve for the giant Yerkes tele- 
ice nes lc — 40in. W hite ight has an effective wavelength of 
Eu cm, sothat 0, = 1.22 X (5.6 X 10-5)/(40 X 2.54) = 6.7 X 1077 
at d = 0.14 second of arc. Thisis then the smallest angular separation 
The i ouble star that could be theoretically resolved by this telescope. 
by "e radius of the first dark ring in an image is this angle multiplied 
23 e focal length of 63 ft, or 6.7 X 107 X 65 X 30.48 = 1.3 X 107 
x vi The central disk of a star image for this Yerkes telescope is then 

926 mm in diameter. 
a x Find the resolving power of the eye. Taking the pupillary diameter 
- mm, the minimum angle of resolution for the eye 18 47 sec, but 
- ually the eye of the average person is not able to resolve objects of 

gular separation less than about 1 minute of are. 
s, Returning to the telescope, we note that increasing the size of the 
Bh by increasing the power of the eyepiece does not increase the 
a of detail that can beseen. Since each point in the object becomes 
hi h all circular diffraction pattern in the image, when an eyepiece of very 
is power is used, the image appears blurred and no greater detail is 
eun _ The normal magnifying power of a telescope 15 the po of its 
us ving power, or 1/6:, to that of the unaided eye. For the Yerkes tele- 
= a this ratio is 60/0.14 = 428; which is also the ratio of the diameter 
he objective lens to that of the pupil of the eye (Sec. 43.6). 


rio Resolving Power of a Microscope. For a microscope We are interested 
the smallest distance d between two points C: and Ozin the object for which 


th 

jus La Ta Oe 47.10) are 
e limi ved. This distance d is called 
© ob; of resolution of the microscope. 
i at "ip subtends a large angle 
Mr ee plane of the object, with 
i, M ian t. Now each oftheimages Fic. 47.10. Limit o 

n Ee ne of a circular diffrac- ^ microscope. 
lon of the bs Se they are on the limit of resolution is 
= 1.22\/D. The minimum value of 0:02 = d is therefore p tan 6, = pb. 
nce the smallest linear separation of $Wo point objects that will be resolved is 
jue - 2 
= P3p tan? 2 tan t 
90°) that this simple derivation is 
uld be replaced by sin 7, so that 


in 


f resolution of a 


tio; 


Actu 
nog ma the angle i is always so large (nearly 
e correct. It can be shown that tan? sho 
i d= a (47.6) 
8 
More nearly correct. 
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: - E s, 
Wł A à c lvin 
en the Space between object and lens is filled with an oil the A i E 
r is increase ecause of the smaller value of the w aveleng 1 In 
powe d b f th th the oil. If 


Fig, 47,11, R.C.A. 
RGA, Laboratories.) 


research-type electron microscope, 


the index of the oil is n, then d (oil) =) (air)/n and hence Eq, (47.6) becomes 
d= .L22 (47.7) 
2n sin i 
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furtl —-— 
her by using shorter wavelength (ultraviolet) light, but then the image must 


be photographed. 


47.9. . n 
9. The Electron Microscope. The limit of resolution may be made 


sm 

W. mde, cui factor of nearly 1,000 with an electron microscope. 

ext i ready seen in Chap. 36 how a divergent beam of electrons 

Fr cue by either a magnetic or an electrostatic field. In the 
icroscope, electrons pass through a thin s 


ies 
dium pentoxide fibers. 
micrograph is about 


Fra, 2 SRS 

oo a Electron micrograph 
i (Cou are about 25A wide. The limit of r 
in a Hillier, R.C-A- l 
ian oben in its thicker portions, just as light is more strongly 

en di in the denser parts of a slide- "The paths of these electrons are 

e zc E by magnetic or electrostatic Jenses that are the analogues of 
Sime qenve and ocular of an optical microscope. The final image 18 
Staphi On a fluorescent screen or OD ^ photographi: plate. By photo- 
ng the fluorescent-screen imag magnification 
icroscope is shown in 


ared vana 
tion in this 


May p, e a further gain in 
ig. 4i attained, A recent model of the electron m pe is s 
-11, while Fig. 47.12 is an example of its high magnification. 
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To understand how the electron microscope produces the great gain in 
resolving power, it is necessary to discuss briefly the wave nature of the 
electron. It was first proposed by De Broglie in 1923, and has since been 
completely verified by several types of experiment, that any particle of 
mass m, moving with velocity v, is equivalent to a wave of wavelength ^ 
given by the equation 

h 


A= — (47.8) 
mv 


where h is Planck's constant (Chap. 49). 'The higher the electron's 
velocity, the smaller its “De Broglie wavelength.” 

The velocity v is given to the electron by accelerating it through 
a potential difference V in an electron gun. Then nw? = eV, or 


v = V2eV/m. Hence mv = V 2meV, and thus 


(47.9) 
2meV 


Now h = 6.62 X 10-27 er, 


g sec, m = 9 X 107? gm, e = 1.60 x 107” 
coulomb. Therefore 


_ 12.24 10 
A= Vy X 10 om (47.10) 


If V is 100 volts, X = 1.22A, while if V = 


i 10,000 volts, à = 0.122A. 
It is thus seen thai 


es on a glass surface. Or, better, the 
Then transparent 
collodion, allowing 
ng it between thin, 
ines on the glass, or 

i i openings. In Fig. 
47.13 we represent a magnification of a few Successive rulings of such 
m the left. These 
focus an illuminated 
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slit oriented parallel to the rulings of the grating. If the openings are 
narrow, diffracted light from each spreads out to such an extent as to 
interfere with the diffracted light from all the others. 

Since the secondary wave trains start from every element of every 
opening in phase, these wave trains will reinforce each other in the for- 
ward direction and come to an image at P in the focal plane of the lens. 
This direction is not the only one to the right of this grating, however, 
along which reinforcement of the secondary disturbances from all the 


openings occurs. Consider the plane CD making an angle ¢ with the sur- 
face of the grating and starting from the element at the lower edge of 
the bottom opening. The angle @ is so chosen that CD is distant one 


wavelength from the lower edge of the first opening above this one, 


23 from the lower edge of the second 
opening, etc. The waves from all pe 
these elements are in phase along CD 4 
and therefore are brought to a focus 
at P, Also, the disturbance from 
other corresponding elements in each 
opening will be in phase along CD, T 
for the distance of CD from any ele- 4 
ment of one of the openings is exactly B 
^ greater than its distance from the Fre. 47.13. Plane diffraction gratiag: 
corresponding element of the opening 
next below it. Therefore there will be general reinforcement of the dif- 
fracted light from all the openings in this direction and a maximum of 
intensity at Pi. 

If the plane CD is distant 2) from the lower edge of the second open- 


ing, 4 from the next opening, etc., the disturbances along CD are again 
Further maxima result when 


in phase and another maximum occurs. : 
CD is distant 3A, 44, . . . from the edges of the second opening. Similar 


maxima are also observed at the same angles above the normal to the 
grating. In Fig. 47.13, if d is the distance between successive openings, 


the values of the angle 6 for the production of maxima are given by 


c 
dsin 8 = m (47.11) 


a 


where n = 0, 1, 2, 3, ete- When n = 1, we have the first-order maxi- 
mum, n = 2 gives the second-order, etc. 

Provided that the number of openings in the grating is large, these 
maxima ate extremely sharp: For constructive interference along sur- 
faces such as CD, Eq. (47-11) must be exactly fulfilled. The slightest 
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ually produced by a lens at the focus of which 


color. If the slit is illuminated by 


That is, a grating produces, not 
two second-order Spectra, etc. 


of course, continuous. 
3 xxl If the parallel light is incident on the 
grating at an angle i = 0 (Fig. 47.14), Eq. 
(47.11) takes the more general form 


dsini+sin@) = nd (47.12) 


As a measure of the separation between 
the spectrum lines of wavelengths \; and 
Az, we compute the angular dispersion d0/dX, 

incidence OF the rate of change of angle with wave- 
= i, angle of diffraction — 6. length. On differentiating Eq. (47.12) with 


l respect to À and remembering that 7 is & 
constant independent of ^, there results 


Fra. 47.14, Angle of 


d6 n 
E zy 7.13) 
d^ dcos a 


- Second the smaller the grating space d, 

the greater do and the more widel é s ied. af 8 18 
3 Y Spread th d, if 6i 

small, cos 6 differs little from uni a qupectrum. Third, 


(une unity and the diff 5 m lines in 
one order will differ in angle by amounts th s ne 


Worked Examples, 


sisting of ibo wavelengths 
4,000A (violet) and 7,500A (red) falls on a grating for which d = 0.001 
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em. Calculate the difference in the angular deviations of these two 
Spectral lines in the second order. 
From Eq. (47.11), for the 4,000A line, 


sin 0 = (2 X 4 X 10-5)/(1 X 107?) = 0.08 


or 8 = 4°35’. 

For the 7,500A line, sin @ = (2 X 7.5 X 107*)/(1 X 107?) = 0.15, or 
0 = 8°38’. 

The angular separation of these two spectral lines is thus 4?3'. 

b. Show that the violet of the third order overlaps this second-order 
red. 

For the third order at 4,0004, 


sin 6 = (3 X 4 X 1079/(1 X 107?) — 0.12 


or 6 = 6°54’, 

This is a smaller angle of diffraction than that for the second-order 
7,500A line; hence overlapping occurs. This overlapping of orders may 
be an aid in wavelength measurements and if found undesirable can 
usually be eliminated by use of suitable color filters. : . 

The grating discussed so far is called a transmission grating. Diffrac- 
tion gratings for spectroscopic research are now almost always ruled on a 
Polished concave spherical surface, @ development initiated by H. A. 
Rowland (1848-1901) at Johns Hopkins University. The rulings are 
intersections with the surface of equidistant planes parallel to the princi- 
pal axis of the surface. This ruled surface is both a grating and a con- 
Cave mirror that forms images of its diffracted light without the use of 
lenses. It is thus possible to photograph spectra in wavelength regions 
—for example, far into the ultraviole-—where glass and other lens 
Materials’ are not transparent. The most powerful concave gratings 
have 6 in, of ruling, 30,000 lines to the inch, and have a radius of curva- 
ture of 35 ft. 


47.11. Diffraction of X Rays and Electrons. It was suggested by von Laue in 
1912 that the indicated wavelengths of X rays, about 10-8 cm, are about the 
Same as the distance between atoms in a crystal and that therefore a crystal 
might act as a three-dimensional diffraction grating for X rays. The experiment 
Was successfully performed by Friedrich and Knipping. In 1927 Davisson and 

ermer discovered the almost identical phenomenon of electron diffraction by 
crystals. These experiments prove both that X rays and electrons are wavelike 
im character and that the atoms in crystals are arranged in an orderly, regular 
manner, X-ray and electron diffraction are now much used in the study of the 
Structure of erystalline substances. 

igure 47.15 is a diagram of the arrangement of atoms in rock salt in which the 
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sodium and chlorine atoms form a simple cubic lattice. It is evident that various 
parallel planes exist in this crystal, along which the atoms are distributed in à 
regular manner. "These sets of equidistant planes act somewhat like the succes- 
sion of equispaced slits in a plane grating. 

If a beam of X rays is incident on a crystal, some reflection occurs at each of. 
these planes. The X rays cause the electrons in the atoms to vibrate and send 
out secondary scattered Waves. These will all be in phase and give relatively 
intense reflected beams only in the direc- 
tions for which mirrorlike reflection takes 
place from the many equidistant planes. 
Let the horizontal lines in Fig. 47.16 rep- 
resent two parallel layers of atoms a dis- 
tance d apart, upon which a narrow beam 


Fie. 47.15, Q 
salt. 


rystal lattice of rock 


Fig. 47.16, Reflection of X rays from crys- 
tal when 2d sin 0 = Nn. 
of X rays is incident at a “glancing angle" 9, If the secondary waves ior 
a and Z are to be in phase at B and D, forming part of a reflected wave fron 
traveling in the direction of rays 1 and 2, the path difference 


(AE + ED) — AB = FE 4 ED = 2d sin 0 
must equal NA, where N is an integer, Therefore, for strong reflection, 


SSS Ee 

2d sin @ = NX (47.14) 
n D PM 
This relation i; k , £s ; E - 
Ee igo as Brage’s law and is identical with the condition for con 
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Fre. 47.17. Von Laue-spot X-ray diffraction pattern of anhydrite (calcium sul- 
Phate.) (Courtesy of H. Winchell.) 


E EP 


Fro. 47.18, Electron diffraction pattern from a gold 
Germer.) 


Ed 


film, (Photographed by L. H. 
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ion from & 
that shown in Fig. 47.17 is formed. Each spot represents ues need 
particular set, of planes in the crystal lattice. The exact ih Does ad 
analogue of such a pattern was first produced by the Ws re ema leni 
68,000-volt electrons passing through a thin mica crystal. e os 
electrons or X rays is sent through a thin foil (polycrystalline, ri and 3X0 
crystals oriented at random), a diffraction-ring pattern nx "es m 
produced. Each crystal forms its own pattern of spots, bu 


Fie. 47.19. p 
sodium chlorid; 


iffraction Pattern 


rough 
Produced by transmission of an X-ray beam th. 
ie powder, 


(Courtesy of H. Winchell.) 


- The same ring um 
Y spinning a spot pattern of a single erystal like Fig. 47. 
about its central Spot, 


s 
a slit of width 0.7 mm and proda 
m beyond the slit. Calculate the diste 


DIFFRACTION "1 


measured along the screen between the two secondary maxima flanking the central 
maximum. f . 

4. A single-slit diffraction pattern is formed with mercury light of wavelength 
5,461A. A lens of focal length 100 cm focuses the pattern on a screen. If the slit 
width is 0.4 mm, what is the width of (a) the central maximum; (b) one of the second- 
ary maxima? H . 

5. Calculate the intensity of the fourth secondary maximum relative to that of 
the principal maximum in the diffraction pattern of a single slit. (Assume this 
secondary maximum to be midway between the adjacent minima.) [ 

6. Calculate the angular and linear radii of the first dark ring of the image of a 
Star in an ordinary field glass if the diameter of the objective is 40 mm and its focal 
length is 30 cm. : . 

7. What must be the aperture of the objective of a telescope if two sources with 


an angular, separation of 0.8 sec may be just resolved? ; j 
*8. Compute the relative limits of resolution, assuming the numerical aperture 
to be the same, for an optical microscope using white light and an electron microscope 
using 5,000-volt electrons. A 
*9. For the same numerical nperture what im. 
for a microscope can be achieved by the use o 
visible light of à = 5,0004? 


provements in the limit of resolution 
f 20,000-volt electrons rather than 


10. An oil-immersion microscope will resolve a set of = lines 80,000 to the inch, 
usin; i th 4,800A. Find the numerical aperture. 
ap aE n in seconds of are of the closest double star 


11. Co: } ular separatio k double s 
that can ue pone yo the Mt. Palomar reflecting telescope, whose objective is a 


mirror 200 in. in diameter. : 
12. Compute the minimum separation of two details on the moon that can be 


distinguished as separate markings by the spb 200-in. telescope. Take 
= 5,6 istance to the moon as 240,000 miles. p 
13, E] ds vA ibant car are 1.5 m apart, at what distance will they be resolved 
by the eye, if the pupil is 3 mm in diameter? Assume a mean wavelength of 6,000A 
for the light in air p M 
14. Red light falls normally on & diffraction grating with 4,000 lines per centimeter. 
f the second-order image is diffracted 32? from the normal, calculate the wavelength 
of this light. 


15. If a lens of focal length f focuses the diffracted light from a transmission grating, 


the linear dispersion on a screen curved so as to be at the constant distance f from 
the lens is Rob f times the angular dispersion. If sodium light of wavelengths 5,890A 
and 5,896A is used with a grating of spacing 0.0002 cm and a lens with f = 3 m, find 
the distance between these two spectral lines on the screen (a) in the first order; (b) 
in the third order. 
16. A plane transmission grating has & spacing of 0.0002 cm. Calculate the angular 
Separation in the second order between the red hydrogen line 6,563A and the blue 
line at 4,861A. " / 
17. In the spectrum of light of & certain color formed by a grating with 250 lines 
Per millimeter the angular deviation of the second-order spectrum from the central 


image is 17.5? when the incident light is normal to the grating. Calculate the wave- 


length of the light. 

18. How many orders of & wavelength 
Grating having 6,000 lines per centimeter? 
(47.11) is 1] 


4,340A can be produced by a diffraction 
[The maximum value of sin 0 in Eq. 
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19. The grating of Prob. 15 is used with a light source of unknown spectral compo- 
Sition. It shows lines at distances 172.2 and 173.1 mm from the zero position. 
Assuming them to be first-order lines, calculate their wavelengths. 

20. For rock salt the spacing d of one set of planes in the lattice is 2.8 X 1078 cm. 
If tungsten X rays of wavelength 0.2086A are used, find the glancing angle for Bragg 
reflection. A 

21. For a beam of X rays diffracted by a rock salt crystal, the first-order maximum 
comes at a glancing angle of 5°40’. If the spacing of the planes in the crystal is 
2.8 X 10-8 em, compute the wavelength of the X rays. 


CHAPTER 48 
RADIANT ENERGY 


48.1. Polarization of Light. The experiments in interference and 
diffraction prove that light is a wave motion. These phenomena occur 
for all types of wave. There is another group of experiments, demon- 
strating the polarization of light, which show that light is a transverse 
wave motion. For transverse waves the displacement is transverse, t.e., 
at right angles to the direction of propagation, in contradistinction to 
longitudinal waves (cf. Sec. 37.6). If the displacement in a transverse 
Wave is confined to one plane, 
the wave is called plane-polarized. tot et a 
For example, a wave set up in a rope 
by random displacement of one end 
in all directions is transverse but (c) 

i Aaron However, if the rope is Fic. 48.1. Representation of (a) and 
orizontal and the end moves up (b) plane-polarized light, (c) ordinary 
and down, the transverse wave 1S light. 

polarized. 

Light is an electromagnetic disturbance, in which the electric and 
magnetic field strengths are in the transverse plane. Experiment shows 
that it is the electric vector E which produces the optical polarization 
effects we are about to consider. When we speak of the “vibrations” in 
the light, we refer, then, to the variations in the electric vector in planes 
transverse to the direction of propagation. Ordinary light consists of 
Wave trains about a meter in length, each coming from a separate atom, 
and with the waves polarized in one plane. A beam of ordinary light 
consists of millions of such wave trains, however, from the very large 
number of radiating atoms and molecules in the source, and hence the 
Vibrations are in all transverse directions with equal probability. But all 
the amplitudes of the electric vectors may be resolved into components 
along any two transverse directions at right angles to each other, and 
therefore ordinary light may be thought of as consisting of two kinds of 
Vibrations only, with the two sets of waves vibrating in planes at right 
angles to each other. A convenient pictorial representation of these 
vibrations is shown in Fig. 48.1. In (a) and (b), plane-polarized light is 
traveling to the right, in (a) vibrating with the electric vector in the 
plane. of the page, while in (b) the vibrations are perpendicular to the 
page. The simultaneous presence of both these vibrations as in (c) is 
typical of ordinary light. 


(b) -—9—9—«—*—*—9—9————- 
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The common methods of effecting the polarization of light wc 
of (1) reflection, (2) refraction, (3) selective (n E n 
refraction, and (5) scattering. We shall consider the rst fo 
den izati i F hysicist Malus dis- 
r2 i aero uper p thai, if a beam of light 
is incident on the polished surface m 
plate of ordinary glass at an angle [ 
about 57°, the reflected light is piane 
polarized. Thismisy bedemonstrated 
by the following very simple experi 
ment: In Fig. 48.2, AB represents & 
beam of ordinary light incident on the 
glass surface B at this particular angle. 
The reflected beam from B is then 
allowed to fall on another glass plate 
C parallel to plate B. Light from 


i : 1 r in 

(a) (b) this second reflection is observed = 

3 ES . the direction CE. Now if the eo 
fion dm Eo HPrERdlon plate is rotated about BC as an axis, 


with the angle of incidence kept ded 
ed light from C is found to codice 
ated through 90°, If the upper surface 


» the reflected light reappears and reaches 
a maximum of intensity at 180°. 


If the angle of incidence on either 
surface is not 57°, the twice-reflected 
beam will go through a minimum for 
90° rotation of C but it will not go to 
zero intensity. The critical value of 
the angle of incidence that produces 
the zero minimum is called the 
polarizing angle. Sir David Brewster 
discovered experimentally in 1819 he. aay, à ing angle the 

$ 12i IG. DA Or polarizin 
od md dne ete t d Uy ie ee 
pendicular (Fig. 48.3). Calling the THESES Gn, 
polarizing angle Z, and calling the corresponding angle of refraction Ty; 
sin Z,/sin rp = n (Snell’s law); also, 


: if the angle between the reflected 
and refracted rays is 90°, sin Ta = cos ip. Therefore 


Glass 


Sin i, sini, - 


= (od. ip = 48.1) 
Sinr, cosi, tan i, = n ( 
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This relation is known as Brewster's law. It shows that the angle of 
maximum polarization for the reflected light depends on the refractive 
index and hence varies with the wavelength and the kind of dielectric 
material used as the reflector. If the reflector is a metal surface, the 
polarizing angle is 90°, which corresponds to an infinite value of n. 

It is clear that, if light consisted of longitudinal vibrations, rotation 
about a vertical axis of the second mirror even if it is inclined at the 57° 
angle would have no effect on the intensity of the reflected rays E. 
Investigation shows that at the polarizing angle the reflected beam con- 
sists entirely of vibrations perpendicular to the plane of incidence (the 
Plane defined by the incident ray and the normal to the surface at O in 
Fig. 48.3). Some of these perpendicular vibrations are also refracted, as 


E 


Polarizer Analyzer . 
Fro. 48.4, Pile of glass plates for production and analysis of plane polarized light. 


are, of course, all the vibrations in the plane of incidence. If a pile of 
Plates, as shown in Fig. 48.4, is used at the polarizing angle, some of the 
L vibrations are reflected at each surface and all of the || vibrations are 
refracted. The reflected beams are thus all plane-polarized in the same 
Plane, and the refracted beam, having lost more and more of its | 
Vibrations, is partly plane-polarized. The larger the number of plates, 
the More nearly plane-polarized is this transmitted beam. If the second 
Pile shown in Fig. 48.4 is rotated 90° about an axis parallel to the direction 
of the incident light, the light vibrations will now be mostly perpendicular 
to the plane of incidence and hence will be reflected at the first surface. 
n this crossed position, very little light is transmitted by the second pile. 
n intermediate positions the intensity J of the light transmitted by the 

Second pile is 
I = Io cos? 0 (48.2) 


Where [ 


th » is the intensity of the light incident on it and 6 is the angle 


rough which the pile has been rotated from the position of maximum 
transmission, Equation (48.2) is called the law of Malus. Its proof is 
Simple. The amplitude A of the incident plane-polarized light may be 
Tesolved intc a reflected component A sin @ and the transmitted com- 


ec, 48.3 
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d f the 
ponent A cos 0. Since the intensity is proportional to the square 0: 
mplitude, Eq. (48.2) follows. . "m oe 
n he first vis of plates that produces polarized light is called ree d 
while the second pile is called the analyzer. An optical system 
of a polarizer and an analyzer is called a polariscope. 


ite (a 
48.3. Double Refraction. Many crystalline ‘substances such eye 
hydrated calcium carbonate) and quartz exhibit the i man pce 
refraction. A ray of light incident on a crystal of calcite emerges pie et | 
and if a rhomb of calcite is placed over a black dot on a piece of ae atk 
two dots will be seen. Natural calcite crystals have a QE eae - i 
face being a parallelogram with two acute angles of 78°5’ and two o! vum of the 
of 101°55’.. Two trihedral angles of the crystal are formed by the juncti 


(5) 
" ion. (b) 
Fra. 48.5. (a) Principal section of calcite crystal showing double refraction 
End view. 


however, it is found that a differen 


ns in the planes Perpendicular to the axis there 
1s complete symmetry of the electrical vibrations associated with light traveling 
along the axis. This symmetry is lacki i 


surfaces of a calcite crystal 
; as shown in Fig. 48.5. When @ 

». one of these crystal faces, two refracted 
beams are produced. Snell's law holds for one of these but not for the other. 
The ray for which Snell's law holds is called th 


e ordinary ray O, while the other, 
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E, is called the extraordinary ray. If the incident light is normal to the surface, 
the ordinary ray passes through without deviation but the extraordinary ray is 
refracted at some angle and comes out parallel to but displaced from the incident 
bear. Rotating the crystal about the O ray in this case causes the E ray to 
rotate around the stationary O ray. 

When the two refracted rays are tested for polarization, it is found that they 
are both plane-polarized but at right angles to each other. This test can be made, 
for example, with a pile of glass plates at the polarizing angle. The vibrations 
in the O ray are perpendicular to the principal section and the plane of incidence, 
as shown in Fig. 48.5, while in the E ray the vibrations are in this plane. ; 

Plane-polarized light by selective absorption is produced by a number of minerals 
and organic compounds. Tourmaline, a mineral crystal having the shape of flat, 
elongated hexagonal slabs, absorbs the light vibrations perpendicular to the long 


Fra. 48.6. The Nicol prism. 


side of the crystal, so that the transmitted light is plane-polarized with the vibra- 
tions parallel to the long side. This can be verified with a second tourmaline 
crystal; for when the latter is rotated 90° with respect to the first, no light gets 
through, Because these crystals are colored, they are not used in optical 
Instruments. i . 

The modern, much-used polaroid film consists of thin sheets of nitrocellulose 
Packed with ultramieroscopie crystals of the organic compound iodosulfate of 
quinine (herapathite), with their optic axes all parallel. . These double-refracting 
crystals completely absorb one component of the polarization, transmitting the 
other with little loss and with very little coloration. Since these films may be 
made of large size and are relatively inexpensive, they find numerous applications 
as in devices for diminishing glare (reflected light is always partly polarized, with 
the vibrations parallel to the reflecting surfaces predominating) and in three- 
dimensional motion pictures. A ; 

The Nicol prism is an ingenious optical device made from a calcite crystal, 
Until recently much used in optical instruments for producing and analyzing 
Plane-polarized light, but now largely supplanted by polaroid film. The con- 
struction of the Nicol prism is illustrated in Fig. 48.6. First the ends of the 
crystal are cut down from 71° in the principal section to an angle of 68°. The 
crystal is next sliced along the plane AB perpendicular both to the principal sec- 

lon and to the end faces. The two cut surfaces are then polished and cemented 
together with Canada balsam, which is a transparent substance with an index 


18 PHYSICS [Sec. 48.4 


about midway between the index of the O and E rays.! Therefore the O ray = 
large angles of incidence is totally reflected at the balsam surface, whereas the 
ray is refracted into the balsam and on through the crystal. 


48.4. Stress Analysis by Polarized Light. Polarization effects are 
also observed when specimens of transparent substances such as glass, 
celluloid, or bakelite under mechanical stress are placed between 


Fic. 48.7. Ph, 2 7 
Singe ofa Capes Of stress lines in a rotating model of an impeller of a super- 
ern airplane engine. (Photograph, ed by J.L. N lferian.) 


a polarizer and analyzer, 
refracting, and if ile Normally these substances are not doubly 


1 Although Snell’s law does not hold for the E ray. 
hence a definite index of refraction for this Tay SS 
the optic axis. 


thereis still a definite velocity and 
n it isina plane perpendicular to 
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In this manner, glass-to-metal seals may be examined for stress in the 
glass, and optical glass may be checked for residual stress after annealing. 
If scale models of engineering materials are constructed of transparent 
bakelite, these may be analyzed for stress distribution when under load, 
giving valuable information not obtainable from mathematical analysis 
because of the complexity of the shapes. This field of study is known as 
photoelasticity. Figure 48.7 is a photograph of a model under stress. 

Most liquids are not normally doubly refracting, but they become so 
when an electric field is set up in them. This phenomenon is known as 
the Kerr effect. Light is passed between two capacitor plates inserted in 
a glass cell containing the liquid (nitrobenzene gives the largest effect). 
Such a cell placed between crossed polarizer and analyzer constitutes an 
"optical shutter" that will operate even at radio frequencies. When the 
electric field is off, no light is transmitted by the analyzer. When the 
electric field is on, however, the liquid becomes doubly refracting and 
the light is restored. , 

48.5. Emission of Radiation from a Hot Body. When a gas is made 
luminous by the passage of an electric discharge through it, as in a neon 
Sign, the light dispersed by a prism or grating consists in general of sharp 
Spectral lines characteristic of the atoms and molecules present in the 
gas. The description and interpretation of such spectra form the subject 
matter of the following chapter, but jn the remainder of the present 


chapter we shall continue the discussion of thermal radiation begun in 
Sec. 22.5. As mentioned there, the electromagnetic radiation emitted 
by a hot solid is identical with light in all respects except that it consists 
mostly of wavelengths much longer than those to which the eye is sensi- 

i 00°C, however, the radiation 


ive. At temperatures above about 7 i l 

emitted by bodies is in part visible light. When examined with a spectro- 
graph, the light is found to have a continuous spectrum, the visible 
fraction constituting but a small portion of the total radiant energy dis- 


tributed over all wavelengths. At extremely short as well as at the very 
tinuous spectrum drops 


longest wavelengths the intensity in this con 
effectively to zero. : 
, To determine the distribution of radiant energy emitted by a hot body 
in the region of infrared wavelengths, one method is to allow the radi- 


ation to pass first through a rock-salt prism or some other device to 
d then perhaps to cause portions 


disperse the radiation into a spectrum an i I i j 
9f this spectrum to fall successively on & diffraction grating with a 


relatively coarse spacing of its slits or rulings. The dispersed radiation 


a then focused onto a slit in front of one set of junctions in a sensitive 
thermopile. The deflection of the galvanometer in the thermopile circuit 
!5 à measure of the energy in the particular wavelength interval dd 
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fs " d 
isolated by the thermopile slit. When the radiation from hot solid ce 
tures is systematically explored in th 
curves similar to those sketched in Fig. 


amounts of radiatio: 
walls. Of the radia; 


A er 
8 on a surface or emitted by a surface Fa 
x and is measured in watts. Radiant exa 
nit area is the intensity, or irradiance, deno 


reflectance r, while the fr thed is called its absorptance a. 

the surface is opaque, r + a = 

surface per unit area per second jg called the radiant emittance W of the 
and again 1 Watt/em? i 

€ surface area of thes 


ody is constan: ` 
WS = arg 
or Rak (48.3) 
a 


Now the irradiance R de; 


walls, not on how good small body is, ‘Therefore the 
ratio of the radiant emittance to the absorptan 


ce is the same for all bodies. 
This is a statement of Kirchhoff's law. f 
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A body for which a = 1 is called an ideal black body. Therefore 
Kirchhofi’s law should also include the additional statement that the 
ratio of the radiant emittance to the absorptance for any body is equal 
to the radiant emittance of a black body at the same temperature. That 
is, 


r = W (black body) (48.4) 


and consequently the absorptance @ of a body is equal to the ratio of its 
radiant emittance to that of a black body at the same temperature. 
This ratio is also called the emissivity e of a surface; e = a. 
No real surface absorbs perfectly all the radiation falling on it, though 
this may be very closely approximated by 
a small hole in an enclosure lined with poorly 
reflecting walls (Fig. 48.8). Practically all 
the radiation entering this hole will be ab- 
sorbed after a few reflections from the walls 
and hence will never get out of the enclosure. 
The interior walls are also emitting radiant 
energy, of course, and some of this escapes 
through the opening. Since the walls have Fic. 48.8. A small opening 


some : iant emittance is in & box lined with absorbing 
reflectance, their radi walls is very nearly a perfect 


less than that of a black body but ihe absorber of radiation. 
energy they reflect just compensates for their 

smaller emittance. Therefore the hole will be very nearly a perfect 
radiator at the temperature of the interior walls of the box. For very 
Similar reasons, an open window appears black when seen from the outside 


even in daytime. 


48.7. Plancl's Radiation Law. Toward the end of the last century one of 
the most challenging problems facing physicists was to give a theoretical deduc- 
tion of the distribution of the black-body radiation among wavelengths (Fig. 
48.9). One line of reasoning that was tried was to treat the radiation in the 
black-body enclosure as a gas and to discuss its properties by means of thermo- 

ynamics, Another method was to apply the laws of the kinetic theory to this 
radiation “gas.” These attempts succeeded in deriving correct formulas for the 
total radiation from a black body at any temperature and for the distribution of 
the radiant emittance with A for the longer wavelengths. But the exact form of 


of : y any of this work, and it seemed clear that 


* classical concepts of theoretical physics are not adequate to explain the 


experimental curves. i ivi 
Max Planck, in 1900, succeeded in producing a formula giving correctly the 
distribution of this radiation with wavelength, but he had to abandon one of the 
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fundamental ideas of the classical ele 
assumes that the electrically charg 


Emission 


0 


0.001 0.002 0.003 0.00. 
Wavelength (mm) 
Fia. 48.9, Is 


Pectral emittance cury: 
limits of the 


visible Spectrum, 


very large number of elementary oscillators the energy E is proportional to some 
integral multiple of its frequency f. That is, 


E = nh (48.5) 


PReTEY, too, is quantized, the energy 
» Or quanta, of radiatio; Cad; 3 p ay ery application 
the study of the photoelectric effec 
(Chap. 36)— the fundamental constant 7, may be shown tiuhave thea 
h = 6.62 x 19-27 erg sec (48.6) 


Since the frequency f of visible light of wavelength 5,000A is 6 x 1014 sec-!, the 
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Products Af are evidently very small energies. But the quantum theory deals 
only with individual atoms and molecules and their interaction with radiation. 
Many extremely important discoveries in atomic and nuclear physies have 
resulted from the impetus given to these fields of experimentation by the quan- 
tum theory. 

The details of this theory, which we have very inadequately sketched, form 
the subject matter of advanced courses in physics. We do not derive Planck's 
formula in this book but state it without proof because of its fundamental nature. 
From it, as will be seen, all the properties of the black-body spectrum can be 
deduced with almost miraculous accuracy. 

Planck’s formula for the radiant emittance dW of a black body within a range 


of frequencies between f and f + df is 


z | h P - 
OW = I df (48.7) 
Where c is the velocity of the light, k is the Boltzmann constant, or gas constant 
per Molecule, and 7 is the absolute temperature of the black body. Equation 
(48.7) may be expressed in terms of wavelengths by the following substitutions: 
Since c= fA Af/kT = hc/MkT = co/MT, where c» is a constant equal to he/k. 
Also, fs = c'/M, and df = —(c/M)dA. Hence 


wh cM c 
aW = Ug esI] x^ 


ch oq (48.8) 


= “gaat — 1 


Where c, = 2rhc?, We shall disregard the minus sign since we are inberesien only 
in the Magnitude of the quantities. If we denote by Wy the ratio dW/dA, or 
© radiant emittance of a black body per unit range of wavelength, then 


ex (48.9) 
Wr = eyT—i 


"s Quantity W, is called the spectral emittance. Numerically, 


cı = 3.740 X 107? watt cm? 
ca = 1.4385 cm deg 


Figure 48.9 ic tral emittance of a black body at four 
different rated n 5 p^ hee gs w gives these distributions accurately, 
ìt should be possible io derive from this law all the other relations holding for 
black-boay radiation. We derive the most important of these radiation laws in 
hs following Section. 


48.8. Other Black-body Radiation Laws. Recalling that 


€ = 1 +g + (22/2) + (55/3) +... 


48.8 
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B 7 i r than 
suppose that ) is so large that c;/AT' = z is negligible for all powers higher tha 
the first. For such long wavelengths, Eq. (48.9) becomes 


Ac T 48.10) 
(Vans = XT = m ( 


H H tic- 
which is the Rayleigh-Jeans radiation law and was first derived non pes 
theory considerations applied to the radiation “gas.” The law holds we 
long wavelengths, considerably beyond the maxima of the curves. : 9 

Again set c;/AT = z, and hold T constant. Then A = c,/Tz and Eq. (48.9) 
becomes 

Lo ens 
Mass cs (e? — 1) 
í is a 

Set z5/(e7 — 1) — &. To find the wavelength Am at which Eq. unm d 
maximum, we must differentiate 9x with respect to À and set the result eq 
tozero. Thus 


dd, = ahde _ (e — 1)5z* — (x) (e7) dz T 
dz d — (e — 1)? a 


z'((5 — z)e* — 5]dz _ 9 
(*—1)* d^ 
Consequently either 


zc. p t 
(5 — ae = 5, orz =0, orz = c. Considering the firs 
of these Possibilities, 


( = z) e=1 

E 
and by graphical solution, the value of T at the maximum, £m, is 4.965. Thus, 
C/N T = 4.965, or 


AT = PE — const 


Since c; = 1.4385 em deg if \ is in centimeters and 7 in degrees Kelvin, 


S approximately at, 5,000A. 

0 and z = æ which are also solu- 
tions of dé/dk = 0? Now z = o/AT = ART, ong therefore z = 0 means 
À = œ, whereas x = © means \ = 0. These are of Course minimum values 
of the ¢) vs. ^ radiation distribution curves, 
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To obtain the total radiant emittance W, which is represented by the area 
under the spectral-emittance curve, we must evaluate the integral 


= |° Wad 
Ww f Wr 
Placing c,/AT = z, dA = —(csdz/Tz?). Hence 


e 0 cT5ršeds _ ee xdr 
(mae 


= | 
The definite integral 


œ c,(e* — 1)Tz* Cot 


* sidr 

$ e—l 

A r/c))*ex by e, wi 

has the value +4/15. Therefore, replacing the constant }{5 (m/cz)'ei by e, we 
have 


W =oT' (black body) (48.12) 


Š W is in watts 
Where the constant c is found to have the value 5.67 ae Mirae je em 
Per square centimeter of the black-body surface an E. n uocat 
Equation (48.12) is the famous Stefan-Boltemann as Lom oo ; 
tn apr wg Sine ad emittance from any real 
On combining Eqs. (48.4) and (48. 
body is given by — (48.13) 


issivi i ion may also be 
and since the absorptance a equals the emissivity e, this equation may 
Written 


(48.14) 
W = eo T* 


i t which 
18.9. Radiation Exchange. Equation mini S d EN eia The 
Tadiant energy is emitted by a body per unit e Edd henen qui ur 
body will also be absorbing radiation incident on tes of emission and 
loss of energy is the difference between the ra 
absorption, in the evacuated 
Onsider once again the small body . xxepo B creen 
enclosure, and suppose that thermal equilibrium & uals the emissivity e 
‘Jas been attained. Since the absorptance a eq 
for the small body, Eq. (48.3) may be written 


eo T * = oT! 
e 
and thus we see that the irradiance R on the surface of the body depends 
only on the tem 
perature T,. 
If the body is at a temperature T; different from that of the walls and 
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if itis small enough so that its changed temperature has a negligible effect 
on the radiant energy in the large box, the irradiance R is not changed 
but the rate of emission of radiant energy is now SW — Sec Ts*, while its 
rate of absorption remains Se = Sec T. 


The net rate of emission is 
thus 


Seo(T2* — 1,4) (48.15) 


If the body is not small compared with the enclosure and if the walls 
are not perfectly absorbing, some of the radiation emitted by the body 
is reflected back to it from the walls, so that the amount of radiant energy 
incident on the body is changed. It is thus impossible to treat the 
general case quantitatively, for real objects of finite size with partly 


reflecting walls are exchanging radiant energy at all times with all 
surfaces in the “line of sight." 


The distribution curve for the radia 
a black-body radiation curve at 6000°K. 


* sec, or 1.15 kw/yd*. As men- 
adiant energy is absorbed by 
earth’s surface and is partly 
surface also emits radiation 


nsmitted into space. The net 
radiant energy received from 


the earth’s surface and the 
back into outer space. 


48.10. Summary of Radiant Energy Terms 
Radiant flux is the total radiant energy falling on a surface or emitted by a surface 
per second. It is measured in watts. 
Trradiance is the radiant flux incid 
by the symbol R and use 1 watt, 
Radiant emittance is the total radi: 
per second. It is denoted by 
Reflectance r is the fraction of th 


ent on unit area of a surface. We denote it 
/em? as the unit. 


ant energy 
W, and we u 
e incident flu 


emitted by a surface per unit area 
se 1 watt cm-? as the unit. 
x reflected by a surface. 


Absorptance a is the fraction of the incident flux absorbed by a surface. If the 
surface is opaque, r + a = 1, 

Emissivity e is the ratio of its radiant emittance W to that of a black body at the 
same T. Alsoe = a. 


Spectral emittance Wy is dW /dÀ, or the radiant e 


à mittance per unit range of wave- 
length. A convenient unit of W is 1 watt c 


m^? myo, 
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1. For a certain dielectric material the polarizing angle is found to be 61.5*. What 
is the index of refraction? 

2. Calculate the polarizing angle for light flint glass of index n = 1.5804. 

3. Calculate the limits of the polarizing angle for white light 4,000 to 7,500A for 
dense flint glass with n = 1.671 and 1.642, respectively, at these wavelengths. 

4. At what angle above the horizontal must the sun be so that the sunlight 
reflected from a water surface is completely polarized? What is the direction with 
Tespect to the surface of the E vector in the reflected light? 

B. It is found that for an angle of incidence of 58°30’ of a beam of ordinary light 
onto a piece of plate glass the reflected light is completely polarized. What is the 
yee of refraction of this glass? What is the angle of refraction of the transmitted 
beam? 

*g. Two Nicol prisms are mounted as polarizer and analyzer, first with an angle of 
15° between their principal sections, then with this angle increased to 65°. What is 
x ratio of the intensity of the transmitted light in the two cases? (Use the law of 

alus.) 

; 7 A beam of plane-polarized light is incident on a calcite crystal, with its vibra- 
tions making an angle of 37° with the principal section of the crystal. Calculate the 
relative amplitudes and intensities of the two refracted beams. 1 

8. The irradiance on an opaque surface of area 500 cm? is 2 watts/em?, of which 
°ne-fourth is reflected. Find (a) the absorptance, (b) the reflectance, (c) the total 
Incident radiant flux, (d) the radiant emittance from the surface if it is in thermal 
equilibrium, 

9. Calculate the radiant emittance of a black body at a temperati 
(6) 2000°K, 

10. For the black body at 2000°K calculate the ratio of its spectral emittance Wy 
^t 10,000A in the near infrared and at 5,000A in the visible. . 

l. Compute the wavelength at which the spectral emittance of this black body 
at 2000°K is a maximum. 

[s 12. Calculate the temperature of a black body t ae 
mittance curve at 5,500A, where the eye is most sensitive. 

13. A cube of copper, 1 em on edge, is suspended within a large evacuated enclosure 
Whose walls are at 300°K. If the emissivity of copper is 0.3, what power input is 
Tequired to maintain the cube at 700°K, neglecting heat conduction? 


14. In an e ten filament operates at 2500°K. 
vacuated 100-watt lamp bulb the tungs i 

sl emissivity of tungsten is 0.35 and the glass surface is at 350°K, find the surface 

nergy is absorbed by the glass. 


a " 
ko Of the filament, Assume that all the radiant e s 
5. If the power input to the copper cube of Prob. 13 ceased, how long would it 


he for the cube to cool to 699°K? The density of copper is 8.9 gm/em’, and its 
Pecific heat is 0.093 cal gm- deg C-*. 
suming that the surface temperature o. 
erfect, radiator, at what rate does it lose energy 
“ink 10 miles. l 
T. Show that Newton's law of cooling (Sec. 17.9) is obeyed by a body losing energy 
a radiation to its surroundings if the temperatures are nearly equal. [Hinr: Differ- 
"i * Ba. 48.14)] 
atmos h uming that 40 per cent of the solar rad 
per , pcre can be captured at the earth’s surface, 
acre (4,840 yd2)? 


ure of (a) 300°K; 


hat has the maximum of its spectral- 


f the sun is exactly 6000°K and that 
? The radius of the sun is 


it isa p 


iation received at the top of our 
how many kilowatts are available 


CHAPTER 49 
ATOMIC STRUCTURE 


49.1. The Periodic System of the Elements. If the elements are 
arranged in order of increasing atomic weight, there becomes appar ent a 
periodicity in the properties of the elements. This was first discovered 


but the physical properties show the same periodicity. The order num- 
ber of an eleme 


70 


80 90 


Fro. 49.1, 


The atomic volumes of the elements. 


called the atomic number Z of the element, 

hydrogen (Z = 1), lithium (Z = 3), sodium (Z = 1] otassium 
(4 = 19), rubidium (Z = 37), and cesium (Z e 
same. The successive differences in th 
2, 8, 8, 18, 18, and these differences a, 


The chemical properties of 


€ series of inert, gases, He, Ne, A, 
nees of atomic numbers, with the 
ny other examples can be found as 
n oxide or à 
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The same periodicity is revealed in the physical properties. The 
simplest example of this is the fact that the inert gases are all in the 
Saseous state at ordinary temperatures. Figure 49.1 shows the atomic 
volume (the volume in cubic centimeters of one mole of atoms) of the 
elements, plotted against atomic number. Some other physical proper- 
ties are shown in Fig. 49.2. The curves for all these properties are 
Strikingly similar, and all show the fundamental periodicity that the 
chemical properties show. Much more striking examples of the perio- 


EE eer ^3) 4) 50 60 70 80 0z 
Pra. 49.2. The reciprocal of the melting point 1/T, the coefficient of thermal expansion 
a, and the compressibility K, of the elements 


dicity of physical properties are afforded by the spectra of the various 
elements, both in the optical and in the X-ray region. — 
*ndelyeev believed that the period 8 should prevail through the 
Whole Series, and as a result the periodic table is usually arranged as in 
able 49.1, This arrangement has persisted because other schemes 
ased on the correct periodicity are much less convenient and compact. 
Above the element barium (Z = 56) apparent irregularities occur. The 
Whole Series of elements from lanthanum (Z = 57) to lutecium (Z = 71), 
~¢ Tare earth elements, are assigned to a single place in the table, and a 
Pee behavior appears to exist for the very heaviest elements (Z = 89 
996). We shall postpone the discussion of these irregularities for the 
Moment, 


The Scattering experiments with e particles described in Sec. 24.7 
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Atoms grouped according 
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Periodic Chart of the Atoms 


to the number of outer (valence) electrons 
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I EH | W | j v | vi | vi | vr 
1 2 
He 
s n. 4.003) 
3 4 5 6 7 8 9 | 10 
2 Li Be B Cc N [9] F Ne 
6.94 | 9.02) 10.8 | 12.01] 14.01 16.00| 19.00) 20.18 |. 
1l 12 |19 [12 | [1e [37 18 
3 | Na |MglaA | s P S a A 
23.00 | 24.32 26.97| 28.06| 30.98 32.06] 35.40| 39.94 
19 % |9t |22 [3 [os [as ls 27 * ; 
4 K Ca Se Ti M Cr | Mn Fe Co z "s 
39.10 | 40.08 45.10] 47.90] 50.95 52.01| 54.93| 55.85 | 58.94| 58. 
29 80 | SL lət lss |a lé 36 
Cu Zn Ga Ge As Se Br Kr 
63.57 | 65.38] 69.72| 72.60] 74.91 78.96] 79.92] 83.7 
37 es 39) jao la Das [us 44 45 r^ 
S Rb. ge | 2z) Mo | Te | Ru | Rh | P. z 
85.48 | 87.63| 88.92 91.22| 92.91| 95.95| 99 101.7 |102.7 |106. 
47 45. jag (60 Vex + | ss 53 |54 
Ag Cd In Sn Sb Te I Xe 
107.9 112.4 114.8 |118.7 121.8 127.6 [126.9 [131.3 
"Beh. psre- [prae its Ira 75 |76 7 |78 
| tea T Bal mas | ene Ta | W | Re | os | wr | Pt 
132.9 137.4 |138.9 178.6 180.9 [183.9 186.3 [190.2 |193.1 |195.2 
79 80 81 82 83 84 85 86 
Au | He ^T | pj Did Eo | dg | "Bu 
197.2 (200.6 904 4 boz 5 209.0 210 J211 [ooo 
87 88 | goes 
7 Fa Ra Ac 
223 |226.0 |2270 
s |" | a |, [%, e [eats 
s 5m | Eu | Ga | Ti 
140.1 140.9 1144.3 [145] 150.4 152.0 156.9 159.9 
66 67 68 69 |» 71 
Dy Ho Er Tm Yb Lu 
162.5 164.9 167.2 169.4 |1730 175.0 
90 91 |92 |o3 [er [ss 96 | 97 98 
+47 Th Pa U N Pu | Am Cm Bk [ei 
232.1 |231 38.1 937 |239 4i 


he same box 
e inserted in th, 


© same box as Ac 89. 
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made possible a determination of the number of elementary charges on 
the nucleus of an atom, and it was found that this number is equal to the 
atomic number of the element in the periodic table. The nucleus of an 
atom thus has a positive charge equal to Ze; and since the atom as a 
whole is electrically neutral, the number of electrons is equal to Z. 
Thus hydrogen has 1 electron, helium 2, lithium 3, and uranium 92 
electrons, each of charge e. The number of electrons in an atom can 
be found, of course, in many other ways, all of which agree. Perhaps 
the simplest of these methods is the study of spectra. 
49.2. Spectra of the Hydrogen Atom.! Since hydrogen is the simplest 
of all atoms, consisting of just the proton with unit positive charge 
! 
i 
4 


D 1 5 | 


1 
Ha Hy Hy h, He 
Fro, 49,3, The Balmer series of atomic hydrogen. (Reproduced by permission 
from “Atomic Spectra and Atomic Structure,” by G. Herzberg, Dover Publications, New 
York, 1946.) 


— 656284 


— 48613A 


around which a single negative electron circulates, it might, be expected 

to produce a simple line spectrum. This is indeed the case. Figure 

49.3 is a reproduction of a spectrogram showing the so-called Balmer 

Series of atomic hydrogen. The first line in the red at 6,5634 is known 

as Ha, the second line in the blue at 4,861A is the Hs line, the next line is 

designated H,, etc. J. J. Balmer (1825-1898) in 1885 discovered that, 
S Wavelengths ^ of these lines are given accurately by the formula 


1 1 1 ) 

4a R (G = 3) (49.1 
Where R isa constant called the Rydberg constant and n’ has the velue3 
or Ha 4 for Hg, ete. If X is in centimeters, 1/d gives the numberof 
Waves per centimeter, which is called the wave number of the spectral 
line, In these units, R = 109,678 cm-!. As n’ increases, the successive 
à ,R- 
ines of the series become closer and closer together and converge to a 
mit Ho. 


! Review Sec. 11.9. 
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If »' = œ, the convergence limit for the series is given by Eq. (49.1) at 

à = 3,647A, which is in the near ultraviolet. 
-Spectrum proceeds from this limit farther into 
Following Balmer’s discovery, 


A rather faint continuous 
the ultraviolet. 

other formulas of a more general nature 
were developed for series found in the spectra of the alkali and alkaline- 
earth elements. All these formulas had the common feature that the 
wave numbers or frequencies (c = JX, and hence 1/A = f/c) of the lines 
were given as the difference between two quantities or terms. For exam- 
ple, in the Balmer formula the two terms are R/2? and R/n/?, But until 
the work of Niels Bohr in 1913 no satis 

the production of sharp spectral lines 
been produced. In that year Bohr 
tionary theory of the hydrogen ato 
in Sec. 11.9 in so far as it was 
square law of force. 

It will be recalled that Bohr adopted the Rutherford model of the atom, 
which has the electrons revolving in orbits about the more massive, 
positively charged nucleus, Now an electron moving in a circular path 
© center of the circle, and according to 
i heory an accelerated electron radiates a 
continuous spectrum of energy. Classically, then, the electron would 


£y and would spiral into the nucleus of the 
atom. Actually, however, 


m, which we have already discussed 
an example of motion under an inverse- 


(49.2) 


that of the final state. 
hf is called a photon. 

the first postulate, the 
of charge —e and mass 


where E' is the ener 
The quantity of rad: 
It was shown in Sec. 11 9 that, 
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which is Eq. (11.24). To calculate the radius ro of the first Bohr orbit, 
which corresponds to the normal state of hydrogen, we substitute x = 1, 
h = 6.62 X 10-27 erg sec, m = 9.11 X 107°" gm, and e = 4.80 X 10-1 
esu, so that 
(6.62 X 10-27)? 
To = 7X987 X 9.11 X 10—5 X (1.80 X 10-19): ^^ 
= 0.528 X 1075 em 


This is in fair agreement with the indications from other methods, such 
às X-ray diffraction, which show that the diameter of an atom is about 
10-5 em. The other allowed orbits, according to Eq. (49.3), have radii 
Aro, Qro, 16ro, etc. í 

The total energy Æ of the electron in any of its orbits is given by Eq. 
(11.27), 


2z?me! 


E--UA (49.4) 


These energies are negative because the zero of potential energy is taken 
With the electron at an infinite distance from the nucleus. When n = 1, 
the energy has the largest negative value. The greater the value of n, 
the less negative the energy. Therefore the energy is lowest in the normal 
State, n = 1, and the energy is higher the larger the orbit. The atom is 
always in the normal state, unless either by collision with a fast-moving 
electron or by absorption of a photon of the correct energy its electron is 
temporarily raised to one of the outer orbits. The atom, however, stays 
in this “excited” state for only about 107° sec before returning directly 
or by steps to the normal state by emission of one or more photons. 
By substituting Eq. (49.4) in Eq. (49.2) the frequency of the emitted 
Photon becomes 
2met . 
pn ee e - 4) (49.5) 
Where n/ is the quantum number of the larger orbit from which the elec- 
tron jumps and n” is the quantum number of the smaller orbit to which 
it jumps, The wave number 1/A corresponding to any of these fre- 
quencies is 


1 2xk&me(1 1 (49.6) 
xg WE n? s 


Comparison of this equation with the Balmer equation, Eq. (49.1), 
Shows that the two are identical if 
_ 2n*me* 


UU (49.7) 
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and if n” = 2. If we substitute the known values of m, e, c, and h in 
Eq. (49.7), we obtain precisely the observed value of the Rydberg 
constant in the Balmer equation. The lines of the Balmer series of 
hydrogen are therefore given very exactly by the Bohr theory. 


Bohr was also able to predict other series of lines in the spectrum of the hydro- 
gen atom. By substituting n" = 1 and w = 2, 3, 4, . . . one calculates a 
spectral series in the far ultraviolet region. This series was discovered by T. 
Lyman of Harvard University, and the measured wavelengths were found to agree 
exactly with the predicted values from the Bohr theory. The Lyman series arises, 
then, from electrons returning from the 
various excited states of hydrogen 
directly to the normal state. This 
and other possible series of lines are 
shown on a diagram of the Bohr cir- 
cular orbits of hydrogen in Fig. 49.4. 
If n" is set equal to 3 and n' to 4, 5, 
6, . . . , the calculated spectrum lines 
lie in the infrared. These lines were 
looked for and found by F. Paschen at 
precisely the computed wavelengths. 
Another series of lines arising from 

electron jumps to orbit n = 4 was 
Fic. 49.4. The Bohr circular orbits for predicted and observed by Brackett. 
hydrogen, Showing the electron jumps Pfund observed further in the infrared 
giving rise to exactly predicted Spectral the first lines of yet another series 
arising from electron jumps to the 
n = 5 orbit. 


In 1932, U: i Murphy 
used a further prediction of the Bohr th ds aceende; and Murg 


series, 


equation eplaced by the reduced mass p, defined by the 
pa M oo m 
m+ M ~ T+ m/M) (49.8) 


Obviously u approaches the value m as M — *. 
the proton mass equal to 1,840 times the electron 
the nucleus, called the deuteron, has double this m: 
constant It for deuterium to that for hydrogen is equal to the 
reduced masses, or (1 + 1/1,840)/(1 + 14 x 1,840 
This variation in R produces a small but d 


For ordinary hydrogen, M is 
mass, whereas for deuterium 


ratio 1 p/p gs of their 
) = 3,682/3,681. 
etectable wavelength shift for all 
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corresponding lines of. these two varieties of hydrogen. 
According to Eq. (49.6) the D, line should have a wave- 
length 1.793A shorter than that for the H, line, and this 
was exactly the shift first observed by Urey and his 
collaborators within the limits of accuracy of their meas- 
urements. In ordinary hydrogen the heavy variety is 
present to only 1 part in 4,000, and consequently the 
close-lying deuterium line accompanying every hydrogen 
line is too weak to be detected. In so-called “heavy 
water,” obtained by repeated electrolysis of ordinary 
water, the light hydrogen atoms are largely replaced by 
deuterium atoms, however, and the spectrum of the hy- 
drogen gas obtained from such water shows at high dis- 
persion all the Balmer-series lines as doublets with the 
deuterium components in exactly their predicted 
positions. 

Deuterium has proved to be a valuable research tool. 
With a high-energy deuteron beam in a cyclotron, many 
artificially radioactive materials may be made. Heavy 
water is also an effective slowing agent for neutrons ina 
uranium nuclear reactor. 


49.4. Spectra of Alkali Atoms. Ionization Po- 
tential. If a small amount of one of the alkali 
metals, lithium, sodium, potassium, rubidium, or 
cesium, is placed in a glass tube containing an inert 
gas such as nitrogen (to prevent oxidation of the 
alkali) and if the tube is then heated moderately, 
enough of the alkali is vaporized so that its absorp- 
tion spectrum may be obtained. The absorption 
tube is placed between the source emitting a con- 
tinuous spectrum and the slit of the spectrograph. 

igure 49.5 is a spectrogram showing the series of 
absorption lines (except for the strong yellow line 
5,893A) so obtained with sodium vapor. All ele- 
ments in the gaseous state produce some line ab- 
Sorption, usually in the ultraviolet, but only the 
alkalies show a long series of this simple type. 

The similarity of the arrangement of lines in this 
Series to that in the Balmer series for hydrogen is 
riden, This fact, among others, led Bohr and 
ud to propose that the filling of each new shell 
M electrons (Sec. 49.5) starts with the alkali ele- 

ents. Thus each alkali atom has one electron 
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3302A 


2852A 
B. Absorption spectrum of sodium vapor. 


Limit 
2413A 


Fic. 49.5. A. Emission spectrum of mercury vapor. 
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, 
H . Ww Ww 
Spectroscopic value of the ionization energy of the sodium atom. No 


since E = hf, there is a conversion ratio between frequency, or wave- 
number units, and any energy units. In fact, 8,066 cm! = 1 ev. 
For the limit 2,4134, 1/\ = 41,472 cm~, and therefore the n dahin ] 
potential of sodium is 41,472/8,066 = 5.14 ev. This is by far the mos 


of determining this important atomic constant. 


electron drops back into then = 3 Orbit. In addition many other transi- 


ntermediate orbits, and then finally 
tate, are possible, Therefore the emission spectrum o 

Te complex than this Simple, one-series absorption 
Spectrum. 


49.5. Shells of Electrons, 


he propertie: 
divided into two classes, 


T 8 of'an atom of an element can be 
In the first class th 


the ionization potential. 
‘umerically to the ionization 
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atom, each having a radius proportional to the square of an integer called the total 
quantum number n. In atoms with more than one electron a similar situation 
obtains, but there may be several orbits with a given value of n, with an electron 
in each orbit. The electrons in a complex atom are thus arranged in shells, 
each shell characterized by a value of n and having a radius proportional to n°. 
The number of electrons that can move in a given shell is strictly limited, however, 
and the maximum number is equal to 2n?. Forn = 1 there are two electrons; 
for n = 2, eight electrons, and so forth. The various shells have been labeled 
K,L, M,N, «. . fórn = 1,2,3,4,---- Since the number of electrons in an 
atom increases as Z increases, the new electrons usually have the smallest possible 
value of n. When a shell becomes filled, the next electron must have the next 
larger value of n and a new shell of electrons is started. The properties of the 
shells are summarized in Table 49.2. 

When a new shell is started, with one of the alkalies, the atom has one electron 
that is moving far outside all the others and this results in characteristic properties 
of the atom that are periodic with the atomic number. Let us examine in detail 
how this occurs. In hydrogen the single electron isin the K shell jin helium both 
electrons are K electrons, and the first shell is completed. In lithium two elec- 
trons fill the K shell, and the third starts the new L shell. Hydrogen and lithium 
each have a single outer electron, and this results in a number of very similar 
Properties. As Z increases, the new electrons are added to the L shell until with 
neon (Z = 10) the L shell is complete. Neon and helium thus have the complete 
shells of electrons, which are responsible for the properties of the series of inert 
Eases. The shell structures of atoms of low atomic number are given in Table 
49.3. 


Table 49.2. The Electron Shells in an Atom 


Total number of electrons 


Max number of electrons 
when shells are full 


Name of shell | Value of n in shell 


2 


3 : 10 
E 2 28 
M 3 
N 4 60 
o 5 


The rules of chemical combination are also to be understood in terms of the 
ehavior of the outer electrons in the atom. For the elements on the left side 
of the periodic table, the valence is just equal to the number of outer electrons. 
The alkali metals hava a valence of 1 and have one outer electron; the alkaline 
earths have a valence of 2 and have two electrons near the boundary of the atom. 
b hen a chemical compound is formed, such as sodium chloride, the single 
valence” electron of sodium becomes attached to the chlorine atom, a subshell 
ob eight electrons is formed in the chlorine atom, and the sodium ion is also left 
With a Subshell of eight electrons. As we saw earlier, such octets of electrons 
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are attracted by strong 
ter electrons of calcium 


ble octet subshell in the compound. Chemical 


nely stable shell structure. Not all chemical 
i In organic com- 
for example, the binding forces s 
mplex causes, Nevertheless the Structures of the oute 


From sodium to argon the 
K and L shells are complete. 
Although this does not complete 
m a stable configuration, which behaves as a 
behavior of argon. Next in order 
added, not to the still incompleted 


Table 49.3. The Shell Structure of Atoms 


Element Z ES ] 
H 1 i 
He 2 2 
Li 3 ? . 
Be 4 2 s 
B 5 ; 2 
© 6 E » 
N M 3 E 
o $ > s 
F 9 z y 
Ne 10 2 : 
Na 11 ^ A : 
Mg 12 2 s : 
Al 13 2 5 : 
Si 14 2 3 3 
P 15 2 : 4 
S 16 2 3 r 
ca 17 2 E : 
A 18 2 : 7 
K 19 2 S $ ! 
Ca 20 2 5 3 1 
E E : 8 18 8 
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M shell, but to the N shell. Thus potassium, with the properties of an alkali, 
has a single outermost electron. 

Above potassium the new electrons are added some to the N shell and some to 
the M shell, with the result that for krypton (Z = 36) the M shell has its com- 
plement of 18 electrons and a subshell of 8 electrons has been formed in the V 
Shell. 

In elements of higher atomic number the arrangement of the electrons seems 
to become irregular; electrons are added to several outer shells before the inner 
shells are filled. It is this circumstance which explains the chemical behavior of 
the rare earths. All the elements from lanthanum (Z = 57) to lutecium (Z = 71) 
are assigned a single place in the periodic table because their chemical properties 
are almost identical. Each of these elements has two outer electrons in the P 


Charge density 


N 


Distance 
Fro. 49.6, Charge distribution in potassium as a function of the distance from the 
center of the atom. 


Shell and is, therefore, chemically similar to calcium. As the atomic number is 
Increased, the additional electrons are added to complete the N shell. Lutecium 
as the K, L, M, N shells complete, nine O electrons, and two P electrons. 

In the elements beyond lutecium more electrons »:e added, but neither the O 
Shell nor the P shell is completed, since no elements of sufficiently high atomic 
number exist The Q shell appears to be started with element 87. 

Although a detailed study of the motions of the electrons in a complicated 
atom is not possible, it is possible to calculate by the methods of quantum mechan- 
ves (Sec, 49.14) the average charge density as & function of the distance from 

€ nucleus, Figure 49.6 shows the charge distribution for potassium, one of the 
alkali metals. The inner core of electrons is represented by the shaded area; the 
“ingle outermost electron is represented by the unshaded area under the curve. 
Peaks that result from the individual shells are clearly visible, although there is 
no evidence for sharp boundaries between the shells. The unshaded area 
extends to very small distances, which means that the outermost electron is 
Sometimes found as close to the nucleus as a K electron. At large distances from 

* nucleus the curve bounding the unshaded area approaches zero rapidly, 
n no definite point can be chosen as the outer boundary of the atom. In 

Sequence the shape or size of an atom cannot be defined precisely. 
E im Tonized Atoms. We have seen how an atom such as sodium can lose 
€ctron by the process of light absorption. Atoms may also become ionized 
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Since esu are used in Eq. (49.4), the energy 


E of the electron in any of its orbits 
in the hydrogen atom is related to the energ, 


y V in electron volts by 


y = 3002 600r?me? (49.9) 
Te aae 


the electron from a hydrogen atom an amount of paa 
upplied to the electron. This energy is therefore the am a 
quantity V is a good measure of the tightness of binding o 
drogen in the most stable state, n = 1, 

V = 13.58 ev 


If an atom has one or more electrons removed from it, it is said to be ionized, 
or to become a positive ion, In this condition the atom has a net charge which i 
Positive and equal to that of the missing electrons. Some atoms can catch Bye 
ecome negative ions. The simplest negative ion o! 
» Which has two electrons moving about the nucleus. 


In order to remove 
equal to V must be sı 
tion energy. The 
electron, For hy 


Element Atomic number Tonization energy 
n 1 13.58 ev 
i 3 5.37 
Na 11 5.14 
K 19 4.32 
Rb 37 4.16 
Cs 55 3.88 
He 2 24.48 
Ne 10 21.47 
Ar 18 15.69 
Kr 36 13.3 
Xe 54 11.5 
Mg 12 7.61 
Ca 20 6.08 
Hg 80 


oh 
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eight that occurs in each of the inert-gas atoms. It is also evident from Table 
49.4 that the binding energy of a given series decreases with increasing atomic 
number. Thus helium requires 24.48 ev, but this value drops to 11.5 ev for the 
heavy element xenon. This is principally the result of the fact that the outer- 
most electrons are farther away from the nucleus in the heavy elements. 

Every element has one line spectrum associated with the neutral atom, another 
Spectrum with the singly ionized atom, still another with the doubly ionized atom, 
ete. Because of the similarity in electron structures the spectrum of the once- 
ionized atom resembles that of the neutral atom of atomic number 1 less. For 
example, since copper has atomic number 29 whereas sodium has atomic number 
11, stripping of 18 electrons from a copper atom in a “hot-spark” source should 
give a highly ionized atom showing a spectrum similar to that of sodium. This 
Particular spectrum, the nineteenth spectrum of copper, has been observed by 
Edlén in the extreme ultraviolet, the displacement to higher frequencies being a 
result of the greater charge on the copper nucleus. 


49.8. X-ray Spectra. X rays also originate from the jumping of an 
electron from an orbit of higher energy to one of lower energy, but the 
electron transitions are to vacancies in the innermost K and L shells 
rather than to the orbits of an outer valence electron. When high-speed 
electrons from the cathode of an X-ray tube strike the target, which is 
Usually made of a high-melting-point metal such as tungsten or molybde- 
Dum, they ionize many of the atoms in the surface layers of the metal. 

he very energetic electrons from the cathode penetrate these atoms and 

Y collision remove an electron from one of their inner shells. If this 
lected electron is a K electron, an electron from the next, or L, shell 
lumps into this vacant place, simultaneously emitting the difference in 
energy between these two orbits as a photon Af. X rays originating by 

is process are called “characteristic X rays" since their frequencies 
are characteristic of the target element, and independent of the energy 
of the bombarding electron. 2 

Such X rays may be photographed as “lines” with an X-ray spectro- 
graph that employs a crystal as a diffraction grating (Sec. 47.11). "These 

lines are actually multiple, with the components designated as Ka, 

«2, Kg, Ks, because electron transitions to the vacancy in the K shell 
can also occur from the M and N shells. A plot of the K lines from 
titanium (Z = 22) to zine (Z = 30) is given in Fig. 49.7. The study 
9f these strong K lines led Moseley in 1913 to announce the law that the 
ig: of corresponding lines are approximately proportional to Z?, 

hee Z is the atomic number of the emitting element. Moseley’s 
rmula for the wave number 1/A of any Ka line is 


1 a e E 
p ae D (s z) 
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The regular stepwise progression of these X-ray lines in this plot con- 
stituted the first certain proof of the regu 
the elements with atomic number. 

There are also L-series X-ray lines due to the jumps of M- and N- -shell 
electrons into the L-shell vacancies, and there are even M and N series 
arising from electrons falling into the vacancies in those shells. Since 
the electrons in these outer shells are not so tightly bound to the nucleus, 
less energetic cathode-ray electrons will eject them from the atom and 
the photons emitted are of lower frequency or longer wavelength. As 
explained in Sec. 36.1, in addition to these lines there exists a continuous 
X-ray spectrum arising from theslow- 
ing down of high-speed electrons as 
they pass close to the nuclei of the 
atoms in the target of the X-ray tube. 

49.9. Molecular (Band) Spectra. 
In molecules the electrons are also 
confined to shells and orbits. The 
innermost electrons are bound to one 

AA, 2 3 atom alone, while the outer elec- 
Fic. 49.7. Ple id me trons circulate about two or more 
lines (after Moseley). pae atoms. When an electric discharge 
is sent through a gas composed of 
ns of the molecules are excited to larger 


lar variation of properties of 


uch spectra ar f. “band” 
Spectra, for they usually consist oi geba aed 
trailing off from that point. The f: 
consist of sharp lines shows the i i ; 
EM E sin 
the molecule. That is, a mol psy Of quantizing all the motion: 
frequency but only with certai 


; n de 
a jump between two of these a) 


finite frequencies, A band represents 
P many 
be eoar a e C" uri" 
molecular rotational energy states. A set 

A 5 i: of the h as those 
shown in Fig. 49.8, corresponds to se bands, such a: 


iveri <> Aà certain electronic transition that 
may give rise to but one spectral line from an atom 


The application of the quantum theory brings order and interpretation 
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to these complicated molecular spectra. The assign- 
ments of vibrational and rotational quantum numbers 
can now be made with certainty. Useful information 
on the sizes of the molecules, the nature of their energy 
states, how stable the molecules are, and the exact 
molecular fragment responsible for each spectrum 
results from these studies. Chemical analyses of gases 
may be made in this way, and these data aid in the per- 
fection of all devices involving gaseous discharges 
(thyratrons, fluorescent lamps, high-pressure mercury- 
vapor lamps, etc.) 


49.10. Fluorescence. There are substances that, when 
Strongly illuminated by light they are capable of absorbing, 
reemit light of longer wavelength. This process is called 
fluorescence, and the fact that the fluorescent light is almost 
always of longer wavelength than that of the incident light 
is known as Stokes’ law. This is to be expected since the 
energy Af of the photors of the fluorescent light may at the 
most be equal to the energy Af of the incident photons. 

here are cases where this law is violated, however, because 
energy stored in the atoms and molecules of the material is 
Added to the energy of the incident, waves. 

3 Certain solids such as the sulfides of calcium, strontium, 
zinc, and barium show a persistence of the reemitted light so 
that it lasts for several seconds or even minutes after the 
exciting radiation or electron beam has been stopped. This 
15 called phosphorescence. There is no essential difference be- 
tween fluorescence and phosphorescence, except that the latter 
persists after the excitation has ceased, whereas in the former 
the light is reemitted within 10-77 or 10-5 sec. 

A solid bombarded by charged particles also emits light 
and 18 also called fluorescent or phosphorescent. The emis- 
Sion process is the same, but the excitation of the atoms of 
nura results from the electric field of the charged particle 

er than from the electric field of the light wave. 
mg iuorescent paints are now widely used for highway 
Seal, ers, advertising signs, etc. The fluorescent screens of 
Shae oscilloscopes and television tubes must not 
Toa Phoresce to any great extent, or the persistence of the 
mes would interfere with any fast succession of screen 
bes do. As the result of war research, phosphors have 
emit eveloped, which when irradiated with infrared light 

nte, Visible wavelengths—a striking violation of Stokes’ law. 

Testing fluorescent effects may be obtained by irradiating 
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Fic. 49.8. Emission band spectrum of a diatomic aluminum oxide molecule. 
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P = r the 
If the Balmer series of pe elus 
> " i ispersion and reso! 

innt i f sodium is photographed with high dispersion MEE 
Cds poe te lines is found to be double, This fine-structure "md mr 
olds re to 1.594 for the H, line and to 6A for the yellow sodium pond 
Si for this doubling is that the electron has a spin angular mom 

TI 


ed with both the orbital 


š vill be 
, the frequency of the emitted light quantum will b 


. J nta 
Slightly different from that emitted by another atom with the two mome 
antiparallel. 


SIR oe E 
Photographed under still higher — 
is so-called hyperfine structure results Haeo 
m. The orientation of this nuclear spin a 


Spectrum lines of many of the elem 


2 “es often 
nuclear-spin hyperfine Structure to Varying degrees. These fine structure 
involve more than two components, 


Also, there is sometimes a closely nen 
isotope structure in the lines if the nucleus of the atom has two or more cam 
forms. 'The study of these effects forms a fascinating branch of atomic physics, 
but it is beyond the scope of this text, 

49.12. Relativisti 
mentioned (Sec, 7.9) that as an electro: 


changes, In the special th 
1905, the ma: 


the relation 


Some particles are so energetic that they are Moving with a velocity of 
99.95 per cent that of light. Their velocity and 
may be determined by experiments on thej 
magnetic fields, similar to the method used 


Sec. 49.14] ATOMIC STRUCTURE 745 


(Sec. 29.3) with cathode rays. Since the 8 particles are identical with 
any other electrons, their rest mass is known. Such experiments 
yield perfect agreement with the relativity equation [Eq. (49.10)]. 
It» — c/2, the m is 1.15mo, while if v = 0.99 X c the ratio m/mo is 7.1. 
The formula for the kinetic energy of a fast-moving particle is no longer 

kin = 14mv?; it is derived in Sec. 50.2. 

49.13. Electron Waves. As mentioned in Sec. 47.11 Davisson and 
Germer in 1927 performed an important experiment showing that moving 
electrons are wavelike in character. This result had already been 
Predicted by the French theoretical physicist De Broglie. According to 
De Broglie a particle of mass m moving with a velocity » should have an 
associated wavelength À given by 


TE (49.11) 


where h is Planck’s constant. Thus a beam of electrons or atoms should 
ehave in some experiments, such as diffraction by a crystal grating 
(Sec. 47.11), like a beam of photons or X rays. 

According to Eq. (49.11), the greater the momentum mv of the particle, 
the shorter the wavelength A. An electron with 1 ev of energy has a 
Velocity of 0.02 times the velocity of light and has by Eq. (49.11) a à 
of 12.234. If an electron is accelerated by falling through a potential 
difference of 1 million volts, its velocity is 94 per cent that of light (the 
relativistic correction for the mass must be used), and from Eq. (49.11) 
its A is 0.01A. ‘The A of the 1-ev electron is that of a “soft” X ray, that 
of the 1 Mey electron is equivalent to a “hard,” or penetrating, y ray. 

49.14. Quantum Mechanics. Uncertainty Principle. Although the 
Bohr theory of the electron circulating about the atomic nucleus in fixed 
orbits (Sec. 49.2) worked perfectly for hydrogen, it was not so successful 
mm explaining the details of the spectra of heavier atoms. In 1925, soon 
after De Broglie had suggested that the electron has a wavelike character, 
Se wédinger brought out his more acceptable quantum mechanics, while 
“teisenberg at the same time, followed by Dirac, also published an 
™proved theory in a different mathematical form. In the quantum- 
mechanical treatment of the hydrogen atom the motion of the electron 
about the nucleus is described in terms of standing waves somewhat like 
the standing waves in a vibrating body emitting sound. 

a In the simplest form of this theory the length of the path 2rr of the 
ectron moving about the proton must be an integral multiple of the 
Wavelength A = h/mv. That is, 


h 
na 2a (49.12) 
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wheren = 1,2,3,.... Thisis exactly the Bohr relation [Eq. (11.23)], 
and therefore it is clear that this theory of Sehródinger's should also give 
correctly the frequencies of the hydrogen spectrum. 

In the quantum mechanics it is more difficult t 
of what an atom is like. The modern theoretical physicist does not 
demand such a picture; rather, he works with the somewhat diffused 
density distributions of electron charge in the atom. Figure 49.6 is an 
example of such a charge density for the potassium atom. It is note- 
worthy that the peaks labeled K, L, M come at just about the same 
distances from the nucleu hells of electrons calculated on the 
orbital model. Physicists find it convenient, therefore, to continue to 


: c bits, and of electron shells in discuss- 
Img spectra and the applications of spectroscopic data to other atomic 


o form a mental picture 


acts that is explained by quantum mechanics 

but not by the older theory is that the minimum vibrational energy for & 
residual energy, which cannot be subtracted 
from a molecule and would be present at the absolute zero of temperature, 
ergy. In a complex polyatomic molecule in baie 
bration retains half a quantum of vibrationa 

cud the total zero-point energy may be a large fraction of an electron 


S over this large region. 
icle accurately the wave 
Fourier’s theorem this can be 


philosophical importance, Seal world and is of nd 
49.15. Spectra of Astronomical So 
u: 1 
already been mentioned in Sec, 45.1. ie ie inp ppm ae 


Pectrum of the moon is 
1 Review Sec. 45.1. 


—— 
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identical with that of the sun, and this constitutes proof that the moon 
has no gaseous atmosphere to absorb any frequencies from the sunlight 
reflected by its surface. Some of the planets, on the other hand, 
produce absorption bands in the sunlight they reflect. Carbon dioxide 
has been thus shown to occur in the atmosphere of Venus and methane 
in the atmosphere of Mars, and from the intensities of the absorption 
bands the amounts of these compounds may be estimated. 

The spectra of stars show the presence of elements found on the earth. 
Prominent are hydrogen, calcium, titanium, and iron. From the study 
of stellar spectra, astronomers may determine the distances, brightness, 
sizes, surface temperature, radial velocity, and mass of the stars, as well 
as their composition. The type of absorption spectrum always reveals 
the temperature of the absorbing material. For example, the spectrum 
of Arcturus shows absorption lines of iron, calcium, and hydrogen in such 
relative intensities as to indicate that the surface temperature of that 
very bright star is about 4200°. 

If the relative velocity v of the stellar source and the earth along the 
line of sight, called the radial velocity, is appreciable in comparison with 
the velocity of light c, the frequency f of every spectral line is changed by 
the Doppler effect. Using this notation, Eqs. (38.1) and (38.1^) may be 
combined into one equation for the new frequency f’. 


p= Gi PE G eu (souree in motion) (49.13) 
N ctv pud 
‘ay e 


Similarly Eqs. (38.2) and (38.2) may be combined into the one equation 
f- iG + s) (observer in motion) (49.14) 
c 


For sound waves there is a definite physical difference between these two 
Cases, When the source is in motion, there is a real change in the wave- 
length A, while if the observer is in motion à is unchanged but there is an 
apparent change in frequency. Therefore, when v is not small compared 
With the velocity of sound, the two equations give different results for 
the same v. If the right-hand side of Eq. (49.13) is expanded by the 
Inomial theorem, we have 
20 ys 
which is the same as Eq. (49.14) except for the small terms v?/c?, etc. 
Owing to the extremely high velocity of light this difference is negligible. 
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Stars have radial velocities usually in 
the range 10 to 30 km/sec, but in 
Some cases up to 300 km/sec. Even 
for the latter value, v?/c? is only 1 
millionth. Hence, for star light we 
always use Eq. (49.14). 

When the spectrum of the west edge 
of the sun is compared with that of the 
east edge, it is found that all the lines 
due to absorption in the sun’s atmos- 
phere show a displacement cor- 
responding to a velocity difference 
of 2.1 km/sec (Fig. 49.9). Compari- 
son of spectra from the north and 
south edges of the sun shows no such 
line shifts. This shows that the sun 
rotates about a “north-south” axis. 
For certain double Stars, known as 
spectroscopic binaries, the spectrum on 
one night may show all the lines as 
single, a few nights later these lines 
are double, and still later by the same 
time interval the lines are again single. 
This shows that the star is double, 
with the velocities of the rotating 
doublet, having appreciable compo- 
nents in the line of sight. 

A most important application of 
the Doppler effect is to measure the 
apparent motion of the distant spiral 
nebulae (the nearest one is 870,000 
light years away). The spectra of 
these ee universes outside our own 
Balaxy (the Milky Way) always show 
the H and K lines of Le saltim. 
ut instead of falling at the wave- 
ngths 3,968A and 3,933A as in labo- 
MY Sources, they show tremendous 

oppler shifts toward the red, and the 
the nebula the greater the 
€cessional velocities as great 
0 miles/sec have been so de- 


T 


^ 
f 
The spectra marked W 


ERIRE hus d 
T 


Those lines with no Doppler effect 


umm ondes 
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Fic. 49.9. Portion of solar spectrum in the red showing the Doppler effect arising from the sun's rotation. 


are of light from the receding limb of the sun; that marked Æ is from the approaching limb. 


belong to a band spectrum from O» absorption in the earth’s atmosphere. 
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termined, ‘This startling result has given rise to the belief that our uni- 


verse is expanding. 
PROBLEMS 
1. Calculate from the density and atomic weight the volume and linear dimension 


of an atom of (a) aluminum, (b) mercury. Review Sec. 20.8. 

2. Calculate the wavelength in Angstrom units of the sixth line of the Balmer 
series of hydrogen. 

3. Calculate the energy Af i 
(b) 14. 

4. From the limit of t 
required to remove the electron in the H 
Express your result in em~ and in electron volts. 

*5, The ionization potential of the hydrogen atom is 13.58 volts. Compute the 
wavelength of the limit of the Lyman series in the ultraviolet spectrum. 

6. Compute the wavelengths of the first lines of the Lyman and Paschen series of 


the hydrogen atom. 
7. Calculate the wavelength separation betwi 

lines, 

*8. The limit of the principal absorption series of p 
Compute the ionization potential of potassium. 

*9. The ionization potential of the lithium atom is 5.87 ev. 
length of the limit of the principal absorption series of lithium. 

10. What is the energy in electron volts necessary to remove 


electron from a helium ion? i imi 

11. If a positive and a negative electron form a rotating system similar to a hydro- 
gen atom, what will be the energies of the system? (Remember the comments about 
reduced mass, Sec. 49.3.) 

19; A belatron: produces electrons with a velocity of 99.5 per cent that of light. 


Calculate the mass of these electrons. "D ; 
18. Calculate the wave numbers and wavelengths of the Ka lines for the lightest 


metal lithium (Z = 3) and the heaviest natural element uranium (Z = 92). 

14. What should be the short-wavelength limit of the continuous X-ray spectrum 
Produced by 25,000-volt electrons impinging on à target? —— 

15. Through what potential difference must electrons fall in order that the short- 
Wavelength limit of the continuous X-ray spectrum they produce is at 1A? 

16. Compute the wavelengths observed for the H and K lines in the spectrum 
of a spiral nebula, which has a recessional radial velocity of 12,000 miles/sec. 


n ergs of a photon of wavelength (a) 5,000A and 


he Balmer series (3,647A) calculate the minimum energy 
atom from the n = 2 orbit to infinity. 


een the Hg and Dg Balmer series 
otassium lies at ^ = 2,858A. 
Calculate the wave- 


the single remaining 


CHAPTER 50 
NUCLEAR PHYSICS 


In Chap. 49 the structure of the atom 
ces holding the electrons in place = 
m, which contains most of the material, 


l with heavy nuclei, such as a piece 
articles make “head-on” collisions with the 
nuclei and are Scattered directly backward. Asana particle approaches 
ineti nsformed into potential energy in 
The velocity of the « particle is 
mb force is a maximum when the 
most closely. This distance is 
the « particle in-electron volts, 


& particle has a 
easily calculate 
then 


= 1/4re. For a 5-million-volt 
r which Z = 79, the distance ro is 
X 1.6 x 10-19 

X 1077 x5 Xi0s = 4.56 X 10-5 m 


= 4.56 X 10-12 cm 


ro = kZe _ 2 x 79 
V è & X B85 


Experiment shows, 
computed from the assumption tha 
point charge. It can be concluded 


o just calculated. If the scattering 


S ld, the distance ry of closest 
approach is smaller. Equation (50.1), however, cannot be used in that 
750 
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case since some of the kinetic energy of the a particle is communicated to 
the scattering nucleus. Experiments with light elements show that the 
scattering is not quite what would be expected from Coulomb forces even 
when the motion of the target nucleus is taken into account. Although 
the deviations are small, they are definite and can be used to define what 
is meant by the radius of the nucleus. If the potential energy of an 
a particle at a distance r from the nucleus is plotted, a curve such as that 
shown in Fig. 50.1 results. For large values of r the curve falls off 
inversely with r; at small distances an attractive force exists. The radius 
R corresponding to the maximum of the curve may be defined as 
the nuclear radius. The curve of Fig. 
50.1 represents equally well the poten- RE- 
tial energy of any positively charged Pot. 
Particle in the field of the nucleus; only energy 
a change in thescale of ordinates is neces- 
iis dl A proton has just half the poten- FIM RH" ; 
S, H l IG. BS 1al ener} [0 

dh anergy of an a particle, sica the a charged particle near a tie an 

Be is just one-half. Curve near origin unknown. 

The nuclear radius can be determined 

More precisely and easily by other means to be discussed subsequently. 
It is found that the empirical equation 


r 


R = 14 X 10-"A¥ em (50.2) 


Tepresents the experimental data well. The quantity A is the atomic 
Weight of the scattering nucleus. From this equation, the radius of a 
gold nucleus is found to be 8.1 X 107" em; for a nucleus of carbon, 

— 32 x 10-5em. It should be recalled that a linear dimension of an 
atom is about 105 times larger than R. For most purposes the nucleus 
can be approximated extremely well by a point charge. On the other 
hand the small size of the nucleus makes the investigation of its properties 
difficult, 

50.2. The Mass-Energy Relation. In dealing with nuclear phenom- 
ena, one is nearly always concerned with particles that have very high 
energies. Although the energy of the 5-Mev a particle considered in the 
Preceding section is only a small fraction of 1 erg, this energy is very much 
larger than the energies of the atomic particles concerned in chemical or 
pe anica] phenomena. If the energy of the particle in question is 
eri energy, then the velocity of the particle is correspondingly great. 
pes cles with high velocities do not have a constant mass, as has already 
T mentioned, but the mass m increases with increasing velocity v 

cording to the relation 
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2 1 (50.3) 
E cam 


where mo is the mass of the particle 


velocity of light. Equation (50.3) was first derived by H. A. Lorentz 
(1853-1928), a Dutch physicist, who constructed a theory of the election: 
It was subsequently obtained by A. Einstein f rom his theory of relativity : 
The relation has received abundant experimental verification. If mass 
varies with velocity, the Statement and application of Newton's second 


law of motion must be carefully made. We must say that the rate of 
change of momentum (not mass times acce 


at rest, its rest mass, and c is the 


leration) is equal to the force. 
In symbols, 
=% dv (50.4) 
F = di (mv) zm dt 


We have already encountered a similar situation in the study of rockets 
in Sec, 8.14, : 


The kinetic energy of a particle 
4% mv? but i 


dE = 4 (mv) dx (50.5) 


If the value of m is substituted from Eq. (50.3), the change in kinetic 
energy becomes 


dE = 8 amy) = yg pee 
dt VA — (179 
Taking the differentia] we find 


dE =  mwd» 


[L— Gre 
which can be easily verified to be equivalent to ¢2 d(mo/4/1 = (v?/e*)); 
and hence 
dE = d(me2) 
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velocity v, Eq. (50.6) must be integrated, and the result is 
E=m +C (50.7) 


where C is the constant of integration. To determine C it is necessary 
to know the value of E at some value of v. In the dynamics of low- 
velocity particles it is customary to choose E = 0 when v = 0. Under 
these conditions, C = —moc*, and 


E = me? — moc? (50.8) 


The student should show that this reduces to l4 mv? when v «c. 
In proposing his theory Einstein took the bold step of interpreting 
Eq. (50.8) somewhat differently. He postulated that, even when the 
velocity v of the particle is zero, some energy still remains in the particle 
and in fact that the total energy Ew of the particle is obtained when 
C — 0 in Eq. (50.7), or 
asse Ew = omo (50.9) 
From Einstein’s point of view mass thus becomes a form of energy. If in 
Some way the whole mass of a particle could be changed to some other 
form of energy by annihilation of the matter, Eq. (50.9) would give the 
amount of energy obtained. In terms of the kinetic energy £, 


By. = E + moc? 


The quantity moc? is called the rest energy of the particle. . Wm 
Einstein's hypothesis that energy is obtained by the annihilation of 
Matter has been accurately verified by the study of nuclear processes, 
as we shall see. The complete annihilation of 1 kg of matter would 
Produce 9 x 101° joules, or 2.5 X 10*° kwhr, about one-tenth of the total 
electric energy produced a year in the United States. Complete annihila- 
tion of nuclear mass has not been accomplished, but changes in mass 
With the accompanying release of energy can be produced almost at will 
Y nuclear processes. 
50.3. Radioactivity. The first nuclear phenomenon to be studied in 
detail was the radioactivity of nuclei discovered in 1896 by Becquerel. 
adioactivity is the spontaneous disintegration of a nucleus, with the 
emission of energy. The nuclei of a number of elements of high atomic 
number are observed to transform themselves in two principal ways: (1) 
A nucleus emits an a particle or a helium nucleus, and kinetic energy is 
released and divided between the a particle and the residual nucleus; 
(2) A negative electron of high energy is produced by the nucleus: i.e., a 
8 ray is emitted. In either mode of disintegration, some radiant energy 
May also be released, and this radiation is called y rays. When a nucleus 
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disintegrates, the atomic number of the residual, or daughter, X 
must differ from that of the parent nucleus. If an o ray is shot ou j3 : 
nuclear charge must diminish by 2e since the helium nucleus hasZ m 
At the same time the mass number must also diminish by 4, the m í 
number of helium. For example, the element polonium (Z = 84 ud 
M = 210) emits a rays and changes to the element with Z = 82 a 


ssPo*! — „Het 4 4.Ph203 (50.10) 


The atomic number of each element is written as a subscript on the pue 
the mass number as a Superscript on the right. Tt is evident that ew 
totals of both Z and M must have the same values on each side of th 


equation. If R is used as à general symbol for elements, then a dis- 
integration is expressed by 


zR — Het +, Rart (50.11) 


18 


z Rx —, -8° + xu (50.12) 


where £ is used to indicate the electron, 


The sub- and superscripts on 6 


t can be altered in the laboratory. The 
decay within a small interval dt is thus pro- 


Seen edd 9* atoms present, and the constant of pro- 
portionality ig characteristic of the parent HU Hence 


where No is the number of parent nuclei Present at ¢= 0, For many 
purposes it is convenient to write Eq. (50.14) in terms of another constant 
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instead of \. The time T when the number of atoms is reduced to half 
its initial value is given by 


ee ape 
2 No 
If logarithms are taken of both sides, 
In2 _ 
=e 
In terms of T, Eq. (50.14) becomes 
N = Noe 2T = N(ce^ aye = N2-"T (50.15) 


The number N is thus decreased by a factor of 2 if the disintegration 
proceeds for an interval T; hence T is called the half-life of the parent 
nucleus. 

50.4. The Radioactive Series. The radioactive elements that occur 
in nature can be arranged in three radioactive series, each series being a 
chain of successive disintegrations. The series are named after the 
elements in the series with the longest lives. The elements are uranium 
(920238), thorium (soTh?9?), and actinium (soAc**7). In Table 50.1 the 
Members of the uranium and thorium series are given. 

The individual members of the series are given names, although they 
may be chemically identical with elements having more common names. 
Thus MsThII is an isotope of Ac, and ThC is an isotope of Bi. It is seen 
that the half-lives extend over an enormous range of values. 

The actinium series also starts with uranium and ends with lead. 
This circumstance makes possible a determination of the age of a mineral. 
If the amounts of uranium, thorium, and lead in a mineral are determined, 
it is possible to calculate from the known half-lives how long the dis- 
integration process has proceeded since the mineral was formed. In this 
manner a time scale for the various geological periods has been estab- 
lished. The oldest rocks have an age of about 1.5 X 10° years. 

It should be noted from Table 50.1 that RaC and ThC emit both a 
and B rays. The disintegrations take place in two possible ways, and a 
branch in each series is formed as indicated. 

The atomic weights of members of a single radioactive series differ from 
one another by multiples of 4 since, when an « ray is emitted, the atomic 
Weight decreases by 4, and the emission of an electron involves no change 
m atomic weight. The thorium series is composed of nuclei having 
atomic weights of the form 4n where n is an integer. Similarly the 
Uranium and actinium series have mass numbers of the form 4n + 2 and 
4n 4- 3, respectively. Recently a fourth radioactive series with atomic 
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Table 50.1. 
n a IU DL NN 


Element 


Symbol 


Radioactive Series 


Ray 


[Sec. 50.4 


Z Af-lif. 
Z M produced Halo 
Uranium Series 
| 
Uranitem Tees edes UL 92 238 c 2 X 10? yenrs 
Uranium X,.. UX; 90 234 B 24.5 days 
Uranium X, UX; 91 234 B 1.14 min 
Uranium II UII 92 234 a 3 X 10* years 
Tonium R: Io 90 230 a 8.3 X 10* years 
Radium Ra 88 226 a 1,600 years 
Radon Rn 86 222 a 3.82 days 
Radium A RaA 84 218 a 3.05 min 
Radium B....... RaB 82 | 214 B 26.8 min 
Radium @...........,.... RaC 83 214 œ, 8 |19.7 min 
Radium Oise sosa 0. Rac’ 84 214 a 107* sec 
Radian. os caste aces. Rac” 81 210 - 1.32 min 
Radium D... RaD 82 210 E *— |22 years 
Sara Vase stall ses, 83 210 —B 5 days 
Ce ku 84 210 a 140 days 
SI ESSI eiim n swale dco cs d Stable 


82 206 Very long 


"Thorium 4, 
Thorium B, 


Pb 


: 82 208 Stable | Very long 


"Thorium Series 


90 232 a 
88 228 B 
89 | 228 B 
90 | 298 u 
88 | 9224 a 
86 220 a 
84 216 a 
82 212 B 
83 212 a, B 
84 212 " 
81 208 B 
p 


1.8 X 101° years 
6.7 years 

6.1hr 

1.90 years 

3.64 days 

55 sec 

0.14 sec 

10.6 hr 

61 min 


3 X 1077 sec 


3.2 min 
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weights of the form 4n + 1 has been discovered. None of the members 
of this series has been found to occur naturally, but they can be manu- 
factured in the laboratory. The series has been called the neptunium 
series after the longest lived member s;Np?**, which has a half-life of 
2.2 X 10° years. 


50.5. Ionization by œ and 8 Rays. When a charged particle moves through a 
gas with a high velocity, it produces ionization by collision as discussed in Sec. 
36.4. In this way the kinetic energy of the charged particle is dissipated, and the 
particle itself can be detected by the ionization produced. Energy is also 
transferred without ionization to the atoms of the material through which the par- 


ticle moves. On the average, in air, & Range of &-particles 
particle loses about 32 ev for each ion , : em : 3o 
pair it forms. A heavy particle, such 15 


as an a ray, is not deflected when it 
collides with an atom unless it comes 

near the nucleus. An « particle trav- 10 
ersing matter thus travels in a straight Tem 
line until its energy is gone. The dis- 
tance that the particle travels, or the 
range of the particle, depends on its 
initial energy. From measurements of 

the range the energy can be determined, 0 50 100 150 200 
and this technique is often employed Range n protons 

for nuclear particles. The relation be- Fic. 50.2. Range vs. energy for proton 
tween the range in air and the energy and a-particles in air at normal density. 
is shown in Fig. 50.2 for fast-moving . I 

@ particles and for protons. The range of an o particle of 5 Mev is seen to be 
3.5 em, whereas the range of a proton of the same energy is 10 times as large. 

The distance that a 8 ray travels before it loses its kinetic energy is not a 
definite quantity. The momentum of a B ray is relatively small, and it experi- 
ences large deflections in its path in nearly every collision with an atom. The 
path of an electron is thus a tortuous one, and its length is impossible to determine. 
On the average a (9 particle produces only about 0.01 as many ion pairs per 
centimeter of path as are produced by an a ray. The range is consequently of 
the order of 100 times larger than the range of an a particle, or 10 times the range 
of a proton. 

C. T. R. Wilson devised an instrument, called a cloud chamber, whereby the 
ionization produced by æ and f rays can be made visible. If an enclosure con- 
tains a gas saturated with water vapor and the gas is suddenly expanded, the gas 
becomes supersaturated and the water vapor condenses to form a cloud. If the 
amount of expansion is properly adjusted, drops of water form only on the ions 
that are present. If an æ particle traverses the chamber just before the expan- 
Sion, the condensing water forms a dense line of drops along the path and the 
track is made visible and can be photographed. Beta rays form tracks with fewer 


1 
a-particle: 
| | ane 
E 


. 50.6 
m PHYSICS [Ses 


1 by 
i airs formed can be found 
i length, and the number of ion pair: emere 
irae E 50.3a shows the tracks obtained with a c 
counting E € 

and a 8 particle. m — 
E vp dun A can also be made visible by allowing ns ee e 

x photographie emulsion. The ionization produced renders 
en 

bod grains along the path developable. 


(a) 


FG. 50.3. (a) Tracks of 


(b) 
P ] ilson 
(left) and a fast electron (right) in a pos 
cloud chamber, "The faint sharp line to the extreme left is a reflection of the oP: 
cle track in the glass ci 


an alpha particle 


i is 
() Tracks produced when helium gas 
irradiated by X rays, 


s 
tracks are produced by ane ae 
ejected from the Bas; the small blobs are very short tracks from Compton electro 
(Courtesy of W. E, Hazen.) 


50.6. Ionization Produced byy Rays. 


They rays that are sometimes ‘oe 
tegrations also produce ionization, but only sparsely. 
irs formed per centi 


electron. This is the Compton effect (A. H. Co 
is best regarded as a collision between an electron at rest and a high-energy photon. 
A photon possesses energy of an amount hf, as we know, but experiments show 
that if also possesses momentum of an amount hf/c. In the collision between & 
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photon and an electron, both energy and momentum must be conserved. The 
electron gains some kinetic energy, which is given by Eq. (50.8), and the photon 
loses an equal amount. The frequency f of the photon is thus changed to the 
value of f' given by 

hf = hf’ + me? — moc? (50.16) 


The momentum of the photon is also changed in the collision, and conservation 
of the total momentum of the system leads to the equations 


7 
Mf = Mf cos 0 + mv cos ó 
OH (50.17) 


" 
w sin Ü = mv sin ó 


where the angles 0 and ¢ are indicated in Fig. 50.4. The three equations (50.16) 
and (50.17) can be used to eliminate v and $, for example, and the change in 
frequency of the photon is obtained as a function of the angle of scattering 0. 
To do this it must be remembered that m is a function of v as 
given by Eq. (50.3). The result is 


; -P- Ža 0 — cos 0) (50.18) 
. 


In terms of the wavelengths X and X' of the photons this -— 
€quation ean be written Fic, 50.4 Dia- 
gram of the Comp- 
AE + (1 — cos 0) (50.19) ton effect. 
o! 


The change in wavelength of the photon on collision thus depends only on the 
Scattering angle. Substitution of the values for the constants leads to the value 
h/moc = 2.43 x 10-19 em. If the wavelength à of the photon before collision 
is small compared with this length, practically all the energy of the photon is 
transferred to the electron. 

The Compton effect can be demonstrated easily by passing an intense beam 
of y rays through a Wilson cloud chamber. Many low-energy electrons whose 
paths make all angles with the direction of the beam are visible. Fig. 50.3b 
Shows the tracks in a cloud chamber of electrons produced by the photoelectric 


and Compton effects. 
. 50.7. Artificial Transmutation. The transformation of one element 
Into another not only occurs spontaneously in radioactive disintegrations 
but also can be accomplished by bombarding an element with high- 
energy particles. The first artificial transmutation was performed in 
1919 by Rutherford, who bombarded nitrogen gas with particles from 
C' and found that protons were produced. A nuclear reaction took 
Place according to the equation 


“Het + NI o [PI > 0" + EP (50.20) 
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le 

The reaction is shown here to take place in two steps: (1) mE 

"compound" nucleus F18 is formed. (2) The eae E: be 

integrates to form oxygen and a proton. The formation of t lo E Uie 

nucleus is suggested by recent theories of nuclear processes; Lacs 

tegrates extremely rapidly, and only the end products are o egens 
Folowing Rutherford's work, many other nuclear reaction 


HH + aP! [Nen] — Qi 4. He! cet 
iH! + ,Bu_, [sC?] = ¿C12 + y ray (50. id 
1H? + 016 > [F1] — N44 „Het ee 
iH + LiT — [Bet] — Liz + H: (50. 


1H + GB" 5 [012] 5 Ber] + Het zHe* + „Het + ;He* (50.210) 
In the reaction 


: i " d ar 
eactions, just as in all chemical processes, the cig 
maintained. "The reaction equation must balance n 


mass number but also for energy. It is necessary 
account the 


From this relation one calculates that the ener, 
to 931 Me 


vu mnan 
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if the initial momentum of the bombarding particle is neglected. If the 
velocities v and v’ are small compared with c, then from Eq. (50.23) 


E ymw? (mom m 


E ymv (mvm m 
where Æ and E' are the kinetic energies of the two particles. 
As an example of energy balance, consider first the simple reaction of 
Eq. (50.21b). The momentum of the y ray can be neglected, and hence 
also the kinetic energy of the carbon nucleus. From the values of the 
atomic masses in Table 29.2 the energy E of the y ray must be 


E = 1,0081 + 11.0129 — 12.0040 = 0.0170 mass unit 
= 15.8 Mev 


Thus mass energy disappears and is transformed to radiant energy. 

A second example is afforded by the reaction discovered by Rutherford 
[Eq. (50.20)]. The sum of the masses on the left-hand side is 18.0114, 
and the total mass on the right-hand side is 18.0126. A mass of 0.0012 
unit is thus created at the expense of the kinetic energy of the bombarding 
Particle. Now the «a particle from RaC’ happens to have a kinetic 
energy of 7.7 Mev, while the created mass of 0.0012 atomic weight unit is 
equivalent to 1.12 Mev. There is thus 6.6 Mev of kinetic energy left 
Over to be distributed between the oxygen nucleus and the proton. 
From Eq. (50.24), the proton receives 174g times 6.6 Mev, or 6.2 Mev. 
The range of the proton of this energy can be derived from Fig. 50.2 
and is found to be 49 em of air. The latest experimental determinations 
of this range yield a value of 48 cm, in satisfactory agreement with the 
calculations. 

50.8. The Neutron. When an intense beam of a particles is used to 
bombard a target of beryllium, it is found that rays of great penetrating 
Power are given off. At first it was thought that these rays were pene- 
trating y rays of the usual sort. If a layer of paraffin ar other substance 
Containing hydrogen is placed in the beam of penetrating rays, fast 
Protons in large numbers are ejected. These protons were thought to be 
Produced by a sort of Compton effect, just as fast electrons would be 
formed by a beam of y rays. J. Chadwick, a British physicist, suggested 
the correct explanation. He established in 1932 by careful experiments 
and calculations that the penetrating rays consist of particles with no 
charge and a mass approximately equal to that of the proton, and he 
Called these particles neutrons. Since neutrons have no charge, they 
Produce no ionization and can penetrate matter easily. If a neutron 
collides with a hydrogen nucleus, however, it can transfer its kinetic 
energy to the proton. If the collision is “head on,” all the kinetic energy 
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is given to the proton 


and the neutron is stopped. The reaction with 
beryllium is, therefore, 


50.25 
zHe* + ,Be? — ,Cu2 + an! (50.25) 
when on! is the symbol for a neutron. 
can be found from the maxim: 
masses of the other nuclei in 


The kinetie energy of the neutron 

um range of the recoil protons. Since the 
Eq. (50.25) are known, the mass of the 
The atomic weight derived in this way is 

of the neutron is zero. 

on is zero, the potential energy of a neutron 


ro at large distances. Close to the nucleus, 

it is found that an attractive force exists. The potential-energy curve 
of a neutron is represented schematically in Fig. 50.5. This curve should 
Potente be compared with that of an a particle or proton 
shown in Fig, 50.1. A fast neutron makes colli- 

sions with nuclei if the distance of approach i$ 
less than the nuclear radius where the poten- 
tial-energy curve becomes negative. In a colli- 
Fis. 50.5. The poten- Sion the neutron is scattered, and measurements 
tial energy of a neutron of the number of neutrons scattered are used to 
pt nso r from a derive the values of the nuclear radii, which are 

ý expressed by Eq. (50.2). 

ergies of Nuclei, N 
which all nuclei are c 


ber M = 4 and atom 
and two protons. 


eutrons and protons form E 
onstructed. For example, ad 
ic number Z = 2 is compose 
If N is the number of neutrons in & 
M=Z4y (50.26) 
-In elements of low mass number, Z i i h 
£ r, Z is approx . At the 
upper end of the Periodic table N b e Mp e acl soc 
example, Z = 79 ; : R The 
Ope exis = 197. 
number N of neutrons is therefore lu, or or Which vd a 


nucleus, then 


more rapidi ay The nuclear forces must be 
si * 1 wit! i ces. 
This is evident fro tone distance than Coulomb for 


Bd en i here 
deviations from Coulomb repulsion, fo gt Pus EM n 
distances. At these small 


of the protons in a nucleus th 


à at requires th, 
than protons in heavy nuclei i 


f a stable stru 
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Although our knowledge of the nature of nuclear forces themselves is 
still incomplete, it is easy to find experimentally the binding energy of a 
particle in a nucleus. The binding energy is the energy that must be 
supplied to remove the particle and is therefore exactly analogous to the 
ionization energy of an electron inan atom. It is necessary to know only 
the atomic weight of the nucleus and the weights of the neutrons and 
protons that compose it. The difference in atomic weight represents, by 
the mass-energy relation, the energy that would have to be supplied 
to separate the particles. Consider, for example, the a particle of atomic 
weight 4.0039. If an a particle is formed from »He* of atomic weight 
3.0171 by adding a neutron of atomic weight 1.0090, the total weight of 
the separated components is 4.0261. The binding energy of a neutron 
in ¿Het is therefore 4.0261 — 4.0039 = 0.0222, or 20.7 Mev. Since the 
mass of ,H? is almost exactly the same as that of ;He?, the binding 
energy of a proton in an a particle is almost exactly equal to that of E 
neutron. 'The mass of two protons plus that of two neutrons is 
2 X 1.0081 + 2 x 1.0090 = 4.0342, which is greater than the atomic 
weight of ;He* by 0.0303 unit, or 28.2 Mev. 

The total binding energy of a nucleus is called the mass defect AA. 
If A is the atomic weight, then 


AA = 1.0081Z + 1.0090N — A (50.27) 
For light elements, Z = N = M/2, and A S M. Hence 
AA = 0.0085M 


The binding energy per particle in the nucleus is therefore 0.0085 mass 
unit, or about 8 Mev. ‘The binding energy per particle in a nucleus 
inereases with increasing atomie number until it reaches a broad maxi- 
Mum somewhere near the atomic number of iron or nickel; it then 
decreases again up to the highest atomic number. The nuclei in the 
Center of the periodic table are thus the most stable ones. 

50.10. Artificial Radioactivity. Nuclear reactions often lead to nuclei 
that are not present in nature. If sodium is bombarded by deuterons, 


for example, the reaction 
uNa” + 1H? > uNa? + 1H! (50.28) 


takes place. The sodium isotope of mass number 24 is not ordinarily 
Present in sodium. The reason is not hard to find since 1:Na“ is radio- 
active. The half-life is short, 14.8 hr, and any of this isotope that might 
have been formed once would have decayed long ago. Thè isotope 
uNa*, or radiosodium, is 8-active and decays to ı2Mg°*, a stable isotope. 
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In a similar manner, radiophosphorus can be produced by the reaction 


iP?! + JH? pP up ug (50.29) 


Radiophosphorus is also B-active 

A radioactive form of nearly 
nuclear process. Neutrons are 
radioactivity since they are no 
Coulomb forces. Examples of n 


and has a half-life of 15 days. 

every element can be made by some 
particularly suitable for “inducing 
t repelled away from the nucleus by 
eutron reactions are 


1A]? + ont uNa” + „Het (50.30) 
20C8** + ont K + uH: 


The radioactive potassium produced b 
a half-life of 12.4 hr. Radioactive 
extremely useful, Only a minute am 
necessary for detection. Small 


y the second of these reactions has 
forms of common elements are 
ount of the radioactive isotope is 
amounts of a radioisotope can be added 


50.11. The Positive Electron. In Sec. 50.6 two processes by which & 
Y ray can produce electrons were 


described—the photoelectric effect and 
the Compton effect, If the y r 
process occurs, 


; very high energi 
of absorption of y rays; The positive 
by C. D. Anderson in experiments on i iati 

cloud chamber. ý 


l "s m xt pair is identical with all other 
electrons. The Positive electron has, however, only a transitory 
existence, Once à positi 7 Or positron, has lost its kinetic 
energy by ionization, it is attracted to one of the numerous negative 


The mass of two electrons dis- 
ed back to radiation, Ip order to conserve 
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instead of 8 particles. In fact the first radioactive element to be made, 
1sP®°, decays by positron emission with a half-life of 2.5 min. 


50.12. The Neutrino. If a radioactive element emits a particles, the energy 
released has a definite value that can be accounted for by the difference in mass 
of the parent element and the mass of the daughter element pius the @ particle. 
The æ particle “comes out” of the nucleus. Whether it existed as such within 
the nucleus or whether it was formed at the moment of emission, from neutrons 
and protons, is not certain. If a radioactive element emits electrons, either 
positive or negative, the situation is much more complicated. Electrons do not 


exist as such within a nucleus, nor can they be 
constructed of neutrons and protons. Moreover 
the emitted electrons do not all have the same 
energy. Rather, they have a distribution in energy 
ranging from zero to some definite upper limit. 
Such an energy distribution is shown in Fig. 50.6 
for P32, 

Careful experiments seem to show, however, that 
the same total amount of energy is lost by the 
nucleus at each decay process and that this energy 
corresponds to the upper limits of the -ray energies. 
Where, then, does the rest of the energy go? To 
Account for the apparent violation of a fundamental 
law of physics the existence of a new particle, the 
neutrino, has been suggested. The neutrino has a 
very small rest mass (possibly zero) and no charge. 

t can, however, possess energy and momentum, 


Fre. 50.6. Energy distribu- 
tion of emitted electrons. 
The solid curve gives the ex- 
perimental results for P*. 
Theory predicts that the 
curve should pass through 
the origin as indicated by the 
dashed line.. The difference 
is the result of scattering and 


just as a photon without rest mass has energy and absorption in the source. 

Momentum. When a f ray is emitted with less 

than the maximum amount of energy, a neutrino is also supposed to be emitted 

rw a carry away the extra energy. The neutrino has not yet been observed 
rectly. 


50.13. Nuclear Fission and the Atomic Bomb. A nuclear reaction 
of an entirely different type is found to take place in various of the 
heaviest elements. If 92U?* (actinouranium) absorbs a slow-moving 
neutron, a very violent reaction takes place. The compound nucleus 
920° is found to split into two parts of approximately equal mass, and 
on the average 2.5 neutrons are emitted. This splitting is called nuclear 
fission and can take place in many ways. One reaction is, for example, 


93U?*5 4 ont —, [91285] — sXe? + aSr + x on! (50.31) 


* F 
UNE x is perhaps 2 or 3 (average 2.5). The xenon and strontium 
med are not stable elements, but each decays by radioactive processes 
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until stable forms are produced. "Thus 


0.5 min 
sXe! — —, C513 4. g 

6 min (50.32) 
ssCs!99 — Ba! +e 

86 min 
ssBal? — —5 Lao 4 g 


where the half-lives of the successiv: 
Every element between selenium (Z 
has been found as a product of uraniu 
fission reaction lie in the region of th 
are most stable. Consequently the 
large; roughly 200 Mev is produced in 
principally of the kinetic energy of t 
of these fragments contain more neutr > 
elements, and hence they are unstable. The excess neutrons successively 


give off 8 particles (4.e., negative electrons) and thereby convert them- 
selves into protons, until in the end a stable nucleus is formed. . 

It should be noted that several neutrons are produced in the fission 
process. "This circumstance makes possible a chain reaction. The- 
neutrons produced in each fission of 92U255 can be utilized to produce 


È e : rocess 
other fissions, Thus, if the neutrons are used efficiently, the proces 
becomes a continuin 


€ B transformations are indicated. 
= 37) and praseodymium (Z = 59) 
m fission. The end products of the 
€ periodic table where the elements 
energy released in the reaction 18 
each fission. This energy consists 
he fission fragments. The nuclei 
ons than normal nuclei of the same 


in, and not too many neutrons must be lost, by capture or by diffusion 
away from the uranium. If 


; ; a large quantity of uranium is mixed with 
graphite, which Serves to slow down the neutrons without capturing them, 
then the chain reaction proceeds and nuclear energy is continuously 
liberated. Such a nuclear reactor has 9, large volume in order to minimize 
the escape of neutrons fro 

Uranium metal is a, mi 


PARAR ial exeeeds the so-called 
critical amount.” When the U235 ig Packaged in amounts smaller than 
this, too many of the neutrons from the small number of fissions produced, 
y neutrons, leak out of the mass without being 

slowed down and captured by other nuclei. But when the amount 


of U? is of ‘sufficient size, most of the fission neutrons are absorbed by 
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other U?*5 nuclei, the chain reaction gets under way, and an “atomic” 
explosion results. 

Only 0.71 per cent of ordinary uranium metal consists of the U? 
variety. It is extremely difficult to separate this isotope from the 
ordinary metal, but it has been produced in quantity. 'The most 
successful method of U?** concentration employs a diffusion process, 
using a gaseous uranium compound. ] 

The capture of a neutron by 2258 leads to the isotope o»U???, which 
decays by two 8-ray disintegrations, first to neptunium, ss N p???, and then 
to plutonium, s,Pu??. Plutonium is also fissionable by slow neutrons, 
and it can be chemically separated from uranium. Thus a uranium 
reactor can be used to manufacture plutonium, and the plutonium used 
for an atomic bomb. a 

To control the rate at which fission proceeds, rods containing the 
neutron-absorbing elements boron or cadmium are moved into or out 
of the uranium reactor. In practically all the reactors operated up to the 
present (1953), the heat generated in the uranium by the fission reaction 
has been removed by a coolant, usually water or air, passing once through 
the reactor. Many megawatts of power have thus been thrown away 
because the cooling fluid has issued at too low a temperature for operation 
of a heat engine with good thermodynamic efficiency. It is now con- 
sidered feasible, however, to construct and operate reactors so that they 
may be used both as stationary power plants and as propulsion engines. 

In a nuclear reactor operating at high temperatures the coolant will 
Probably be a liquid metal. This will circulate, with proper shielding 
because of its high radioactivity, through a heat exchanger. From here 
9n standard engineering practice would be followed in the construction. 
And it should be emphasized that, while the reactor is generating large 
&mounts.of useful power for long periods without replacement of the 
nuclear fuel, it is at the same time producing a valuable material, plu- 
tonium, which may eventually be recovered. Even a breeder reactor, in 
Which more fissionable atoms can be produced than are destroyed, is now 
being operated experimentally. A new field, nuclear engineering, is just 
beginning. Watch it grow! 

50.14. Energy Production in Stars. The transformation of nuclear 
Mass into energy is the means of energy production in stars and in our sun. 
The ultimate source of all the energy that we use is thus the rest energy 
of nuclei. Within the interior of a star the temperature is exceedingly 
large, of the order of tens of millions of degrees. The thermal velocities 
that particles have at these temperatures are correspondingly high, and 
Nuclear reactions occur. In our sun and many other stars a chain of 
Teactions czcurs that is represented by the following equations: 
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CONG Ao (50.33) 
1H! + UN M — ,Q1s 

s015 — ;N!5 + gt 
iH! +N! QC p Het 


The symbol 8* indicates a 
result of this chain of reaction 
an particle and two positr 
restored at the end. The e 


d a density of 4 X lO*gm/em?, This theory 
nces of elements up to about atomic weigh 
100. Beyond this there are complications not yet completely under- 
stood. Under the conditions just mentioned the earth would have & 


ge of mass into ener, 


gy involving synthesis of the lightest 
poms can be called a fusion process, It is easy to speculate that, 


» à concentrated mass of either light 
or heavy hydrogen must first be 


Mesons, 
he air and 


gh energy coming from 
pace. The number and energy of wie 
Tom their deflecti tie fie 
of the earth, which results i iati “ction by the Inagne 


diens d n on of the i i mic-ray 
ionization with latitude, It is found th "rs ily gt e 


SY are protons, The energy 


Produced in the laboratory 
up to perhaps 1016 eV; SHitli-s- magn valued 
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about 10 ev. The interaction of particles of such high energy with 
matter is a subject of much interest. 

Although the details of the processes involved are completely unknown, 
the interaction of the primary cosmic radiation with the atmosphere 
leads to the production of radiation of two sorts. The more penetrating, 


cy des m e 


a ET. —A—— 

Fi. 50.7. Magnetic cloud-chamber photograph of the decay of a tau meson. The 
high-energy meson enters at the top (arrow), traverses the 2.5-cm lead plate in the 
center with no detectable deflection, and decays in the lower section of the chamber 
into three charged particles (arrows). (Courtesy of R. B. Leighton.) 


or hard, component consists of unstable particles having either a single 
electronic charge, positive or negative, or possessing no charge, and with 
masses considerably greater than that of an electron. There are two 
classes of such particles, mesons and V particles. These have been 
detected and studied by means of the tracks they produce in photographic 
emulsions or in magnetic cloud chambers. Best known are positive and 
negative pi mesons and mu mesons. If the mass of an electron is me, the 
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$ 3 aneously 
charged pi meson has a mass equal to 276m.. VE Sip A a iei 
in about 10-5 sec into a mu meson and a epp. in e d 
which has a mass of 210m. in turn decays in about ste aee 
electron and two neutrinos. There is also a "pue D onn. fünf 
264m, which decays in less than 10-13 sec into two ph 


Fia. 50.8, Magnetic cloud- 
portion of the chamber and a Pi- to mu-mes 
lower portion, A 2.5-em lead plate Separates the t 
The curvature of the pi- and mu-meson tracks in the 
are charged particles and that the Sign of the charge is 
tesy of R. B. Leighton.) 


chamber Photograph ofa cosmic-ray shower in the me 
on decay in the upper central region E er. 
WO portions of the US ex 
magnetic field shows that the: 


pe 
conserved in the decay. (Cou 


nce of the two tracks left E 
There is good evidence tha 
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neutral V particles have a mass of about 2,250m. and that they decay 
in about 10-! sec into a proton and mesons. Pi mesons can now be 
obtained with the large frequency-modulated cyclotrons such as the one 
pictured in Fig. 29.9, and all the high-energy particles are expected to be 
produced by the huge particle accelerators such as the cosmotron (Sec. 
29.6). Meson cloud-chamber tracks are shown in Figs. 50.7 and 50.8, 
and in Table 50.2 we summarize some of our present knowledge about 
the elementary particles of matter. 


Table 50.2. The Elementary Particles 


Mass m F Ave. lifetime 
units of Year before 
Particle the dis- JE Products of the decay 
electron | covered spontaneously 
mass 
Electron. .. 1 |1896 Stable 
Proton... 1,845  |1890-1900| Stable 
Neutron........ ...| 1,848 |1932 About 20 min | Proton and electron 
Positron...........++ 1 [1932 Stable 
Positive mu meson... 210 |1936 2 X 10-*sec | Electron and two neu- 
trinos 
Negative mu meson. . 210 |1936 2 X 10-*sec | Electron and two neu- 
trinos 
Positive pi meson.... 276 |1947 1075 sec Mu meson and neu- 
trino 
Negative pi meson... 276 |1947 1075 sec Mu meson and neu- 
trino 
Neutral pi meson.... 264 |1950 Less than 10-!* | Two photons 
sec 
Positive tau meson... 975 |1949 About 10-? sec | Three pi mesons 
appa meson..,..... 1,200 1951 About 10-?sec| Probably pi and mu 
mesons 
Neutral y particle....| 2,250 |1947 107? sec Probably proton and 
mesons 
Positive V particle. ..| Unknown |1947 Less than 107? | Unknown 
sec 
Negative V particle...| Unknown |1947 Less than 107? | Unknown 
sec 
Photon 0 Stable None 
Neutrino. , 0 Stable None 
ur. A | e ——3À 


The other component produced by the primary cosmic radiation in the 
atmosphere is not very penetrating and consists of high-energy photons 
and electrons, The photons are absorbed by pair production in which 
^ positive and a negative electron are produced. The high-energy 
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electrons, on the other hand, produce photons w 5 
nuclei just as electrons produce X rays in an X-ray tube. There is 
consequently a continual interchange of energy between the electrons 
and photons in the cosmic radiation passing through the atmosphere. 
As a result of this interchange, cosmic-ray electrons and photons arrive 
in groups of rays, or cosmic-ray showers. The tracks of shower electrons in 
a Wilson cloud chamber are easily observed and show the extreme com- 
plexity of the phenomena involved. An example is shown in Fig. 50.8. 


PROBLEMS 

Mass values can be found in Table 29.2, 

- What is thé maximum height of the 
field of a carbon nucleus; a gold nucleus? 


2. Calculate the mass of an electron moving with velocity 0.1¢, 0.5c, 0.99c, 0.999¢. 
3. What is the ratio of the m. 


ass of the proton issuing from the cosmotron with an 
energy of 3 Bev to its rest mass? 
4. What is the mass 
scale of atomic weights, 
5. How long doe 
the original value? 


hen they encounter 


potential-energy curve of a proton in the 


equivalent of | ev? Express the answer in grams and on the 


S it take a polonium source of a particles to decay to one-tenth 


1,0 235; UY, 90, 231; Pa, 91, 931; Ac, 89, 2273 
Rade, 90, 227; AcK, 87, 223; AcX, 88, 223; An, 86, 219; ACA. 84, 215; AcB, 82, 211; 
AcC, 83, 211; AcC", 84, 211; AC", 81, 207; Ph(AcD), 82. 207. Construct a table 
similar to Table 50.1 for this Series, indicating the Tay produced by each of these 
members, 
9. A polonium a particle has an energy of 5.3 Mey. What is the energy of recoil 
of the residual lead nucleus? 


10. An X-ray photon of 60,006 ey 


o:of 50° energy is scattered by the Compton effect at an 
angle o i 


the scattered photon? " 
Y photons seattered at angles of 60 
? 


© reactions that might occur when deuterons 
13. How muc eased or absorbed in the reaction when protons 
bombard C3 to Produce ;N14? 


electron volts, 

15. Calculate the binding energy of the deuteron, 
16. Photons can eject protons from a nucleus by an action similar to the photo- 
electric effect. How much energy must a Photon have to disintegrate ;He? by this 
process? 
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17. Calculate the mass loss in each U*** fission to balance the 200 Mev of energy 


produced. 
18. What is the energy in calories per square centimeter per second incident on the 


earth in the form of cosmic radiation? Compare this with the energy received from 


the sun. See Sec. 48.9 for solar constant. 
19. How much mass is radiated by the sun in 1 sec? Use the data given in Prob. 16, 


Chap. 48. 


APPENDIX 
UNITS 


Length: 


1 meter (m) 100 centimeters (cm) 


1 micron (4) = 10-*cm 
1 millimicron (mz) = 1077 em 
1 Angstrom unit (A) = 1075 em 
1 inch (in.) = 2.540 cm 
1 foot (ft) = 30.48 cm 
1 mile = 1.609 km 
1 mile = 5,280 ft 
lem = 0.3937 in. 
lm = 39.37 in. 
1 kilometer (km) = 0.6214 mile 
lin, = 1,000 mils 
Area: 
lem! = 0.155 in.? 
lin.* = 6.452 em? 
lm? = 10.76 ft? 
1ft? = 0.0929 m? 
Volume: 
1 liter = 1,000 cm? 
1 liter = 1.057 quarts (qt) 


1 quart (qt) = 0.9463 liter 
1 gallon (gal) = 231 in.* 


1 liter = 0.0351 ft? 
1 ft? = 28.32 liters 
1 ft3 = 7.481 gal 
lin. = 16.39 cm? 
lem? = 0.061 in.* 
Mass: 
l gram (gm) = 1,000 milligrams (mg) 
1 kilogram (kg) = 2.205 pounds (Ib) 
lgm = 0.03527 ounce (oz) 
1 ounce (oz) — 28.35 gm 
1 pound (Ib) — 453.6 gm 
1 lb = 7,000 grains 
1 U.S. short ton = 2,000 Ib 
1 metric ton = 2,205 Ib 
1 slug = 32.2 lb 
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Density: 

1 gm/cm? = 62.43 lb/ft? = 8.345 lb/gal 

1lb/ft* = 0.01602 gm/cm? 
Velocity: 


1 cm/see = 0.03281 ft/sec 

l cm/sec = 0.02237 mile/hr 

1 ft/sec = 30.48 cm/sec 

lmile/hr = 447 cm/sec 

1 mile/min = 60 miles/hr = 88 ft/sec 


1 knot = 1 nautical mile /hr = 1.151 miles/hr = 1,852 m/hr 
Acceleration: 

1 cm/sec? = 0.03281 ft/sec? 

g = 981 cm/sec? = 32.2 ft/sec? 
Force: 


1 dyne = 7.233 x 10-5 poundal 
1 poundal = 13,825 dynes 

1 gm-force = 981 dynes 

1 dyne = 2.247 x 10-6 Ib-force 
l newton = 105 dynes 

llb-foree = 4.45 x 105 dynes 


llb-foree = 329 poundals 
Pressure: 
1 atmosphere (atm) = 14,7 Ib/in? = 1,033 gm /cm? 
latm 7 760 mm of mercury at 0°C 
latm 7 1,013,000 dynes/em? 
latm = 1.013 bars = 1,013 millibars 
1 dyne/em? = 1.45 x 10-5 lb/in? 
1 lb/in? = 69,870 dynes/cm? 
1 gm /em? = 0.01422 Ib /in2 
1 lb/in? = 70.31 gm /em? 
Energy: 
1 joule 


107 ergs = 0.939 cal 


1 calorie (cal) 4.186 joules = 


= 0.738 ft lb = 0.1020 kg m 
1 British thermal unit (Btu) 


3.087 ft Ib = 0.427 kg m 


yog wg og 


1,055 joules = 259 cal = 778 ft lb = 0.293 watt hr 
1 ft lb 1.356 joules = 0.3939 cal = 0.001285 Btu 
lerg = 0.7373 x 10-7 ft lb 
1 ft lb 1.356 x 107 ergs 
1 kilowatt hour (kwhr) = 36 x 191 ergs 
lkgm = 7.233 ft Ib 
Power: 


1 horsepower (hp) = 33,000 ft Ib/min = 
1 watt = 1 joule/see = 107 
1 kilowatt =1.341 hp = 738 ft 


550 ft Ib/see = 
ergs/sec = 0,239 
'b/see = 0.948 B 


746 watts 
cal /see 
tu /sec 
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VALUES OF IMPORTANT 
GENERAL PHYSICAL CONSTANTS 


Acceleration of gravity (normal) g = 980.665 cm sec™* 

Liter = 1,000,028 + 0.002 cm? 

Maximum density of water pm(H:O) = 0.999972 + 0.000002 gm cm^? 
Velocity of light c = (2.99776 + 0.00004) X 10!° em sec"! 

Gravitation constant G = (6.670 + 0.005) X 1075 dyne em? gm~? 
Normal atmospheric pressure po = (1.013246 + .000004) X 10° dyne cm? 
Volume of perfect gas (0°C, po, i.e., standard atmospheric pressure) 


Vo = 22.4146 + 0.0006 liter mole? 


Avogadro’s number No = (6.0228 + 0.0011) X 10% mole! 

Gas constant per mole Ro = Vopo/To = (8.31436 + 0.00038) X 107 erg deg 
mole! 

Boltzmann constant k = Ro/No = (1.38047 + 0.00026) X 107!* erg deg"! 

Ice point (absolute scale) 7 = 273.16 + 0.01°K 

Mechanical equivalent of heat J = 4.1855 + 0.0004 joule cal~! 

Mass of an electron mo = (9.1066 + 0.0032) X 10775 gm 

Mass of hydrogen atom My = (1.67339 + 0.00031) X 107% gm 

Mass of proton Mp = (1.67248 + 0.00031) X 107! gm 

Ratio, mass H atom to mass electron (e/m)/(e/Mu) = 1,837.5 + 0.5 

Mass of a particle Ma = (6.6442 + 0.0012) X 107?! gm 

Faraday constant F = 90,501 + 10 coulombs per gm equiv. 

Electronic charge e = (4.8025 + 0.001) X 107" esu 

Planck constant h = (6.624 + 0.002) X 10777 erg sec 
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The entries in the last two columns ar 
third column in electrostatic and electrom: 


APPENDIX 3 
CONVERSION TABLE OF ELECTRICAL UNITS 


€ the equivalents of the quantities in the 
agnetic units respectivel 


" z to 
: Practical Electrostatic Electromagne! 
Quantity Symbol unit (inks) unit (esu) unit (emu) 

m |1kitogram 1,000 grams ADOS grate 

l 1 meter 100 centimeters 100 centimeters 

t 1 second 1 second 1 second 

F  |inewton 10* dynes XO Hb 

W 1 joule 107 ergs 10" eres d 

P 1 watt 10? ergs/second 107 trat nee 

Q |1 coulomb 3 X 10° statcoulombs | 0.1 abcoulom 
Current... I 1 ampere 3 X 10° statamperes |0,1 abampere 
Electric potential, Vi vott 1$ X 10-3 statvolt | 10" abvolts — — 
Electric field strength E |1 volt/meter 3 x 10-4 lorsbvera/eene" 

; statvolt/centimeter meter 
Resistance, . R 1 ohm 16 X 1071 statohm | 10* abohms 
Inductance. L deny 26 X 107! stathenry | 10* centimeters 
Capacitance. (z 1 farad 9 X 10" centimeters | 10-* abfarad 
Flux of magnetic induction. b 1 weber 10* maxwells 
Magnetic induction B |1 weber/aquare meter Ua aa ana 
Magnetic intensity. H |1ampere/meter 4x X 107? oerste 
Permittivity A ce akferad/metar m= 
Ore, a Bin 
Permittivity of froeepace.| | 8.35 x qoc oe 
farad/meter * 
Permeability... a 1 henry/meter mae 
Permeability of free epace.! yp | 1.957 3¢ qoa i 
henry/meter 


* These units ara Pure numbers, 
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APPENDIX 4 
GREEK ALPHABET 


Gamma (g).. 
Delta (d).... 
Epsilon (e). 
Zeta (z).. 

Eta (h).. 

Theta (th). 
Tota (i)... 
Kappa (k)... 
Lambda (1) i 
MU. oc sasra es aA Ma 


PRE EDD ARS S ei RES pow Nv 


Pi (p)...... 
Rho (r).... 
Sigma (s). . 
Tau (t). ss 
Upsilon (u) 
Phi (ph)... 
Chi (ch)... 
Psi (ps).... P 
Omega (0)....... senaia ormen 
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APPENDIX 5 
USEFUL MATHEMATICS 


x = 3.1416 

e = 2.7183 

logi + = 0.4971 

To find the natural log of a number, multiply its log to the base 10 by 2.3026. 
Binomial Theorem: 


(liz =1 ne RD go Qn = D). 


23 + +++ provided z? <1 
Special cases: 
a t2U-lzztlrfng 
(lk3haepat.295. 9:3 — 
e +373 +3 
(l tak =g gpeg lör 
: 2 8 48 
Series: 
Mos] E s 
e tz: zt 5 + 
xz 
sin z =z — et 
zt 
costz =1 — at 
tent 24+ 4 Eii 
Integration and Differentiation: 
dy 
ac y- [G) dz* 
m dz 
Es gn 
E nl 
sin z T 
gena — cos z 
tan z cae 
es — ln cos z 
med In sin z 
— cosec? g iets 
sin? z [e 
pee Mz — M sin z cos z 
i Mz + M sin z cos x ' 
Ew ' 
VE a sini T 
A A 
za tani. 
ene eoz 
* The constant of integration is Omitted in all cases, a 
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NATURAL TRIGONOMETRIC FUNCTIONS 


APPENDIX 6 


Angle Angle 
Sine | Cosine pa Sine | Cosine ae 
° | radians E radians 
0 | 0.0000 | 0.000 | 1.000 | 0.000 
1 | 0.0175 | .018| 1.000 | .018 | 46 | 0.8029] .719 | .695 | 1.036 
2 |0.0349 | .035 | 0.999 | .035 | 47 | 0.8203 | .731 | .682| 1.072 
3 | 0.0524 | .052 | .999 052 | 48 | 0.8378 | .743 | .669 | 1.111 
4 |0.0698 | .070 | .998| .070| 49 | 0.8552] .755 | .656 | 1.150 
5 | 0.0873 | .087| .996| .088| 50 | 0.8727 | .766 | .643]| 1.192 
6 |0.1047 | .105 | .995| .105| 51 | 0.890. | .777| .629| 1.235 
7 |0.1222 | .122| .993| .123| 52 | 0.9076 | .788 | .616 | 1.280 
8 |0.1396 | .139 | .990| .141 | 53 | 0.9250] .799 | .602 | 1.327 
9 | 0.1571 | .156| .988 158 | 54 | 0.9425] .809| .588| 1.376 
10 | 0.1745 | 1174] .985| .176| 55 | 0.9599] .819| .574] 1.428 
11 | 0.1920 | .191 | .982 194 | 56 | 0.9774 | .829| .559| 1.483 
12 | 0.2094} .208| .978| .213| 57 | 0.9948 | .839| .545| 1.540 
13 | 0.2269 | .225 | .974| .231| 58 | 1.0123 | .848 | .530| 1.600 
14 | 0.2443 | .242| .970| .249| 59 | 1.0297 | .857| .515| 1.664 
15 | 0.2618 | .259 | .966 | .268) 60 | 1.0472] .866| .500/ 1.732 
16 | 0.2703 | .276 | .961 | .287| 61 | 1.0647 | .875 | .485| 1.804 
17 |0:2967 | 1292 | .956 | .306| 62 | 1.0821 | .883 | .470 | 1.881 
18 | 0.3142 | .309 | .951| .325| 63 | 1.0996 | .891 | .454 | 1.963 
19 | 0.3316 | .326 | .946 | .344| 64 | 1.1170 | .899 | .438| 2.050 
20 | 0.3491 | .342 | .940| .364| 65 |1.1345 | .906 | .423 | 2.145 
21 | 0.3665 | .358 | .934| .384| 66 |1.1519 | .914| .407 | 2.246 
22 | 0.3840 | .375 | .927 | .404| 67 | 1.1694| .921 | .391| 2.356 
23 | 0.4014 | .391| .921 | .425| 68 | 1.1868 | .927| .375 | 2.475 
24 | 0.4189 | .407| .914| .445 | 69 | 1.2043 | .934| .358 2.605 
25 | 0.4363 | .423 | .906 | .466| 70 | 1.2217 | .940 | .342 | 2.747 
26 | 0.4538 | .438 | .899 | .488| 71 | 1.2392] .946 | .326 | 2.904 
27 | 0.4712 | .454 | .891 | .510| 72 | 1.2566 | .951 | .309| 3.078 
28 | 0.4887 | .470 | .883 | .532| 73 | 1.2741 | .956 | .292 | 3.271 
29 | 0.5061 | .485| .875 | .554| 74 | 1.2915 | .951| .276 | 3.487 
30 | 0.5236 | .500| .866| .577| 75 | 1.3090 | .966 | .259 | 3.732 
31 | 0.5411 | .515| .857| .601) 76 | 1.3265 | .970 | .242) 4.011 
32 | 0.5585 | .530| .848| .0625 | 77 | 1.3439 | .974| .225 | 4.331 
33 | 0.5760 | .545 | .839| .649| 78 | 1.3614 | .978 | .208| 4.705 
34 | 0.5934 | .559 | .829 | .675| 79 | 1.3788 | .982]| .191 | 5.145 
35 | 0.6109 | |574| .819| .700| 80 | 1.3963 | .985 | .174| 5.671 
36 | 0.6283 | .588 | .809| .727| 81 | 1.4137 | .988| .156 | 6.314 
31 0.6458 | 602 | 799 | .754| 82 | 1.4312] .990| .139 | 7.115 
38 0.6632 | (616 | .788| .781| 83 | 1.4486 | .993| .122 | 8.144 
29 0.6807 | .629 | |777  .810| 84 | 1.4661] .995) .105 | 9.514 
0.6981 | .643 | .766 | .839| 85 | 1.4835 | .996 | .087 | 11.43 
41 | 0.7156 | .656 755 869 | 86 | 1.5010 | .998 
a 0.7330 | .669 | .743 | .900| 87 | 1.5184] .999 
a 0.7505 | .682 | .731 | .933| 88 | 1.5359 | .999 
aR 0.7679 | .695 | .719 | .966 | 89 | 1.5533 | 1.000 
0.7854 | .707 | .707 | 1.000 | 90 | 1.5708 | 1.000 
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Logarithms 


783 


Proportional parts 
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7782/7789/7196/7803/7810/7818/7825/7832/7839|7846 
7853/7860/7868/7875/7882/7889/7896/7903,70910,70917 
7924/7931|7938/79045/7952/7959/7966/7073/7980|70987 
7993/8000/8007/8014/8021/8028/ 8035 8041/|8048/8055 
8062/|8069/8075/8082/8089/8096/8102,8109/8116/,8122 


8129/8136/8142/8149 8156/8162/8169/8176 8182/8189 
8195/8202/8209|8215/8222|8228/8235|8241/|8248/8254 
8261/8267/8274|8280/,8287|8203/8209/8306/8312/8319 
8325/8331/|8338,8344|8351/8357|8303/,8370/8376,8382 
8388/8395|8401/8407|8414/8420/8426/8432/|8439|8445 


8451/8457/8463/8470/8476/8482|8488|8494|8500/8506 
8513/8519[8525|8531/8537|8543|8549|8555|8561|8567 
8573|8579|8585|8591[8597|8603,8609|8615/8621/8627 
8633/863918645|8651/8657/|8063|8669|8675|8681|8686 
8692/8698/8704|8710/87106/8722/8727 8733|8739|8745 


8751[8756/8762/8768,8774|8779/8785|8791/8797,8802 
8808/8814/8820|8825|8831|8837|8842|8848|8854|8859 
8865/8871/8876|8882|8887|8893,8899/8904/8910/8915 
8921/8927/8932/8938|8043|8049/8954|8960/8965/8971 
8976|8982|8987|8993|8998/9004 9009 9015/9020/9025 


9243/9248/9253/9258/9263/9269/9274 9279/9284 9289 


9294/9299/9304|9309/9315/9320/9325|9330/0335/0340 
9345/9350/9355|9360/9365|9370/9375|9380/9385|9390 


9777/9782/9786.9791/9795/9800/9805/9809|9814 0818 
9823/9827|08329836|9841/9845|0850 08540859 0863 
9868/9872/9877/9881 /9886/9890|9894 0899/90903|0908 
2912/9917/9921/9926/9930/9934/9939/0943/09489952 
)956/996119965/9969|99749978/9983|90987 99910996 
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INDEX 


Abcoulomb, 412 
Aberration, 595 
chromatic, 639 
in lenses, 634 
spherical, 609, 621, 635 
Absolute humidity, 331 
Absolute temperature, 237, 275, 313 
Absolute units of force, 83, 86 
Absolute zero, 277 
Absorbing power, 584 
Absorptance, 720, 726 
Absorption, selective, 717 
Absorption coefficient, 584 
Absorption spectra, 669 
Abvolt, 460 
Acceleration, 64, 66 
centripetal, 75, 101 
constant, 70 
instantaneous, 74 
Accommodation of eye, 644 
ccuracy, 7 
Achromat, 641 
chromatic lens, 641 
Achromatic prism, 614 
Acoustics, architectural, 583 
Action, Planck’s constant of, 180, 251, 
523, 591, 722 
Addition, of colors, 673 
of many forces, 14, 18 
of two forces, 13 
Addition rule for forces, 14 
Adhesion, 223 , 
Purnia bulk modulus of elasticity, 282 
iabatic process, 281 
ae of minerals, 755 
rA columns, vibration of, 571 
ir-mass analysis, 337 
Air resistance, 222 
Ir-speed indicator, 220 
Airplane, in curved flight, 106 
lift on wing, 221 à 
Alpha particles, 346, 753 
lonization by, 757 
range of, 757 
Scattering of, 750 
Alternating current, 487 
Alternating emf, 463 
mmeter, 424 
Ampère, Andrè, 385, 434 
Ampere (unit), 385 


Ampère’s law, 434 
Amplification, gas, 526 
Amplification factor, 510 
Amplifier, gain of, 511 

triode, 510 
Amplitude, 183 

pressure, 566 

velocity, 196 
Amplitude displacement, 197 
Amplitude modulation, 515 
Analyzer, 716 
Anaxagoras, 10 
Andrews, Thomas, 283 
Anemometer, 330 
Angle, of contact, 230 

of dip, 454 

glancing, 708 

limiting, of repose, 90 

measure of, 4 

polarizing, 714 

of resolution, 700 

solid, 4 
Angstrom unit, 599 
Angular dispersion, 613, 706 
Angular impulse, 162 
Angular momentum, 162 
Angular velocity, 77 
Anode, 400, 505 
Antenna, 518 
Antinode, 551 
Aperture, 635 

diffraction by circular, 699 

Fresnel, 694 

relative, 652 
Aplanatic points, 637 
Aqueous humor, 644 
Archimedes’ principle, 207 
Arcturus, spectrum of, 747 
Aristotle, 10 
Armature, 428, 463 
Artificial radioactivity, 763 
Artificial transmutation, 759 
Aspirator, 219 
Astigmatic difference, 637 
Astigmatism, 622, 637, 645 
Astronomical spectra, 746 
Atmosphere, 209, 315 
Atmospheric humidity, 331 
Atmospheric pressure, 8, 330 
Atmospheric refraction, 626 
Atom, ionized, 739 

mass of, 299 
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Atom, Rutherford model, 732 
shape of, 300 
size of, 300 
Atomic bomb, 765 
Atomic energy, 418 
Atomic heat capacity, 251 
Atomic number, 728 
Atomic volume, 729 
Attraction, inverse-square, 179 
Atwood machine, 88 
Audibility, lower limit of, 579 
threshold of, 580 
Available power, 403 
Avogadro’s law, 278, 290 
Avogadro’s number, 293 
Axes, theorem of parallel, 153 
Axis, crystallographic, 716 
fixed, 149 
principal, 613 
rigidity of gyroscopic, 164 


B 


Back emf, 402, 429, 467 
Balance, beam, 39 
sensitivity of, 39 
Ballistic galvanometer, 428 
Ballistic pendulum, 135 
Ballisties, 100 
Balloons, 209, 230 
ceiling, 333 
Balmer, J, J., 731 
Balmer series, 73] 
Band Spectra, 742 
of O;, 748 
Banked road, 104 
Bar, 202 
Bar photometer, 662 
Barkhausen effect, 489 
Barometer, aneroid, 207 
mercury, 206 
arrel distortion, 639 
Basilar membrane, 582 
Battery, 403 
Beam balance, 40 
Beats, 548 
Bel (unit), 579 
Bell, A. G., 579 
Bell, 575 
Bergstrand, 597 
Bernoulli, Daniel, 217 
Bernoulli's equation, 218 
Bessel, Friedrich, 88 
Beta particle, 744, 753 
ionization by, 757 
Beta rays, 744, 753 
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Betatron, 460 
Bimetallic strip, 240 TW 
Binding energy of nuclei, 762 
Binocular, prism, 651 
Biot, 433 
Biprism, 683 1 
Vemm Vilhelm and Jacob, 336 
Black, Joseph, 247 
Black body, 325 
ideal, 721 
Black-body radiation, 720 
Black-body-radiation laws, 724 
Blind spot, 644 
Block and tackle, 43 
Bohr, Niels, 179, 732 
Bohr atomic theory, 179 
Bohr orbit, 733 
Bohr postulate, 180, 732 
Bohr radius, 733 
Boiling point, 267 
Boltzmann, L., 290, 325 
Boltzmann constant, 293 
Bomb, bursting of, 132 
Bomb calorimeter, 257 
Bombsight, 99 
Bourdon gauge, 207 
Bow wave, 564 
Boyle's law, 273 
deviations from, 283 
Brackett series for hydrogen, 734 
Bradley, J . 594 
Bragg's law, 708 
Breeder reactor, 767 
Brewster, Sir David, 714 
Brewster’s law, 715 
Brickwedde, F. G., 734 
rightness.of color, 671 
British system of units, 5, 92 
British thermal unit (Btu), 248 
Brown, Robert, 295 
rownian movement, 295 
Bulk modulus, 54 


Bunsen (grease-spot) photometer, 663 
Buoyancy, 207 


center of, 219 
C 
Calcite crystal, 716 


Calorie, 248 
alorimeter, 253 


alorimetry, method of mixtures, 253 
Camera, 653 


Canada balsam, 675 


Candle, new international, 660 
Standard, 660 


| 


INDEX 787 


Candle power, 661 Circular wire, center of mass of, 148 
Capacitance, of isolated conductor, 378 Clausius, Rudolf, 306 
of parallel plates, 380 Cloud chamber, 757 

of sphere, 378 Cochlea, 582 

units of, 379 Coercive force, 486 
Capacitor, 379 Coherent sources, 684 

in circuits, 382 Cohesion, 227 

electrolytic, 381 Coil, search, 464 

variable, 381 Cold front, 337 
Capillarity, 231 Collimator tube, 654 
Carnot, Sadi, 313 Collisions, 136 
Carnot cycle, 311 ionization by, 526 
Carrier wave, 515 Color, 671 
Cassegrain telescope, 653 addition of, 673 
Cathode, 400 complementary, 676 
Cathode-ray tube, 519 mixture curves, 674 
Caustic curve, 610, 622 primary, 673 
Cavendish, H., 170 purity of, 671, 676 
Cavendish experiment, 170 saturated, 676 
Ceiling, 333 by subtraction, 677 
Ceiling balloons, 333 unsaturated, 676 
Cell, 401 Colorimetry, 671 

Daniell, 403 Coma, 637 


Combustion, heat of, 256 
Commutator, 428, 463 
Compass needle, 454 


dry, 403 
electrolytic, 402 
lead storage, 404 


Weston standard, 404 Complementary colors, 676 
Center, of buoyancy, 212 Components, rectangular, 17 
of gravity, 35, 145 Compound motor, 429 
of mass, 144 Compressibility, 54 
optical, 632 Compression, 51 
of percussion, 190 Compressional wave, 545 
ae scale, 237 Ci pE pa bom - 
entral force, 142 mpton eftect, yf 
Centrifugal force, 101 Concave grating, 707 
Centripetal acceleration, 75, 101 Concave mirror, 618 
geni ae force, 101 Concurrent forces, 27 
entroid, 149 Condensation, 261 
Cgs system, 5, 92 Condensations of wave, 538 
Chadwick, J., 761 Condenser, 379 
Chain reaction, 766 optical, 649 
uo conservation of, 340 Conductance, 387 
1mensions of, 343 mutual, 510 
aren in potassium, 739 Continstion: 318, i 
on electron, 343, 369 in electrolytes, 
induced, 347 through pipe wall, 322 
space, 507 Conductivity, electric, 386 
stage density, 358 in meteorology, 328 
nits of, 343 thermal, 321 
Charles’s law, 276 Conductors, 341 
pin, 336 capacitance of isolated, 378 
Chromatie aberration, 639 field near, 358 
hmmatieite diagram, 675 field within, 359 
iliary muscle, 644 force between two, 435 
Circle of least confusion, 635 metals, 346 


Cireular motion, 75 Confusion, circle of, 635 


788 


Conjugate foci, 619 
Conjugate rays, 633 
Consequent poles, 448 
Conservation, of charge, 340 

of mechanical energy, 122 

of momentum, 131 

sonance, 577 

ouspietod, foe through, 219 
Constructive interference, 680 
Contact, angle of, 230 
Continuity, of flow, 217 

of state, 285 
Continuous emission spectrum, 668 
Continuous-flow method, 256 
Convection, 318, 319 
Converging lens, 630 
Convex mirror, 620 
Cooling, Newton's law of, 255 
Cooling curve, 263 
Coplanar forces, 30 
Coriolis force, 333 
Cornea, 644 
Corner reflector, 608 
Corpuscular theory of light, 588 
Cosmic radiation, 768 
Cosmic-ray showers, 772 
Cosmotron, 421 
Coulomb, C, A., 342 
Coulomb (unit), 344 
Coulomb’s law, 342 

for dielectric materials, 377 
Counter, Geiger, 527 
Counter emf, 402, 429, 467 
Counterforce, 113 
Couple, 34 
Critical angle, 605 
Critical damping, 193 
Critical isothermal, 284 
Critical point, 284 
Critical pressure, 285 
Critical temperature, 285 
Critical volume, 285 
Crooke’s dark space, 528 
Cross-wind lift, 100 
Cryohydrate, 264 
Crystal rectifier, 529 
Crystal Spectrograph, 708 
Crystallographic axis, 716 
Curie temperature, 479 
Current, density of, 386 

eddy, 498 

effective, 487 

electric, 385 

growth of, in inductances, 467 

loop, magnetic field of, 438 

magnetic field: of, 433 
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Current, magnetic force on, 422 
magnetizing, 497 
ocean, 319 
Tms value of, 488 
three-phase, 498 
torque on, 423 
Current balance, 436 
Curvature, of image field, 638 
radius of, 609, 618, 623 
Curved flight, 106 
Cycle, Carnot, 311 
Otto, 315 
Rankine, 314 
thermodynamic, 310 
Cyclone, 334, 336 
Cyclotron, 418 


D 


Dalton, John, 290 
Dam, 210 
Damped oscillation, 191 
Damping, electrodynamie, 464 
of sound, 565 
Daniell cell, 403 
D'Arsonval galvanometer, 427 
Davisson, C. J., 707, 745 
Davy, Sir Humphrey, 247 
Daylight, 671 
e Broglie, Louis, 704, 745 
De Broglie wavelength, 704 
Dead beat motion, 193 
Decay constant, 754 
Decibel, 579 
eclination, magnetic, 453 
Deformation, elastic, 52 
egree of freedom, 251, 295 
elta connection, 499 
Democritos, 201 
emodulation, 516 
Density, 202 
Current, 386 
of electric energy, 383 
of magnetic energy, 482 
of surface charge, 358 
of surface current, 442 
Destructive interference, 687 
etection, electronic, 516 
euterium, 734 
euteron, 734 
eviation, mini 
Dew point, 332 
lamagnetism. 473, 476 
Diameter of moleeule, 226 
Dielectric constant, 375 
Dielectric materia], 373 


mum, 611 


Differential pulley, 44 
Differentiation, 64 
Diffraction, 553, 592 
by circular obstacle, 695 
of electrons, 707 
Fraunhofer, 693 
Fresnel, 693 
by circular aperture, 694 
grating, 704 
patterns, light, 693 
X-ray, 708 
by single slit, 696 
of X rays, 707 
Diffuse reflection, 602 
Diffusion, 295 
Dimensional analysis, 91 
Dimensions, physical, 7 
Diode, 507 
Diopter, 646 
Dipole, electric, 354, 373 
magnetic, 440, 446 


magnetic moment, 440, 447, 448 


Dirae, P. A. M., 745 
Direct-vision prism, 614, 656 
Disk dynamo, 461 
Dispersion, 611 

angular, 613, 706 

normal, 613 
Dispersive power, 613 
Displacement, 183 

amplitude, 197 
Dissonance, 577 
Distance of distinct visión, 645 
Distortion, barrel, 639 

of image, 638 

pineushion, 639 
Diverging lens, 630 
Domains, ferromagnetie, 481 
Dominant wavelength, 676 
Doppler effect, 562, 747 
Double refraction, 716 
Double-slit experiment, 680 
Double weighing, 40 
Drag, 100 
Dry cell, 403 
Dulong-Petit law, 251 
Dulong-Petit method, 243 
Dushman, S., 506 
Dynamo, 461 
Dynamometer, 442 
Dyne, 84 


E 


Ear, 582 
Earth potential, 363 
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Eddy currents, 498 
Efficiency, of engines, 312 

luminous, 661 

of machines, 45, 127 
Efflux, speed of, 221 
Einstein, A., 108, 524, 744 
Elastic deformation, 52 
Elastic limit, 56 
Elastic moduli, 54 
Elasticity, 136 

rubberlike, 57 
Electric current, 385 
Electric dipole, 354, 373 
Eleetrie energy density, 383 
Electric field, 351, 457 
Electric generator, 461 
Electric noise, 532 
Electric oscillations, 501 


I 
Electrodes, 400 
Electrodynamics, 340 
Electrolysis, 399 

Faraday law of, 401 
Electrolytes, conduction in, 398 


Electrolytic capacitor, 381 
Electrolytic cell, 402 
Electromagnetic damping, 464 
Electromagnetic field, 470 


Electromagnetic radiation, 470, 517 


Electromagnetic spectrum, 600 


Electromagnetic theory of light, 590 


Electromagnetic waves, 590, 598 
length of, 598 
origin of, 598 
Electromagnetism, 340 
fundamental equations of, 469 
Electromotive force (emf), 388 
alternating, 463 
counter, 402, 429, 467 
induced, 457 
Peltier, 405 
Seebeck, 406 
Thompson, 405 
Electron, charge on, 343, 369 
diffraction of, 66, 707 
mass of, 346 
shells of, 736 
spin of, 744 
valence, 736 
Electron lens, 533 
Electron micrograph, 703 
Electron microscope, 533, 703 
Electron multiplier tube, 528 
Electron volt, 368 
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Electron wave, 745 
Electroplating, 400 
Electroscope, 341 
Electrostatic induction, 347 
Electrostatic volt, 362 
Electrostatics, 340 
Elements, 728 
Elevator, 93 
Emf (see Electromotive force) 
Emission, secondary electron, 528 
thermionie, 505 
Emissivity of surface, 326, 721, 726 
Emittance, radiant, 726 
spectral, 723, 726 
curve, 722 
End correction, 573 
Energy, 118, 126 
atomic, 418 
of charged capacitor, 382 
conservation of, 122 
density, 383 
equipartition of, 295 
internal, 251, 279, 305 
ionization, 736, 740 
kinetic, 117; 123 
in magnetic field, 469 
potential, 123, 124 
production in Stars, 767 
radiant, 719 
rotational], 158 
of wave motion, 546 
Zero-point, 746 
Engines, efficieney of, 312 
internal-combustion, 315 
Entrance pupil, 650 
Entropy, 307 
Equation of State, 277 
derivation of, 291 
Equilibrant, 33 
quilibrium, extended b 
force condition of, 28 
of particle, 27 
torque condition for, 32 
Equipotential surfaces, 364 
Equivalent, electrochemical, 401 
Equivalent surface current, 447 
Erecting prism, 606 
Erg, 116 
Escape, speed of, 179 
Eutectic, 265 
Expanding universe, 749 


ody, 32, 37 


Expansion, apparent coefficient of, 243 


of gas, 274 
linear, coefficient of, 239 
of liquids, 241 
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Expansion, surface, 241 
volume, 241 
volume coefficient of gas, 276 
of water, 243 
work done by, 267 

Exploding shell, 133 

Exterior ballistics, 100 

External forces, 115, 141 

Extraordinary ray, 717 

Eye, 644 

Eyepiece, 647 


F 


f number, 653 
Fahrenheit scale, 237 
Far point, 645 
Farad (unit), 379 
Faraday, M., 360, 458 
Faraday (unit), 401 
Faraday's dark space, 528 
Faraday's law, of electrolysis, 401 
of induction, 458 
Ferromagnetic domains, 481 
Ferromagnetism, 473, 478 
Field, within conductor, 359 
near conductor surface, 358 
of current element, 433 
of current loop, 438 
of dipole, 354 
electric, 351, 457 
motion in, 368 
electromagnetic, 470 
gravitational, 175 
of magnet, 445 
magnetic, 410 
motion in, 413 
of solenoid, 440 
of Straight wire, 434 
Filament, emission from, 505 
"ilms, interference from thin, 685 
Nonreflecting, 690 
Filter, electric, 508 


ne structure of spectral lines, 744 
Fizeau, A. H.I 596 


ow, continuity of, 217 
streamline, 215 
tube of, 216 

Fluids, 201 


incompressible, 218 
sound in, 544 


Velocity of waves in, 545 


Fluorescence, 743 
Fluorescent lamp, 529 
Flux, luminous, 659, 666 
magnetic, 412, 459 
normal, 356 
radiant, 659, 666, 726 
total, 665 
Focal distance, conjugate, 619 
Focal length, 619 
Focal line, primary, 622 
secondary, 622 
Focal point, 624 
Focus, 607 
conjugate, 619 
principal, 619 
virtual, 620 
Foehm, 336 
Foley, A. L., 560 
Foot candle, 661 
Foot pound, 119 
Foot poundal, 119 
Force, coercive, 480 
lines of, 352 
magnetic, 411, 422 
between two conductors, 435 
units of, 83, 86, 92 
Forces, 12 
addition, of many, 14, 18 
of two, 13 
centripetal and centrifugal, 101 
concurrent, 27 
coplanar, 30 
of friction, 41 
moment of, 30 
noneurrent, 32, 33 
resolution of, 16, 18 
resultant of, 13 
subtraction of, 16, 18 
Foucault, J. B. L., 596 
Fourier analysis, 540 
Fourier theorem, 542 
Fovia, 644 
Fps system, 5 
Fraunhofer, J., 611 
Fraunhofer diffraction, 693 
Fraunhofer lines, 612, 669 
Free electrons, 346 
Free fall, 69 
Freezing, 261 
Frequency, 77 
fundamental, 568 
of light, 599 
natural, 194 
of resonance, 490 
Frequency modulation, 515 


Fresnel, A, J., 589, 083 
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Fresnel diffraction, 693 

by circular aperture, 694 
Fresnel double mirror, 683 
Fresnel's half-period zones, 693 
Friction, 41, 89 

coefficient of, 89 

electrification by, 340 

kinetic, 42 

in oscillation, 191 

rolling, 42 

static, 42 
Front (in meteorology), 337 
Full-tone interval, 578 
Fundamental frequency, 568 
Fundamental tone, 570 
Fusion, latent heat of, 252 


G 


Gain of amplifier, 511 
Galilean telescope, 651 
Galilean transformation, 108 
Galilei, Galileo, 10, 69, 79 
Galvanometers, 427 
ballistic, 428 
Gamma rays, 753 
ionization by, 758 
Gamow, G., 346 
Gas, amplification of, 526 
critical values for, 284 
expansion of, 274, 282 
kinetic theory of, 290 
liquefaction of, 286 
molar specific heat of, 279, 296 
pressure coefficient of, 276 
specific heats of, 279 
velocity of sound in, 546 
volume coefficient of, 276 
Gas constant, per mole, 278 
per molecule, 293 
Gauge, ionization, 603 
MeLeod, 302 
Pirani, 303 
Gauss, K. F., 355 
Gauss (magnetic unit), 412 
Gaussian image point, 635 
Gaussian surface, 357 
Gauss's law, 356 
Gay-Lussac, 290 
Gay-Lussac’s law, 276 
Geiger counter, 527 
Generator, electric, 461 
Geometrical optics, 602 
Germer, L. H., 707, 745 
Glancing angle, 708 
Glow discharge, 528 


791 


792 


Gram centimeter, 119 
Grating, concave, 707 
diffraction, 704 
transmission, 707 
Gravitation, universal, 169 
Gravitational attraction, 226 
Gravitational field, 175 - 
Gravitational potential, 179 
Gravitational units of force, 83, 86 
Gravity, 87, 122 
center of, 35, 145 
effect of earth's rotation on, 105 
Grease-spot photometer, 663 
Greek alphabet, 779 
Gregorian telescope, 653 
Grid, 509 
Screen, 512 
suppressor, 512 
Grimaldi, F. M., 589 
Gyration, radius of, 151 
Gyroscopic motion, 164 
Gyroscopic stability, 164 


H 


Hair hygrometer, 332 
Half-life, 755 
Half-period zones, 693 
Half-tone interval, 578 
Half-tone printing, 678 
Harmonics, 540, 570 
Harrow, 114 
Hartley oscillator, 514 
Hazen, W. E., 758, 769 
Heat, of combustion, 247, 256 
of formation, 957 
of fusion, 252 
insulators, 320 
law of atomic, 251 
mechanical equivalent of, 249 
molar Specific, of Eas, 279, 296 
of solution, 258 3 
specific, 249 
transfer of, 318 
units of, 248 
of vaporization, 253, 268 
Heat capacity, 249 
Heat-conversion factors, 259 
Heat death of the universe, 316 
Heat pump, 316 
Heaviside layer, 518 
Heisenberg, W., 745 
Heisenberg uncertainty principle, 746 
Helmholtz, H. von, 568 
Henry, Joseph, 458 
Henry (unit), 466 
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Hertz, Heinrich, 590 
Hooke, Robert, 51, 589 
Hooke’s law, 51, 56 
Horsepower, 129 
Hot body, radiation from, 719 
Hot spark, 741 
Hue of color, 671 
Humidity, 330, 331 
absolute, 331 
atmospheric, 331 
relative, 331 
Hurricane, 335 
Huygens, Christian, 80, 552, 558 
uygens eyepiece, 647 
Huygens’ principle, 552, 591 
Hydraulic press, 207 
Hydrodynamics, 205 
Hydrogen, Bohr orbits for, 733 
continuous emission spectrum of, 668 
line spectrum of, 731 
Spectral series of, 734 
Hydrogen bomb, 768 
Hydrometer, 209 
ydrostatic paradox, 211 
Hydrostaties, 201 
Hygrometer, 332 7 
Hyperfine structure of spectral lines, 74 
Yperopia, 
Ysteresis, 57, 479 
Hysteresis loop, 480 


I 


Ice-pail experiment, 361 
Iconoscope, 525 
Ideal gas, 273 
bulk modulus of, 274 
equation of state of, 291 
specific heats of, 295 
uminance, 661, 666 
Image, 606 
distortion of, 638 
formation of, 624 
graphical construction of, 621, 625, 631 
multiple, 608 
Perverted, 607 
virtual, 606, 620 
Impedance, 196 
electrical, 489 
mechanical, 196 
Phase of, 491 
Impulse, 130 
angular, 162 
ncidence, plane of, 714 
Inclination, 454 
Inclined plane, 44 


Incompressible fluid, 218 
Index of refraction, 597, 603 
Indicator diagram, 315 
Induced charges, 347 
Induced emf, 457 
Inductance, iron-cored, 482 
mutual, 465 
self-, 466 
in series, 469 
units of, 466 
Induction, electrostatic, 347 
Faraday’s law of, 458 
magnetic, 411, 473 
motor, 499 
mutual, 465 
Inductive capacity, specific, 375 
Inductive charging, 347 
Inductor, 467 
current growth in, 467 
Inertia, 82 
Inertial systems, 108 
Infrared radiation, 324 
Insulators, 320, 341 
Integration, 66, 69 
Intensity, in diffraction, 698 
level (sound), 579 
luminous, 660, 662 
magnetic, 450, 473 
of magnetization, 447 
of sound, 565 
Interference, constructive, 680 
destructive, 680 
in thin films, 685 
of waves, 548 
Interference fringes from film, 687 
Interferometer, Michelson, 684 
Interior ballisties, 100 
Intermolecular forces, 225 
Intermolecular potential, 225 
Internal-combustion engines, 315 
Internal energy, 251, 279, 305 
Internal force, 141 
Internal resistance of cell, 402 
Inverse-square attraction, 179 
Inversion temperature, 407 
Ton, 398 


Ionization, by alpha and beta rays, 757 


by collision, 526 

by gamma rays, 758 
Ionization energy, 736, 740 
Ionization gauge, 303 
Ionization potential, 735, 736 
Tonized atoms, 730 
Ionosphere, 329, 454, 518 
Iris, 644 


Tron-cored inductance, 482 
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Irradiance, 720, 725, 726 
Irrational spectrum, 706 
Isothermal expansion, 274 

work done in, 275 
Isotopes, 415 


Jack screw, 45 

Joule, James P., 119, 247 

Joule (unit), 119 

Joule- Thomson experiment, 282 
Jupiter's satellites, 594 


K 


K-series X-ray lines, 742 
K shell, 737 

Kappa meson, 770 
Kelvin, Lord, 238 
Kelvin scale, 238, 277 
Kepler, Johann, 173, 588 
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Kepler's laws of planetary motion, 173 


Kerr effect, 719 

Kerst, O. W., 461 

Kikuchi, 710 

Kilocalorie, 248 

Kilogram meter, 119 

Kilowatt, 129 

Kilowatt hour, 129 

Kinematics, 63 

Kinetic energy, 117, 123, 752 
of rotation, 158 

Kinetic friction, 42 

Kinetic pressure, 218 

Kinetic theory of gases, 290 

Kirchhoff's laws, 391, 720 

Kundt’s method, 577 


L 


L shell, 737 
Lambert (unit), 666 
Lambert’s cosine law, 665 
Lamina, 148 
Laplace, P. S. de, 589 
Latent heats, 252 
Lattice, 141 
Laue, M. von, 707 
Laue spot (X-ray diffraction), 709 
Lavoisier, 247 
Lawrence, E. O., 420 
Lead storage cell, 404 
Lens, 630 
aberration in, 634 
achromatic, 641 
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Lens, combination of, 633 
converging, 630 
diverging, 630 
electron, 533 
equation, 631 
negative, 630 
ROSNY, 5 
wer o! 
Tectilineer doublet, 654 
telephoto, 634 
thick, 633 
hin, 630 
pos '''Tessar," 653 
Lenz's law, 459 
Leslie, Sir John, 325 
Leucippus, 10 
Lever, 43, 127 
Lift, on airplane wing, 221 
cross-wind, 100 
Light, 588 
electromagnetic theory of, 590 
plane-parallel, 604 
polarization of, 713 
refraction of, 597, 603, 610 
through transparent slab, 604 
velocity of, 437, 594 
Limiting angle of repose, 90 
Linde, K., 286 
Line, of force, 352 
Fraunhofer, 612, 629 
primary focal, 622 
secondary focal, 622 
Line spectrum, 611, 669, 706 
Liquefaction of Bases, 286 
Liquids, boiling point of, 267 
expansion of, 241 
superheated, 288 
undercooled, 263 
vapor pressure of, 266 
Lodestone, 445 
Logarithms, 782 
Looming, 626 
Op of wave, 551 
Lorentz-Einstein transfo; 
Loschmidt number, 299 
Loudness, 579 
Lumen, 660 
Luminance, 665, 666 
Luminosity, relative, 659 
Luminous efficiency, 661 
Luminous flux, 659, 666 
Luminous intensity, 660, 662, 666 
Lummer-Brodhun 
Lux, 661 
Lyman series, 734 
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photometer, 603 
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M 


M shell, 737 
McDonald telescope, 652 
Mach number, 223 
Machines, 40, 43 
efficiency of, 127 
McLeod gauge, 302 
Magnet, 445 
torque on, 448 
Magnetic circuit, 484 
Magnetic dipole, 440, 446 
Magnetic dipole moment, 440, 447 
Magnetic energy, 469 
density, 482 
Magnetic equator, 454 
Magnetic field, 410, 433 
of current loop, 438 
motion in, 413 
of solenoid, 440 
Magnetic flux, 412, 451 
Magnetic force, 411, 422 
Magnetic induction, 411, 473 
Magnetic intensity, 450, 473 
agnetic moment, 447, 448 
Magnetic permeability, 475 
Magnetic poles of earth, 454 
Magnetic Storms, 454 
Magnetic susceptibility, 475 
Magnetism, terrestrial, 463 


Magnetite, 445 


agnetization current, 497 
agnetization curve, 478 
agnetization intensity, 447, 473 
agnetometer, 452 
agnetomotive force, 485 
®gnetostriction, 482, 585 
agnification, 621, 633 

agnifier, simple, 646 

alus, 714 


Malus' law, 715 


anometer, 205 


Mars, 747 
Mass, 82 


of atom, 299 
center of, 144 
reduced, 734 


relativistic increase of, 744 
rest, 752 


Mass defect, 763 


ass-energy relation, 750 
ass number, 415 


Mass Spectrograph, 416 


atter, electric Structure of, 345 
Magnetic effects in, 473 


290, 413, 590 


li 


Maxwell (unit), 413 


Maxwell’s distribution of molecular ve- 


locities, 290, 470 
Maxwell’s equations, 470 
Mayer, J. R., 280 
Mayevski, 192 
Mean free path, 298 
Mean square, 292 
Mean temperature, 333 
Measurements, 2 
Mechanical advantage, 41 

of simple machines, 43 


Mechanical energy, conservation of, 122 


Mechanical impedance, 196 
Megohm sensitivity, 427 
Melde’s experiment, 552 
Melting, 261 
Melting point, 263 
effect on, of impurities, 264 
of pressure, 263 
Membrane, basilar, 582 
vibration of, 575 
Mendelyeev, 728 
Meson, 769 
Metacenter, 213 
Metacentric height, 213 
Meteorology, 328 
Metric pound, 6 
Metric ton, 6 
etric units, 6 
ho, per meter, 388 
Michelson, A. A., 596 
Michelson interferometer, 684 
Mierofarad, 379 
Micrograph, electron, 703 
Micron, 6 Í 
Microscope, compound optical, 348 
electron, 533, 703 
limit of resolution of, 701 
resolving power of, 701 
simple optical, 646 
lcrowaves, 597, 600 
Miller, D. C., 569 
Millibar, 202 
Millikan, R. A., 870 
Minimum devihtion by prism, 611 


inimum-potential-energy principle, 226 


Mirage, 626 
Mirror, concave, 618 
convex, 620 
plane, 603 
spherical, 618 
irror equation, 619 
Mixtures, eutectic, 265 
method of, 253 
Mks system, 5, 92 


INDEX 


Mobility, of charge, 386 
of ions, 398 
Modulation, 514 
amplitude, 515 
frequency, 515 
grid, 515 
plate, 515 
Moduli of elasticity, 54 
Molecular diameter, 226 
Molecular spectra, 742 
Molecular velocities, 293 
Momentum, 130 
angular, 162 
conservation of, 131 
of photon, 758 
Moment, of dipole, 354 
of force, 30 
of inertia, 150 
Monochromatic light, 610 
Monochromator, 656 
Moon, 175 
Moseley, H. G. J., 741 
Moseley’s formula, 741 
Motion, 10 
angular simple harmonic, 190 
on curves, 103 
gyroscopic, 164 
history of, 10 
on incline, 90 
in magnetic field, 413 
natural, 10 
Newton’s law of, 11, 81, 92, 113 
in plane, 72 
of projectile, 97 
simple harmonic, 183-191 
transient, 195 
uniform circular, 75 
violent, 10 
Motors, electric, d-c, 428 
induction, 499 
squirrel-cage, 501 
Mt. Palomar telescope, 652 
Mu meson, 769 
Multiple images, 608 
Multiplier resistor, 426 
Multiplier tube, 528 
Murphy, G. M., 734 
Musical scales, 577 
Musical sounds, 562 
Mutual conductance, 510 
Mutual induction, 465 
Myopia, 645 


N 


N shell, 737 
Natural dispersion, 613 


195 


196 


Natural frequency, 194 
Natural motion, 10 
Natural oscillations, 194 
Near point, 645 
Nebulae, 748 
Negative ions, 740 
Negative lens, 630 
Neutral temperature, 407 
Neutrino, 765 
Neutron, 761 
potential energy of, 762 
Newton, Sir Isaac, 11, 611, 688 
Newton (unit), 86 
Newton meter, 119 
Newtonian telescope, 653 
Newton’s law of cooling, 255 
Newton’s laws of motion, 11, 81, 92, 113 
Newton’s rings, 688 
Nicol prism, 717 
Nodal lines, 575 
Node, 550 
Noise, electrical, 532 
shot, 533 
thermal, 533 
Nonconcurrent forces, 32 
equilibrant of, 33 
resultant of, 33 
Nonreflecting films, 690 
Normal flux, 356 
Normal spectrum, 706 
Nuclear fission, 765 
Nuclear radius, 751 
Nuclear reactor, 763 
Nuclear spin, 744 
Nucleus, 179, 346 
binding energy of, 762 
size of, 750 
Number, atomic, 728 
Nutation, 164 


o 


Object, virtual, 606, 625 
Ocean currents, 319 
Ocular, 647 

Oersted, H. C., 433 
Oersted (unit), 451 
Ohm, G. S., 386 

Ohm (unit), 338 

Ohm meter, 388 
Ohmmeter, 426 

Ohm’s law, 386 

Oil-drop experiment, 369 
Opera glass, 651 

Optic nerve, 644 
Optical center, 632 


PHYSICS 


Optical instruments, 644 
Optical path, 686 
Optical shutter, 719 
Optics, geometrical, 602 
physical, 602 
Ordinary ray, 716 
Oscillation, 183 
damped, 191 
electric, 501 
forced, 194 
Oscillator, Hartley, 514 
tuned-grid, 514 
Otto cycle, 315 
Overtones, 568 


P 


Paint, colors of, 677 
Parachute, 101 
Parallax, 593 
Parallel-axes theorem, 153 
Parallel capacitors, 382 
Parallel resistances, 390 
Parallelogram law, of forces, 16 
of vectors, 22 
Paramagnetism, 473, 477 
Paraxial rays, 613 
Parmenides, 10 
Particle in equilibrium, 27 
Pascal, B., 205 
Paschen, F., 734 
Peltier, J. C. A., 406 
Peltier emf, 406 
Pencil of rays, 593 
Pendulum, ballistic, 135 
conical, 106 
physical, 189 
simple, 188 
Pentode, 512 
Penumbra, 593 
ercussion, center of, 190 
Percussion instruments, 571 
Period of rotation, 77 
in simple harmonic motion, 183, 539 
Periodic chart of elements, 730 
Periodic Motion, 183 
Periodic system of elements, 728 


Permeability, Magnetic, 475 
Permittivity, 376 


Perverted image, 607 

Pfund series for hydrogen, 734 
ase, 185 
change of, in reflection, 555 
of Impedance, 491 

Phase angle, 185 


Phase constant, 185, 539 
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Phosphor, 743 
Phosphorescence, 743 
Photoelasticity, 719 
Photoelectric effect, 523 
Photometer, bar, 662 
Bunsen grease-spot, 663 
flicker, 664 
Lummer-Brodhun, 663 
shadow, 664 
Photometry, 662 
Photon, 523, 591, 732 
momentum of, 758 
Phototube, 523 
Photovoltaic cell, 529 
Physical constants, 777 
Physical dimensions, 7, 91 
Physical optics, 602 
Physical pendulum, 189 
Pi meson, 769 
Piezoelectricity, 532 
Pincushion distortion, 639 
Pinhole image, 593 
Pipe, closed, 572 
open, 573 
Pirani gauge, 303 
Pitch, 562 
Pitot indicator, 220 
Pitot tube, 220 
Plan-position indicator, 487, 521 
Planck, Max, 721 
Planck’s constant of action, 180, 251, 523, 
591, 722 
Planck’s radiation law, 720 
Plane, of incidence, 715 
principal, 633 
Plane diffraction grating, 704 
Plane mirror, 603 
Plane-polarized light, 713 
Planetary motion, 173 
Plate resistance, 510 
Plates, pile of, 715 
vibration of, 575 
Plutonium, 767 
Point, aplanatic, 637 
far, 645 
near, 645 
principal, 633 
Poiseuille, J. L. M., 232 
Poisson, 8. D., 59 
Poisson's ratio, 59 
Polar compounds, 738 
Polar front, 336 
Polariscope, 716 
Polarization, electric, 373, 403 
of light, 590, 713 
Polarized light, stress analysis by, 718 
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Polarizer, 716 
Polarizing angle, 714 
Polaroid film, 717 
Pole, consequent, 448 
magnetic, 445 
strength of, 445 
Polygon rule, 15, 23 
Porro prism, 652 
Positive electron, 764 
Positive lens, 630 
Positron, 764 
Potential, electric, 361 
of charged spheres, 364 
of earth, 363 
Potential difference, 363 
Potential energy, 124, 177, 225 
of charged particle, 750 
of neutron near nucleus, 762 
principle of minimum, 226 
Potentiometer, 404 
Pound, 5, 6 
metric, 6 
Poundal, 83 
Power, 128, 159 
in a-c circuit, 487 
available, 403 
dissipation of, 388 
thermoelectric, 407 
units of, 129 
Power factor, 496 
Precession, 164 
Pressure, 54, 202 
critical, 285 
kinetic, 218 
Pressure amplitude, 566 
Pressure areas, 334 
Pressure head, 218 
Pressure wave, 566 
Primary of transformer, 496 
Primary colors, 673 
Principal axis, 613 
Principal focus, 619 
Principal plane, 633 
Principal points, 633 
Principal section, 716 
Principal series, 736 
* Principia mathematica," 11 
Printing, half-tone, 678 
three-color, 678 
Prism, achromatic, 614 
binocular, 651 
crown-glass, 614 
direct-vision, 614, 656 
edge, 610 
erecting, 606 
flint-glass, 614 
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Prism, Nicol, 717 

Porro, 652 

refraction of light through, 610 

spectrometer, 654 

total-reflecting, 605 
Prismatic spectrum, 611 
Projectile, 97 

range of, 99 

time of flight of, 99 
Projection, 19 
Projection lantern, 654 
Pulley, 43 

differential, 44 
Pump, diffusion, 302 

rotary vacuum, 302 
Pupil, 644 

entrance, 650 

exit, 650 
Purity of color, 671, 676 
Pyrometer, optical, 237 

thermoelectric, 236 


Q 


Q factor, 502 

Quality of sound, 567 

Quantum, of energy, 297 
of radiation, 524, 722 

Quantum mechanics, 745 

Quantum number, 180 


Quantum theory, 251, 297, 591, 722 


R 


Radar, 520, 597, 600 
Radial velocity, 747 
Radian, 4 
Radiant emittance, 720, 726 
diant energy, 719, 726 
Radiant flux, 659, 666, 720, 725 
Radiation, 318, 324 
black-body, 720 
electromagnetic, 517 
exchange, 725 
from hot body, 719 
laws of, 724 
thermal, 719 
Radio reception, 517 
dio transmission, 517 
Radio waves, 600 
Radioactive series, 755 
Radioactive tracer, 764 
Radioactivity, 753 
artificial, 763 
Radiophosphorus, 763 
Radiosodium, 763 


PHYSICS 


Radius, of curvature, 609, 618, 623 
of gyration, 151 
Rain gauge, 330 
Rainbow, 627 
Raindrops, 101 
Ramsden eyepiece, 648 
Range, of alpha particle, 757 
of projectile, 99 
of proton, 757 
Rankine, William J., 314 
Rankine cycle, 314 
Rarefaction, 538 
tional spectrum, 706 
Ray, 552, 591, 592, 613 
conjugate, 633 
extraordinary, 717 
ordinary, 716 
paraxial, 613 
y method, 613. 
Rayleigh, Lord, 700 
Rayleigh-Jeans radiation law, 724 
Reactance, 490 
action, 113 
calescence, 479 
Rectangular components, 17 
Rectification, 507 
Rectifier, crystal, 529 
full-wave, 508 
half-wave, 507 
Rectilinear doublet lens, 654 
ectilinear propagation, 592 
Reduced mass, 734 
Reference circle, 188 
Reflectance, 671, 720, 726 
Reflecting telescope, 652 
eflection, angle of, 602 
change of phase on, 555 
y concave mirror, 618 


y convex mirror, 620 
diffuse, 602 


law of, 554 
Polarization by, 714 
through prism, 610 
regular, 602 
of spherical Waves, 606 
total, 604 
of Waves, 553 
Reflector, corner, 608 
Refracting angle, 610 
efracting telescope, 649 
efraction, atmospheric, 626 
double, 716 
index of, 597, 603 
of light, 597, 603, 610 
at plane Surface, 556, 603 
at spherical] surfaces, 622 
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Refraction, of spherical waves, 608 
Refrigerators, 313 
Regelation, 264 
Regular reflection, 602 
Relative aperture, 652 
Relative humidity, 331 
Relative luminosity, 659 
Relativistic increase of mass, 744 
Relativity, theory of, 88, 107, 744 
Remanence, 480 
Resistance, 386 
in circuits, 390 
plate, 510 
Resistivity, 387 
temperature coefficient of, 388 
Resistor, 388 
multiplier, 426 
Resolution, of forces, 16, 18 
limit of, 701 
minimum angle of, 700 
Resolving power, of microscope, 701 
of telescope, 700 
€sonance, 197, 490, 576 
frequency of, 490 
Resonator, 571 
st energy, 753 
est mass, 752 
Resultant force, 13, 27, 33 
etentivity, 480 
Retina, 644 
€verberation time, 583 
€ynolds’ number, 216 


Richardson, O. W., 506 
Rigid body, 141 
ck-salt crystal lattice, 708 
Rockets, 133 
d, vibrations of, 573 
entgen, W. K. von, 523 
entgen ray, 523 
lling cylinder, 161 
lling friction, 42 
olling wheel, 160 
Rómer, Olaf, 594 
oot-mean-square current, 488 
ot-mean-square velocity, 294 
tating vector, 493 
Rotation, 149, 158 
analogies to translation, 163 
wland, H. A., 473, 707 
wland grating, 707 
Rowland ring, 473 
aay ord, Count (Benjamin Thompson), 
47 i 


Rutherford, E., 346, 759 
Rutherford model of atom, 732 
Ydberg constant, 731 
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Sabine, W. C., 583 

SAE, 233 

Sagitta, 609, 689 

Satellite, artificial, 175 

Satellites of Jupiter, 594 

Saturated color, 676 

Saturated vapor pressure, 266 

Saturation of color, 671 

Saturation curve, 285 

Savart, 433 

Scalar quantities, 22 

Scale, equally tempered, 578 
just, 578 
musical, 577 

Scattering of alpha particles, 750 

Schmidt camera, 653 

Schrédinger, E., 644 

Sclerotic membrane, 644 

Screen grid, 512 

Screw, 45 

Screw jack, 45 

Search coil, 464 

Secondary of transformer, 496 

Secondary electron emission, 528 

Section, principal, 716 

Seebeck, T. J., 406 

Seebeck emf, 406 

Selective absorption, 717 

Self-inductance, 466 

Semiconductor, 529 

Sensitivity, of balance, 39 
curve of eye, 660 
megohm, 427 

Series capacitors, 382 

Series circuit, 488 

Series motor, 429 

Series resistances, 488 

Shadow, 592 

Shadow photometer, 663 

Shear modulus, 54 

Shells of electrons, 736 

Shock wave, 564 

Shot noise, 533 

Shunt, 425 

Shunt motor, 429 

Shutter, optical, 719 

Side bands, 515 

Sigma (sum), 21 

Significant figures, 8 

Simple harmonic motion, 183 

Simple harmonic wave, 538 

Simple machines, 43 

Slip rings, 463 

Slug, 92 
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mythe, H. D., 418 
Fes law, 557, 598, 603 
Soap bubble, 230 
Sodium, light from, 599 
Solar constant, 726 
Solar spectrum, 748 
Solar system, 173 
Solenoid, magnetic field of, 440 
Solid angle, 4 
Sound, 560 
intensity of, 565 
loudness of, 579 
musical, 562 
pitch of, 562 
quality of, 507 
velocity of, in fluid, 545 
in gases, 546 
Sound wall, 223 
Sound wave in fluid, 544 
Space charge, 507 
Specific gravity, 202 
Specific heat, 249 
by continuous-flow method, 256 
by cooling method, 255 
Specific inductive capacity, 375 
Spectra, of alkali atoms, 735 
astronomical, 746 
molecular (band), 742 
X-ray, 741 
(See also Spectrum) 
Spectral emittance curve, 722, 726 
Spectrograph, crystal, 708 
mass, 416, 654 
Spectrometer, constant-deviation, 655 
prism, 654 
Spectrophotometer, 665, 672 
Spectroscope, 654, 656 
Spectroscopic binaries, 748 
Spectrum, absorption, 669 
of Arcturus, 747 
band, 748 
characteristic X-ray, 708 
continuous emission, 668 
electromagnetic, 600 
irrational, 706 
line, 611, 669, 706 
of Mars, 747 
normal, 706 
prismatic, 611 
rational, 706 
solar, 748 
sound, 569 
types of, 668 
of Venus, 747 
(See also Spectra) 
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Speed, curve, 67, 68 
of efflux, 221 
of escape, 179 
Sphere, of action, 225 
capacitance of, 378 
gravitation on, 171 
moment of inertia of, 153 
Spherical aberration, 609, 621, 635 
Spherical drop, 230 
Spherical mirror, 618 
Spherical shell, 172 
Spherical surface, refraction at, 622 
Spherical wave, 567 
reflection of, 606 
refraction of, 608 
Spin, 165 
electron, 744 
nuclear, 744 
quirrel-cage motor, 501 
Standard meter, 6 
in terms of light waves, 685 
Standing wave, 538, 550, 569 
Stars, energy production in, 767 
twinkling of, 626 
Statampere, 385 
Statcoulomb, 343 
Static friction, 42 
Static tube, 220 
Statics, 12, 27 
Stationary wave, 550 
in pipe, 572 
Statvolt, 362 
Stefan, Joseph, 325 
Stefan-Boltzmann law, 325, 725 
Steinmetz relation, 481 
Steradian, 4 
Stiffness constant, 52 
Stokes’ law, 233, 743 
Strain, 52 
Permanent, 56 
Stratosphere, 328 
Streamline, 216 
Streamline flow, 215 
Strength, of couple, 35 
of dipole, 354 


of electric field, 351 
Stress, 52 


thermal, 231 
Stress analysis, 718 
tring, standing waves in, 569 
vibrations in, 569 
Sublimation, 261, 270 
ubtraction, of colors, 647 
of forces, 16, 18 
Sunshine recorder, 331 
Suppressor grid, 512 
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Surface, emissivity of, 326, 721, 726 Thermometer, mercury, 244 


equipotential, 364 
Surface charge density, 358 


Surface current, equivalent magnetic, 447 


Surface current density, 442 

Surface tension, 228 

Susceptibility, electric, 375 
magnetic, 475 

Systems of units, 5 


Ur 


Tau meson, 770 
Telephoto lens, 634 
Telescope, astronomical, 650 
Cassegrain, 653 
Galilean, 651 
Gregorian, 653 
McDonald, 652 
Mt. Palomar, 652 
Newtonian, 653 
reflecting, 652 
refracting, 649 
resolving power of, 700 
terrestrial, 651 
Yerkes, 652 
Television, 525 


Temperature, absolute, 235, 275, 313 


Curie, 479 
definition of, 235 
inversion, 407 
neutral, 407 
scales of, 237 


Temperature coefficient of resistivity, 


388 
Temperature gradient, 320 
Tensile strength, 56 
Terminal velocity, 101, 233 
Terrestrial magnetism, 453 
Terrestrial telescope, 651 
Thermal capacity, 328 
Thermal conductivity, 321 
Thermal noise, 533 
Thermal radiation, 719 
Thermal stress, 241 
Thermionic emission, 505 
Thermocouple, 406 
Thermodynamics, cycles in, 309 
first law of, 279, 305 
reversible processes in, 308 
second law of, 306 
Thermoelectric power, 407 
Thermometer, clinical, 244 
constant-volume gas, 236 
liquid-in-glass, 236 
maximum, 244 


metallic, 236 
minimum, 245 
resistance, 236 
standard gas, 238 
Thermopile, 407 
Thermoscope, 235 
Thomson, Sir J. J., 414 
Thomson emf, 405 
Three-color printing, 678 
Three-phase current, 498 
Threshold of audibility, 580 
Thrust, 134 
Thyratron, 527 
Time of flight of projectiles, 99 
Time constant, 395, 468 
Ton, metric, 6 
Tone, 562 
combination, 575, 578 
difference in, 575, 578 
fundamental, 570 
pure, 567 
summation, 579 
Toroid, magnetic field of, 441 
Torque, 30 
condition for equilibrium, 32 
on current-carrying coil, 423 
on magnet, 449 
units of, 32 
as vector, 164 
Torricelli, E., 221 
Torsion, 58 
Total-reflecting prism, 605 
Tourmaline, 717 
Townsend coefficient, 527 
Tractor, 114 
Trade winds, 334 
Train of waves, 537 
Trajectory, 97 
Transfer of heat, 318 
Transformer, 496 
Transients, 195 
Transistor, 530 


Translation analogies to rotation, 163 


Transmission grating, 707 
Transmutation of elements, 759 
Transverse wave, 538 
Triad, major, 578 
minor, 578 
Trichromatic coefficients, 674 
Tricolor stimulus, 673 
Trigonometric functions, 781 
Triode amplifier, 510 
characteristic curves of, 509 
Triple point, 271 
Tristimulus coefficients, 673 
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Tropical calm, 334 Velocity, of light, 437, 560, 594 


Troposphere, 329 Maxwellian distribution of, 294 
Tube of flow, 216 radial, 747 


-grid oscillator, 514 relative, 74 
Tun 575 root-mean-square, 294 
Turbulence, 215 of separation, 137 
Turn ratio of transformer, 497 of sound in gas, 546, 560 
Twist, 58 


terminal, 101, 233 
Tyndall, John, 325 of transverse wave in string, 542 


of waves in fluid, 544 
U Vena contracta, 221 
Venturi meter, 219 
Ultrasonics, 585 Venus, 747 
Ultraviolet, 600 Vibrations, of air column, 571 
Umbra, 593 of bell, 575 


Uncertainty principle, 746 


complex, 540 
Undercooled liquid, 263 forced, 570 
Undercooled vapor, 288 free, 570 
Unit line of force, 352 of plates and membranes, 575 
Units, 2, 775 of rods, 573 
of charge, 343 of strings, 569 
electrical, table of, 778 Violent motion, 10 
of force, 83, 86, 92 Virtual focus, 606, 620 
metric, 6 Virtual image, 606, 620 
systems of, 5 Virtual object, 606, 625 
of work, 119 Viscosity coefficient, 232 
Universe, expanding, 749 Visibility, 333 
heat death of, 316 Vision, defects of, 645 
Urey, H., 734 distance of distinct, 645 
Vitreous humor, 644 
V Volt (unit), 362 
i n Voltameter, 401 
V particles, 769 Voltmeter, 426 
V-2 rocket, 134, 560 Volume, atomic 729 
acuum, diffusion pump for, 302 Von Helmholtz H., 568 
production of high, 301 Von Laue, M 707 ; 
rotary pump for, 302 ditio. 
Valence electron, 736 Ww 
Van de Graaff generator, 366 
Van der Waals’ equation, 287 Warm front, 337 
Vapor pressure, 265 ater, expansion of, 242 
Vaporization, 265 Water equivalent, 254 
i latent heat of, 252, 268 Water Waves 548 
Vector, rotating, 493 Watt, James, 199 
velocity and acceleration, 72 Watt. (unit) 129 
Vector calculus, 22 Watt-hour meter 442 
Vector difference, 73 Wattmeter 442 496 
Vector differential, 74 l Wave, bow. 564 
Vector quantities, 22, 165 carrier, 515 
Velocity, 63 compressional, 545 
amplitude, 196 diffraction, 553 
angular, 77 electron, 745 
of approach, 137 in fluid, 544 
average, 63 interference of, 548 
of gas molecules, 293 longitudinal, 538 
instantaneous, 65, 73 


rarefactions, 538 
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Wave, reflection, 553 
refraction, 556 
shock, 564 
simple harmonic, 538 
spherical harmonic, 567 
standing, 538, 550 
stationary, 550 
transverse, 538 
water, 548 
Wave condensations, 538 
Wave front, 552, 591 
Wave motion, 537 
Wave number, 731 
Wave train, 537, 591 
Wavelength, 539 
of color, dominant, 676 
Weber, W. E., 412 
Weber (unit), 412 
Weber-Fechner law, 579 
Wedge, 45 
Weighing, double, 40 
Weight, 12 
Weighted mean, 36 
Weston standard cell, 404 
Wet-and-dry-bulb hygrometer, 332 
Wheatstone bridge, 393 
Wheel and axle, 44 
Wien's displacement law, 724 
Wilson, C. T. R., 757 
Wind instruments, 571 
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Winds, 333-334 
Wollaston, 611 
Work, 115, 126 
definition of, 117 
units of, 119 
Work function, 505 


X 


X rays, 523, 707 
characteristic spectrum, 708 
diffraction of, 707 
K-series lines, 748 

-Laue spot, 709 
reflection from crystal, 708 
spectra, 741 


x 


Y connection, 499 

Yaw, 160 

Yerkes telescope, 652 
Young, Thomas, 589, 680 
Young’s experiment, 680 
Young’s modulus, 54 


Z 


Zeiss ''Tessar" lens, 653 
Zero-point energy, 746 
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A 


Absorption coefficients, 584 

Acceleration due to gravity, 88 

Angles of contact, 231 

Atmospheric pressure, 210 

Atmospheric temperature, 210 

Atom, electron shells of, 737 
shell structure of, 738 


B 


Beaufort scale of wind velocities, 330 
Boiling points, 269 
Bulk modulus, 55 


Cc 


Capacity, specific inductive, 377 

Combustion, heat of, 257, 258 

Conductivity, electric, 388 
thermal, 321 

Critical densities of gases, 285 

Critical pressures of gases, 285 

Critical temperatures of gases, 285 


D 


Densities, 202 
Dispersive power, 614 


E 


Electric moments of molecules, 375 
Electrical oscillations, forced, compared 
to mechanical, 490 
Electron shells in atom, 737 
Elementary particles, 771 
Expansion coefficients, linear, 240 
of liquids, 244 


F 
Force, intermolecular and gravitational, 
227 
units of, 87 


Formation, heats of, 258 
Fraunhofer lines, 612 

Free fall, kinematics of, 63 
Friction coefficients, 90 
Fusion, heats of, 262 


G 


Gases, critical densities of, 285 
critical pressures of, 285 
critical temperatures of, 285 
ratio of specific heats, 297 

Greek alphabet, 779 


'H 
Heats, of combustion, 257, 258 
of formation, 258 
of fusion, 262 


of vaporization, 269 
Humidity, relative, 332 


I 


Inertia, moments of, 153 
Intensity levels of sound, 580 
Ionization energy, 740 
Isotopes, 416 

mass of, 417 


L 


Liquids, coefficient of expansion, 244 
Logarithms, 783 


M 


Major scale, §78 
Mathematical formulas, 3, 780 
Mechanical oscillations, forced, compared 
to electrical, 490 
Melting points, 262 
Metric units, 6 
Moments, of inertia, 153 
of molecules, electric, 375 _ 
Motion, rotation and translation, 164 


P 


Periodic table of atoms, 730 
Permeability, 477 
Permittivity, 377 

Physical constants, 777 
Power units, 129 — 
Pressure, atmospheric, 210 


R 


Radioactive series, 756 
Ratio of specific heats, gases, 297 


805 


806 


Refractive index, d m 
Resistivity, electric, 
temperature coefficient of, 388 . 
Rotation, comparison with translation, 
163, 164 


S 


Shear modulus, 55 
Solar system, 174 
Sound, absorption coefficients, 547 
intensity level, 543 
Specific heat, 250 
of gases, 297 
at atmospheric pressure, 281 
Specific inductive capacity, 377 
Spectral lines, Fraunhofer, 612 
Surface tension, 229 
Susceptibility, electric, 377 
magnetic, 477 


T 


Temperature, atmospheric, 210 

Temperature coefficient of electrical re- 
sistivity, 388 

Temperature scales, 239 
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Thermal conductivities, 321 
Thermoelectric constants, 408 


Translation, comparison with rotation, 
163, 164 
Trigonometric functions, 781 


U 


Units, 775 
electrical, 778 
electrical constants, 339 
of fps, egs, mks systems, 5 


Y; 


V-2 rocket, 135 


Vapor pressure of water, saturated, 266 
Vaporization, heats of, 269 
Viscosity coefficient, 233 


w 


Wind velocities in Beaufort scale, 330 
Work units, 120 


Y 
Young's modulus, 55 
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